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Abstract— In this paper, a novel flow control strategy which is the inlet 

throttled pump was used to design an angular velocity control system for 

rotary actuator. Inlet throttled systems have good performance in addition to 

their high efficiency compared to traditional valve controlled systems. The 

flow in the proposed system is adjusted by a valve that is positioned at the 

pump inlet with the purpose of reducing the energy loses across the valve. 

This regulated flow is used then to control the actuator angular velocity. The 

system was modeled and the open loop stability and performance were 

studied. In order to improve the system performance, Robust-Proportional-

Integral-Derivative (RPID) and structured singular value (𝑀𝑢) controllers 

have been designed. The multiplicative uncertainty was analyzed to assess the 

robustness of the feedback control system where six parameters were 

considered uncertain within a range of +10%. The robust stability and 

performance requirements of the closed-loop angular velocity control system 

were assessed in the frequency domain. The time response of the system 

showed that the system is stable with both (RPID) and (Mu) controllers. The 

Mu controller can handle parametric uncertainty without requiring pure 

integral term which is a significant advantage over the (RPID) controller. On 

the other hand, the (RPID) controller could achieve robust performance, 

making it much suitable for systems that require high levels of performance 

and robustness. In summary, the the (RPID) and Mu controller is a more 

comprehensive solution for ensuring the best performance of a system. The 

results for each (RPID) and Mu-controllers showed no oscillations, zero 

percent overshoot. Each of the (RPID) and Mu-controllers meets the 

robustness needs. 

Index Terms— Pump, valve, inlet throttling valve, angular velocity control, robust 

control, Mu synthesis, D-K iteration, RPID controller . 

 

I. INTRODUCTION 

One of the power transmission systems is hydrostatic transmission, which uses pressurized 

hydraulic fluid to transfer mechanical energy. In contrast to traditional gear-based transmissions, 

hydrostatic transmissions offer smooth, step-less speed and torque control. Hydrostatic transmissions 

are common in machinery where precise movements, high low-speed torque, and frequent directional 

changes are needed. [1] 
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This paper proposes a new hydraulic closed-loop hydrostatic transmission system. As seen                

in Fig. 1, the proposed hydrostatic transmission system's major components are a throttling valve that 

regulates the pump flow rate, an inlet-throttled pump, and a rotary actuator. In order to minimize the 

energy losses across the pump, the throttling valve is positioned upstream of it [2]. The proposed system 

was designed to be robust regarding stability and performance requirements despite variations in 

operating conditions, uncertainties, and disturbances. [2,3]. Robust PID and Structured Singular Value 

Mu-controllers are proposed as robust controllers, where the robust PID contributed with enhancing 

performance under uncertainties, improving system stability, wider range of applications, reducing 

needs for returning, faster response times and reducing sensor requirements. The Mu-controllers 

contributed with robustness to uncertainties, superior performance in multivariable systems, guaranteed 

stability, broad applicability, systematic design approach and scalability [4,9]. 

Different papers investigated the use of the robust controllers to the hydraulic systems. 

[4] developed electrohydraulic power steering robust control system based on a 6-th order 

Mu-controller is presented. The analysis of robust stability and robust performance of 

developed control systems is performed. Results show that the control system will maintain 

its performance for a 25 percent larger uncertainty than the prescribed one. [5] presented 

depth controller design steps using the Mu-synthesis method for a small autonomous 

underwater vehicle (AUV), facing parametric uncertainties, with assumptions: 

instantaneous fin response, no underwater currents, and no sensor noises. 

Robust performance and stability were assessed by the structured singular value Mu-synthesis for 

designing and analysis of Controller with PID structure for single input single output (SISO) plant [6], 

where this Controller is obtained via optimization of nominal closed-loop poles; these controllers are 

compared with the D-K iteration as a standard method for Mu-synthesis. [7] a preliminary application 

of V&V μ analysis was introduced with a simple model of the Vega launcher as a case study, being 

successfully compared to the outcomes of MC and optimization-based tools. Vega is the European 

lightweight launch vehicle (LV) developed under the responsibility of the European Space Agency by 

ELV S.p.A. as the prime contractor. [8] Proposed and investigated a novel method for approximating 

structured singular values (Mu values). These quantities constituted an important tool in the stability 

analysis of uncertain linear control systems and structured eigenvalue perturbation theory.  

In [9], A speed control system for a hydraulic motor was designed. A throttling valve along with a 

constant displacement pump was used as a means of flow adjustment. The system was modeled and 

stability and performance of the open loop and feedback system cases have been investigated. For the 

closed loop case, CPID and H-infinity controllers were considered and the frequency domain was 

adopted in the design process. The multiplicative parametric uncertainty was considered and the system 

robustness was assessed. The time response for the open and the feedback cases was determined and 

compared. [10] Proposed work to build a reliable, robust PID controller to tolerate the system sensor 

actuator failures of dynamic characteristics for TRMS of helicopter system. Presented robust PID 

controller, with 𝐻∞ observer, which makes it reliable also. [11] Designed a robust PID controller in 

order to control an electro hydraulic actuator. The derived PID controller achieves precise positioning 

of the actuator piston in a wide range of physical uncertainties and external disturbances. The 

performance of the actuator variables is illustrated via simulations. [12] Presented a robust control 

strategy for the hydraulic servo-actuator. The robust control rule was created by utilizing 

Matlab/Simulink and Toolbox techniques to account for a variety of disturbances that can both 

destabilize and impair the operation of the closed-loop system. [13] discussed how to develop control 

systems utilizing the H2 and H∞ robust control techniques. According to simulation results, the H∞ 

controller ensures strong stability for the closed-loop system, whereas the H2 controller monitors a 

desired closed-loop performance. [14] Provide a swing leg system with strong controller synthesis and 

H∞ loop shaping. This Controller ensures a fair balance between tracking accuracy and resilience in the 
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face of various model uncertainties and disruptions. The outcomes demonstrated that the system 

remained stable with 20% parametric uncertainty. [15] offered H∞ and H2 optimum synthesis 

controllers to enhance the hydraulic machine's performance, where MATLAB/Simulink Toolbox was 

effectively used to study and simulate the design and operation of a tire changer machine with a 

hydraulic system. The uncertainty of the inflow metering of the Velocity Control System (VCS) was 

investigated in [16], where a proportional integral derivative (PID) and H∞ were proposed to control the 

system. The results indicated that H∞ and PID have the same performance, but H∞ Controller satisfies 

the robustness criterion.   

 In the proposed model, the flow rate is controlled by the inlet throttling valve and a Fixed 

Displacement Pump (FDP). The stability and performance of the open and closed-loop situations were 

studied. Robust PID and Mu-controllers in the frequency domain were built for closed-loop operation. 

The system's robustness was assessed, and the multiplicative parametric uncertainty was examined. The 

paper computed and compared the temporal responses for both open- and closed-loop scenarios. The 

paper proposed firstly, the description of proposed hydrostatic transmission system. secondly, the 

description of dynamic mathematical model of the proposed system, thirdly analysis of the proposed 

system with and without uncertainties, fourthly design the robust controllers with uncertainties, as well 

as the analysis of results and the conclusions. 

II. DESCRIPTION OF THE SYSTEM 

As shown in Fig. 1, The proposed hydrostatic transmission system utilizes an inlet throttling valve 

for controlling the flow. The inlet-throttled pump is proposed as the main part of this system because it 

has high performance effectiveness with respect to traditional valve-controlled systems. A fixed 

displacement pump pumps the flow at the desired pressure to the rotary actuator. The rotational mass-

spring-damper system in Fig. 1 represents the hydrostatic transmission load that is changing its position 

by the actuator, and 𝑇𝑑  shows the load disturbance torque. The symbols(b), (k), and (J) in Fig. 1 

represent the viscous damping coefficient for the load, torsional spring rate, mass moment of inertia, 

and respectively. 

The rotary actuator is directly coupled to the Mass rotating at the output shaft and is depicted with 

a volumetric displacement fixed for every rotation, Va. The fixed displacement pump is rotating at an 

angular velocity of ωp using a power source (not depicted in Fig. 1) and is scaled based on its volumetric 

displacement, VP. as illustrated in Fig. 1. The supply line pressure of the charge pump is controlled by 

a relief valve of high-pressure called Pin, which is adjusted at the desired pressure of the supply. The 

primary fixed-displacement pump receives makeup flow from the charge pump, a fixed-displacement 

pump that is coupled to the relief valve. It is often a gear pump or a gerotor pump. It is also possible for 

the system's flow passageways to direct fluid flow into the reservoir for filtering and cooling. Fig. 1 

does not show the Coolers and filters. The hydraulic circuit's high-pressure side often operates at 

pressures more than 10 times Pc, or around 2 MPa.  

 

 

  

 

 

 

FIG. 1. ANGULAR VELOCITY CONTROL SYSTEM FOR A ROTARY ACTUATOR. 
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III. DYNEMIC  MODEL OF  THE SYSTEM 

The system's mathematical formulas are derived and non-dimensionalized. They comprise pressure 

dynamics as the equation for the rate of pressure increase and torque dynamics as the motion equation 

of the rotary actuator. The model has just one disturbance (𝑻𝒅) and one input (𝑢).  

The expression of the torque dynamics is given by [17,18] as shown in eq.(1):, 

       𝑱�̈� + 𝒃�̇� + 𝒌𝜽 =  𝜼𝒂𝒕𝑽𝒂(𝑷𝑨 −  𝑷𝑩) − 𝑻𝒅                                                                 (1) 

 

where: 

𝑃𝐴 :  The input fluid pressures of the actuator. 

𝑃𝐵 :  The output fluid pressures of the actuator. 

       𝑇𝑑: Disturbance Torque 

       𝑉𝑎: Volumetric displacement of the actuator 

𝜂𝑎𝑡: Efficiency of the actuator torque 

 𝐽: Moment of inertia of the Mass 

 𝑏: Viscous Damping Coefficient 

 𝜃: angular displacement 

 �̇�: angular velocity 

 �̈�: angular acceleration 

Let �̇� = 𝜔 

𝑃𝑠 = 𝑃𝐴 −  𝑃𝐵, let 𝑃𝑠 = 𝑃𝐴 

Assuming the directional valve opening is wide enough, there are no restrictions on flow, resulting in 

small pressure drops through the valve passages and the directional control valve. 

The torque that the rotary actuator applies to the load in Eq. (1) is given by 𝜼𝒂𝒕𝑽𝒂(𝑷𝑨 −  𝑷𝑩) where 

𝜼𝒂𝒕 is the actuator torque efficiency. 

For steady-state conditions:  �̇� = 0;    �̇� = 0;      �̇�𝑠 = 0;                                            

The rotor actuator is ω=θ ̇, and by setting k=0, the load spring is often removed from the 

analysis of the velocity control [18]. 

𝑱�̈� + 𝒃�̇� =  𝜼𝒂𝒕𝑷𝒔𝑽𝒂 − 𝑻𝒅                                                                                         (2) 

 

The rate of pressure rise equation can be expressed as: 
𝑽

𝜷
�̇�𝒔 +  𝒌₁𝑷𝒔 = (𝙌𝒊  − 𝑽𝒂�̇�)                                                                                      (3) 

𝑽 =  𝑽𝑶 + 𝑽𝒂𝜽 ̂ : instantaneous volume of the chamber 

Where 𝜽 ̂= 2𝜋*(1-cos ((𝟏𝟖𝟎/𝝅) ∗ 𝜽))/𝟐 

𝑽𝑶: The chamber volume at 𝜽 equals to zero 

𝜷: elasticity bulk modulus for the fluid 

𝙌𝒊 : charge pump volumetric flow rate  

 𝒌₁ ∶  Coefficient of leakage 

 𝑽𝒂: Volumetric displacement per unit of rotation 

  

 �̇�𝒔 =
𝜷

𝑽𝑶+𝑽𝒂�̂�
(𝙌𝒊 − 𝒌₁𝑷𝒔 − 𝑽𝒂�̇�)                                                                              (4) 

The pressure rise rate equation can be made simpler by linearizing it under the following nominal 

conditions: 

 �̇�𝟎 = 𝙌𝒊𝟎 = 𝑷𝒔𝟎 = 𝟎                                                                                                   (5) 

In its linear version, the equation for the pressure rise rate is as follows: 

https://doi.org/10.33103/uot.ijccce.24.3.7
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�̇�𝒔 =
𝜷

𝑽𝑶
(𝙌𝒊  − 𝒌₁𝑷𝒔 − 𝑽𝒂�̇�)                                                                                     (6)          

The following is an expression for the inlet flow, Qin:                                                                                                                               

𝙌𝒊 = 𝐴𝑣𝐶𝑑  √
2𝑃𝑖

𝜌
                                                                                                           (7)   

At the operational point, the nonlinear mathematical model is linearized. following that, 

non-dimensionlization can simplify and generalize the linearized mathematical model [19]. 

as shown in eq. (2) and eq. (6) using the following reference conditions: 

𝑃𝑠= �̂�𝑠𝑃𝑠𝑟 

 𝜔𝑎=�̂�𝑎𝜔𝑎𝑟   

𝐴𝑣 = �̂�𝑣𝐴𝑟                                                                                         (8) 

𝑃𝑖 = �̂�𝑖 𝑃𝑖𝑟        

 𝑡 = �̂�𝜏 

where 𝜏 is the time constant. 

The linearized model is scaled to provide output, disturbance, and input at roughly the same magnitude. 

To do this, divide each variable by the greatest change possible. That is, the dimensionless equations 

that are produced can be written like this: 

𝑑(�̂�𝑠𝑃𝑠𝑟)

𝑑(�̂�𝜏)
=

𝛽

𝑉𝑜
(𝐴𝑟𝐶𝑑√

2𝑃𝑖𝑟

𝜌
�̂�𝑣√�̂�𝑖  − 𝑘₁�̂�𝑠𝑃𝑠𝑟 − 𝑉𝑎�̂�𝑎𝜔𝑎𝑟)                                          (9) 

Multiply eq. (9) by 𝜏/𝑃𝑠𝑟 

�̇̂�𝑠 =
𝜏𝛽

𝑉𝑜𝑃𝑠𝑟
𝐴𝑟𝐶𝑑√

2𝑃𝑖𝑟

𝜌
�̂�𝑣√�̂�𝑖  −

𝜏𝛽

𝑉𝑜
𝑘₁�̂�𝑠 −

𝜏𝛽𝜔𝑎𝑟

𝑉𝑜𝑃𝑠𝑟
𝑉𝑎�̂�𝑎                                                (10) 

Let 𝜏 =
𝑉𝑜

𝛽𝑘₁
                                                                                                                          (11) 

Substituting eq. (11) into eq. (10) gives: 

�̇̂�𝑠 =
𝑉𝑜

𝛽𝑘₁
 

𝛽

𝑉𝑜𝑃𝑠𝑟
𝐴𝑟𝐶𝑑√

2𝑃𝑖𝑟

𝜌
�̂�𝑣√�̂�𝑖  −

𝑉𝑜

𝛽𝑘₁
 

𝛽

𝑉𝑜
𝑘₁�̂�𝑠 −

𝑉𝑜

𝛽𝑘₁

𝛽𝜔𝑎𝑟

𝑉𝑜𝑃𝑠𝑟
𝑉𝑎�̂�𝑎                                (12) 

 

In the end, the non-dimensional pressure increase equation may be expressed like this: 

�̇̂�𝑠 + �̂�𝑠 =  𝝃1�̂�𝑣√�̂�𝑖 − 𝝃2�̂�𝑎                                                                                       (13) 

Dimensionless groups 𝝃1 and 𝝃2 are given in eqs. (14) and (15), respectively. 

𝝃1 =  
𝐴𝑟𝐶𝑑√

2𝑃𝑖𝑟
𝜌

𝑃𝑠𝑟𝑘₁
                                                                                                           (14)                                                                                                              

𝝃2 = 
𝜔𝑎𝑉𝑎

𝑘₁ 𝑃𝑠𝑟
                                                                                                                    (15) 

 

Similarly, the Equation for non-dimensional motion may be obtained as follows: 

𝐽
𝑑(�̂�𝑎𝜔𝑎𝑟)

𝑑(�̂�𝜏)
+ �̂��̂�𝑎𝜔𝑎𝑟 =  𝜂𝑎𝑡�̂�𝑠𝑃𝑠𝑟𝑉𝑎 - �̂�𝑑                                                                    (16) 

 

The motion equation can be stated in its dimensionless version by dividing it by ηat Psr Va in 

equation (16). 

𝐽�̇̂�𝑎 + �̂��̂�𝑎 =   �̂�𝑠 - �̂�𝑑                                                                                                  (17) 

where 

 �̂� =
𝑱𝝎𝒂𝒓

𝜼𝒂𝒕𝑷𝒔𝒓 𝑽𝒂𝝉
 

�̂� =
𝒃 𝝎𝒂

𝜼𝒂𝒕𝑷𝒔𝒓 𝑽𝒂
                                                                                                                 (18) 

�̂�𝒂= 
𝑽𝒂

𝑽𝒂
= 𝟏 

https://doi.org/10.33103/uot.ijccce.24.3.7
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       �̂�𝒅 =
�̂�𝒅

𝜼𝒂𝒕𝑷𝒔𝒓 𝑽𝒂
 

The following may be done to rearrange eqs. (13) and (17) in state-space matrix form: 

 �̇� = 𝑨𝒙 + 𝑩𝒖 +  𝑫𝒅(𝒕)  

𝒚 = 𝑪𝒙                                                                                                                         (19)                                                                                                                                          

 𝒙 = [�̂�𝒔 �̂�𝒂 ]
𝑻
 

 𝒖 = �̂�𝒗 

         𝒚 = �̂� 

      �̇�𝟏 = −𝒙𝟏 − 𝝃2𝒙𝟐 + 𝝃1√�̂�𝑖 𝒖𝟏                                                                                     

     �̇�𝟐 =
𝟏

�̂�
𝒙𝟏 −

�̂�

�̂�
𝒙𝟐 −

𝟏

�̂�
 𝒖𝟐                                                                                                (20) 

 𝒚 = 𝒙𝟐 

 

𝑨 = [
−𝟏 −𝝃2

𝟏

�̂�
−

�̂�

�̂�

]           𝑩 = [
𝟎

−
𝟏

�̂�

]       𝑫 = [𝝃1 √�̂�𝑖
𝟎

]            𝑪 = [𝟎 𝟏]                           (21) 

 

In this work, the stability of the open loop system was ascertained using the Routh-Hurwitz stability 

criterion. The characteristic Equation's coefficients must all be positive in order to meet this 

requirement. The following describes how the Routh-Hurwitz stability criteria are put into practice: 

det(𝑠𝐼 − 𝐴) =  𝑺𝟐 + (
�̂�

�̂�
+ 𝟏) 𝑺 + (

�̂�+𝝃2

�̂�
) = 𝟎                                                            (22)  

𝑎0 = 1> 0 

 𝑎1 = (
�̂�

�̂�
+ 𝟏) > 𝟎 

 𝑎2 = (
�̂�+𝝃2

�̂�
) > 𝟎 

A stable open system is indicated by all of the characteristic Equation's coefficients being larger than 

zero. Equations (23) and (24) were produced, illustrating how the mathematical model was converted 

into transfer functions. The input valve opening area and the motor's output angular velocity transfer 

function are as follows: 

 

𝑮𝑷 =
�̂�𝑨

�̂�𝑣
=

𝝃𝟏 �̂�⁄

𝑺𝟐+(
�̂�

�̂�
+𝟏)𝑺+(

�̂�+𝝃2
�̂�

)
                                                                                        (23) 

The system's transfer function connects the motor's output angular velocity to the input 

disturbance torque: 

𝑮𝑑 =
�̂�𝒅

�̂�𝒅
=

−
𝑺+𝟏

�̂�

𝑺𝟐+(
�̂�

�̂�
+𝟏)𝑺+(

�̂�+𝝃2
�̂�

)
                                                                                        (24) 

Equation (27) displays the transfer function for the inlet throttling valve dynamics obtained by 

experimentation. 

𝑮𝒗(𝒔) =
�̂�𝒗

�̂�𝒊𝒏
=

�̂�𝒗𝒆−𝒔�̂�𝒅�̂�𝒏
𝟐

𝑺𝟐+𝟐𝝃�̂�𝒏𝑺+�̂�𝒏
𝟐                                                                                       (25)    

As seen in non-dimensional bandwidth frequency, the time delay may enclose the closed-loop 

bandwidth frequency 𝜔𝑏 [19,20]: 

�̂�𝑏 <  
1

�̂�𝑑
                                                                                                                                                            (26)                       

Equation (27) shows the complete system dynamics transfer function. 

𝑮(𝒔) = 𝑮𝒗(𝒔)𝑮𝑷(𝒔)                                                                                                    (27) 

https://doi.org/10.33103/uot.ijccce.24.3.7
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Table I lists the nondimentionalquantities mentioned in eq. (23) and eq. (25). 

 

TABLE I. LIST OF  NONDIMENTIONAL QUANTITIES VALUES 

Quantity Values Quantity Values 

𝐽 5.84 𝜉2 8.89 

�̂� 0.15 �̂�𝑛 5.31 

�̂� 1 𝜉 0.8 

�̂� 1 �̂�𝑑 0.24 

𝜂𝑎𝑡 0.95 �̂�𝑣 1.214 

𝜉1 10   

 

 

IV.  CONTROLLER  DESIGN AND UNCERTAINTY ANALYSIS 

The usual optimization controller synthesis approach [22] was used to develop the transfer function 

Mu and robust controllers. As shown in Fig. 2, these resilient controllers can minimize the system 

transfer function matrix with external inputs and outputs (Ȓ and �̂�𝑑),  and (𝑧1 and 𝑧2 norms) respectively.  

 

FIG. 2. THE BLOCK DIAGRAM OF THE SYSTEM INCLUDING THE WEIGHTS. 

As seen in Fig. 3, the function of sensitivity S is the reference signal (�̂�)  transfer function 

to the error signal (E) and may be expressed as stated in eq. (28). 

 

𝑆(𝑠) =  
𝑬(𝒔)

�̂�(𝒔)

𝟏

𝟏+𝑮(𝒔)𝑮𝒄(𝒔)
                                                                                                 (28) 

 

The following is the textual influence of the disturbance on the error signal transfer 

function: 

 
𝑬(𝒔)

 �̂�𝒅(𝒔)
= −𝑺(𝒔). 𝑮𝒅(𝒔)                                                                                                  (29) 

Frequency-dependent weighting functions are the control effort weight (𝑤𝑢) and the performance 

weight (𝑤𝑝). The performance weight is related to performance requirements; it is used to reflect the 

requirements on the shape of the output sensitivity function. 

�̂�𝒅 

�̂�𝒂 
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The weighting control function (𝑤𝑢) is an upper bound for the controller gain. It reflects some 

restrictions on the control signal compromise between the conflicting objectives. 

The temporal delay of the valve was estimated using a first-order Padé approximation. Over a known 

range, the total system dynamics took the parameter fluctuations into account. In order to investigate 

the multiplicative uncertainty, the perturbed plants will be generated by the prior transfer functions. 

Equation (30) illustrates the multiplicative uncertainty model of the perturbed plants, whereas equation 

(31) shows the uncertainty weight, 𝑤𝐼. 

 ɭ 
𝑰 

(𝝎) =  𝒎𝒂𝒙 |
𝑮𝒑𝒆𝒓𝒕(𝒋𝝎) − 𝑮(𝒋𝝎) 

𝑮(𝒋𝝎)
|                                                                             (30)   

𝒘𝑰(𝒋𝝎) ≥  ɭ 
𝑰 

(𝝎),    ∀𝝎                                                                                             (31) 

Six unknown factors were taken into consideration to analyze the multiplicative uncertainty. The valve 

dynamics have four unknown parameters: natural frequency, static gain, time delay, and damping ratio. 

These parameters are within +/− 10% of their nominal value. As per eq. (31), the value of 𝑤𝐼 ought to 

be greater than the biggest inaccuracy ɭ 
𝑰 

(𝝎) that transpires throughout the frequency domain. 

The numerical computation of the hypothetical plant 𝐺(𝑗𝜔)  and its perturbations 𝐺𝑝𝑒𝑟𝑡(𝑗𝜔) yielded an 

upper bound for the multiplicative error in eq. (32), , for various frequency domains. The uncertainty 

weight transfer function, wI, stated in eq.(32),where eq. (32) has the upper bound on the uncertainty, 

shown in red in Fig. 6. 

 

𝑤𝐼(𝑠) =  
 𝟏.𝟎𝟓𝟔 𝑺𝟐+ 𝟏𝟐.𝟒𝟕 𝑺+ 𝟐𝟕.𝟗𝟐

   𝑺𝟐 + 𝟏𝟏.𝟔𝟖𝑺 + 𝟐𝟔.𝟖𝟕
                                                                        (32)  

 

 

A.  Closed-Loop System Interconnections With Uncertainty 

Based on the block diagram of Fig. 2, the equations of yΔ, 𝑧1, 𝑧2, and E may be written as follows, 

     

𝑦∆  = 𝑤𝐼𝑢                                                                                                                        (33)                                                           

𝑧1  = − 𝐺𝑤𝑃𝑢∆  +  𝑤𝑃�̂�  − 𝐺𝑑𝑤𝑃  �̂�𝑑  −  𝐺𝑤𝑃𝑢                                                     (34) 

𝑧2  = 𝑤𝑢𝑢                                                                                                                        (35) 

𝐸 = − 𝐺𝑢∆  +  𝐼�̂�  − 𝐺𝑑  �̂�𝑑  −  𝐺𝑢                                                                           (36)   
As seen in eq. (37), eqs. (37–40) are stated in matrix form. 

 

[

𝑦
∆

𝑧

𝑬

] = [𝑷] [

𝑢∆

𝜔

𝑢

]                                                                                 (37) 

 

Eq. (38) specifies the exogenous inputs (𝑤) and outputs (𝑧). 

 

𝑤 = [
�̂�

 �̂�𝒅 
]                        𝑧 =  [

𝑧1

𝑧2
]                                            (38) 

 

Equation (39) illustrates the P matrix, whereas Equation (40) provides the constituents of the P matrix, 

namely P11, P12, P21, and P22.   

P = [
𝑃11 𝑃12
𝑃21 𝑃22

]                                                                                             (39)       

 

N 

𝑮𝒑𝒆𝒓𝒕 ∈ 𝜫 
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𝑷𝟏𝟏 = [
𝟎 𝟎 𝟎

− 𝐺𝒘𝑷 𝒘𝑷 − 𝐺𝑑𝒘𝑷

𝟎 𝟎 𝟎
] , 𝑷𝟏𝟐 =  [

𝒘𝑰

− 𝐺𝒘𝑷

𝒘𝒖

] ,    𝑷𝟐𝟏 =  [− 𝐺 𝟏 − 𝐺𝑑],    𝑷𝟐𝟐 = [− 𝐺]        (40) 

 

 

 

 

 

 

 

 

 

FIG. 3. THE OVERALL SETTING OF THE CONTROLLER (FOR CONTROLLER SYNTHESIS). 

𝐁.  µ - Synthisis 

The definition of the structured matrix ∆̂ is provided in  

 ∆̂ =  [
∆ 0
0 ∆𝑃

]                                                                                    (41) 

As an output from (N), the uncertainty model () has a linked input (𝑦∆), as seen in Fig. 5 It will use its 

output (𝑢∆) as an input for (N). While two of the outputs (z1 and z2) of the performance uncertainty 

model (p) are driven from the output of (N), the other two outputs (Ȓ and  �̂�𝒅) will be used as inputs 

to (N). 

 

FIG. 4. THE 𝑵 − ∆ STRUCTURE. 

The nominal matrix of the system, N, as seen in Fig. 4, may be expressed as follows: 

𝑁 =  𝑃11 +  𝑃12𝐾(𝐼 −  𝑃22)−1𝑃21                                                                                                (42) 

Eq. (43) illustrates how the matrix N is related to its inputs and outputs. 
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                              [

𝑦∆

𝑧1

𝑧1

] = [𝑁] [

𝑢∆

�̂�
 �̂�𝒅

]                                                                                              (43) 

It is possible to divide an N matrix using the performance and stability criteria into (N11, N22, N21, 

and N22): 

Nominal stability (N.S.): the system is stable regardless of the uncertainties. 

Nominal performance (N.P.): According to eq. (44) This performance happens when the nominal 

system is in the stability region and meets the performance requirements notwithstanding uncertainties. 

                                  N.P. ⇔ ‖𝑁22‖∞ <  1                                                                   (44) 

Robust Stability (R.S.): the system is in the stable region regarding uncertainties, as illustrated in eq. 

(45). 

              R.S. ⇔ ‖𝑁11‖∞ <  1                                                                       (45)     

Robust performance: As shown in eq. (46), it is met when the system achieves the performance 

criterion for all uncertainty-set perturbed plants while maintaining nominal stability. 

                                                𝑅𝑃 ⇔   𝜇(𝑁, ∆̂) <  1                                                                    (46) 

TABLE II. DIMENSIONAL QUANTITY DEFINITIONS  

Dimensional  

Quantity 
NOMENCLATURE Units 

𝑨𝒗 the Inlet Throttling Valve Opening Area 𝑚2 

𝒃 The Damping Coefficient of the Viscous 𝑘𝑔. 𝑚2 𝑠⁄  

𝑻𝒅 Disturbance Torque 𝑁. 𝑚 

𝑹 Disired velocity 𝑟𝑎𝑑 𝑠⁄  

𝒌𝒔 static gain of the valve ------------ 

𝒌₁ Coefficient of the Leakage 𝑚4. 𝑠 𝑘𝑔⁄  

𝒌𝒗 Static Gain of the Valve 𝑚2 𝑣𝑜𝑙𝑡⁄  

𝑷𝒔 Pressure Supply 𝑁 𝑚2⁄  

𝑱 moment of inertia of the Mass 𝑘𝑔. 𝑚2 

cd Discharge Coefficient ----------- 

𝒕𝒅 Time Delay of the Valve 𝑠 

𝑽𝒐 Volume of the Actuator 𝑚2 

𝑽𝒂 
Volumetric displacement of 

the actuator 

𝑚3/ 𝑟𝑎𝑑 

 

𝝆 fluid density 𝑘𝑔 𝑚3⁄  

𝜼𝒂𝒕 Efficiency of the Actuator --------- 

𝜷 Bulk Modulus of the Fluid 𝑁 𝑚2⁄  

𝝎𝒏 Natural Frequency of the Valve 𝑟𝑎𝑑 𝑠⁄  

𝑷𝒊 input pressure 𝑁 𝑚2⁄  

𝝃 The Damping Ratio of the Valve ----------- 

𝝃𝟏 Group of non-dimensional ----------- 

𝝃𝟐 Group of non-dimensional ----------- 
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V. ROBUST PID CONTROLLER DESIGN 

      The robust PID controller is a popular feedback controller in the closed-loop in industrial systems. 

The difference between a measured process variable and a desired set point is used to determine an error 

value. It modifies the procedure using the terms derivative, integral, and proportional. The system's 

transfer function connects the disturbance of the input torque and the motor's angular velocity. The 

search method employed in this study to locate values for the Kp, Ki, and Kd parameters that are almost 

ideal is called particle swarm optimization (PSO) [21]. The best solution among all workable solutions 

is represented by the values of the derivative, integral, and proportional terms found in this work: Kd = 

0.0901, Ki = 0.153, and Kp = 0.01. The PID controller transfer function will be as eq. (47) 

K(s)= 
𝑈(𝑠)

𝐸(𝑠)
= (𝐾𝑝 +

𝐾𝑖

 𝑆
 +  𝐾𝑑𝑠).                                                                                                (47) 

The objective function that it is desired to minimize will be    ||𝑊𝑃𝑆| + |𝑊𝐼𝑇||
∞

 

The objective function =||𝑊𝑃𝑆| + |𝑊𝐼𝑇||
∞

< 1                                                                          (48) 

Where  |𝑊𝑃𝑆|<1,   |𝑊𝐼𝑇|<1,   |𝑊𝑢𝐾𝑆|<1                                                                                                 

Equation (49) generates the sensitivity frequency response transfer function upper restrictions, which 

inverse the performance weight [23,24]. 

𝒘𝒑 =
𝑺

𝑴
+�̂�𝒃

𝑺+𝒂�̂�𝒃
                                                                                                                                  (49) 

With a low-frequency error of a=10e-4 and a high-frequency error of M=1, the non-dimensional 

bandwidth frequency is �̂�b = 0.1053. To guarantee a suitably modest steady-state inaccuracy, a gain of 

0.1 was used. Although the transient response have high speed, a bigger gain results in fewer steady-

state errors. In a non-dimensional model in which the input is normalized to its highest value, the control 

effort weight (𝒘u) is usually set to one as shown in Fig. 2, [25].  

the Routh-Hurwitz criterion is employed to test the stability of the closed-loop system. If the Routh-

Hurwitz criterion fails with the resulting parameters, the particle can not be used as a candidate solution. 

The design procedures of the PSO-based robust PID controller can be summarized as follows:  

The Routh-Hurwitz criterion is employed to test the stability of the closed-loop system. If the Routh-

Hurwitz criterion fails with the resulting parameters, the particle cannot be used as a candidate solution. 

The design procedures of the PSO-based PID controller can be summarized as follows:  

Input: Initialize cost function, upper bound (𝑢𝑏),  lower bound (𝑙𝑏), Population size  (𝑁), initial velocity 

(𝑣),  initial position (𝑥), Inertia weight (𝜃),  maximum and minimum inertia weights (𝜃𝑚𝑎𝑥 and  𝜃𝑚𝑖𝑛), 

number of iterations (𝑇𝑚𝑎𝑥),  uniformly distributed random number in the range (0,1) (𝑟1 and 𝑟2), 

individual and social cognitive (𝐶1 and 𝐶2) 

Step 1. Randomly initialize the positions and velocities of particles using uniform   

       probability distribution.  

Step 2. Return to Step 1 until the Routh-Hurwitz stability test is satisfied.  

Step 3. Calculate the cost of each particle using special cost function.  

Step 4. Compare each particle’s current cost with its𝑃best. If it is better, set the  

            current value as the new 𝑃best.  

Step 5. Compare the best cost among the entire particle with 𝐺best. If the current         

            value is better, set the current best value as 𝐺best.  

Step 6. Calculate the particle’s velocity by Eq. (4.54).  

       𝜃 = 𝜃𝑚𝑎𝑥 -  (
𝜃𝑚𝑎𝑥 −𝜃𝑚𝑖𝑛

𝑇𝑚𝑎𝑥
) t                                                                                                     (50) 
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       𝑣𝑖=𝜃𝑣𝑖(𝑡 − 1) + 𝑐1𝑟1(𝑝𝑏𝑒𝑠𝑡,𝑖-𝑥𝑖(t-1))+𝑐2𝑟2(𝑔𝑏𝑒𝑠𝑡,𝑖- 𝑥𝑖(t-1))                                                 (51) 

Step 7. Recalculate the position of the particles by  

       𝑥𝑖(t) = 𝑥𝑖(𝑡 − 1) + 𝑣𝑖 (t)                                                                                                        (52) 

Step 8. Return to Step 2 until the maximum iterations or minimum error bound is    

            attained.  

The PID controller transfer function will be as eq. (53) 

 K(s)= 
𝑈(𝑠)

𝐸(𝑠)
= (0.01 +

0.153

 𝑆
 +  0.0901𝑠).                                                                                   (53) 

 

VI. MU- CONTROLLER DESIGN 

A structured singular value (SSV) controller is a design technique used in control theory, 

specifically for robust control. It helps ensure a system remains stable and performs well even under 

uncertainties. The Structured Singular Value (μ) is a mathematical concept that quantifies the robustness 

of a control system to uncertainties. SSV controllers leverage a mathematical concept called the μ-

value. The μ-value tells you how sensitive a system is to uncertainties within a specific structure. 

Imagine a box representing all possible uncertainties your system might encounter. The μ-value tells 

you how much you can "stretch" the box (increase the uncertainties) before the system becomes 

unstable.SSV controllers offer a powerful approach to designing robust control systems. By explicitly 

considering uncertainties, they ensure systems perform well even in unpredictable environments. 

The Mu-controller design steps use one of the iterative 𝜇-synthesis methods for the rotary actuator Inlet 

throttling angular velocity model. The D–K iteration method tests the Controller's stability and 

performance. The Controller was designed in the face of parametric uncertainties and disturbances, and 

the frequency domain is used to represent robust stability and performance for the proposed system. 

The sensitivity transfer function upper bounds on the frequency response are inversely related to the 

performance weight, derived using eq. (54) [23,24]. 

𝒘𝒑 =
𝑺

𝑴
+�̂�𝒃

𝑺+𝒂�̂�𝒃
                                                                                                                                 (54) 

The non-dimensional bandwidth is �̂�b=0.15, with an error at the high frequency of M=4 and an error at 

the low frequency of a=10e-3. In order to guarantee a suitably modest steady-state error, a gain of 0.7 

was used. Although the transient response is poorer, a bigger gain results in fewer steady-state errors. 

In a non-dimensional model in which the input is normalized to its highest value, Typically, the effort 

weight of control (𝒘𝒖) is chosen to be 1, as shown in Fig. 2 [25].  

As eq.(55) indicated, the Mu-controller transfer function was estimated using the Matlab function 

dksyn. 

 

𝐾(𝑠) =
𝟎.𝟏𝟎𝟎𝟗 𝒔𝟔 + 𝟎.𝟎𝟑𝟏𝟏𝟏 𝒔𝟓+ 𝟎.𝟎𝟎𝟎𝟏𝟖𝟐𝟑 𝒔𝟒 + 𝟏.𝟎𝟔𝟏𝐞−𝟎𝟓 𝒔𝟑 + 𝟑.𝟏𝟎𝟕𝐞−𝟏𝟎 𝒔𝟐+ 𝟗.𝟓𝟖𝟓𝐞−𝟏𝟔 𝐬 + 𝟗.𝟓𝟑𝐞−𝟐𝟐

  𝒔𝟕+ 𝟎.𝟐𝟓𝟐𝟑  𝒔𝟔+ 𝟎.𝟎𝟎𝟏𝟓𝟒𝟒 𝒔𝟓 + 𝟖.𝟕𝟐𝟓𝐞−𝟎𝟓 𝒔𝟒 + 𝟏.𝟑𝟓𝟑𝐞−𝟎𝟖 𝒔𝟑 + 𝟕.𝟐𝟏𝟕𝐞−𝟏𝟒  𝒔𝟐+ 𝟏.𝟑𝟖𝟏𝐞−𝟏𝟗 𝐬 + 𝟗.𝟓𝟐𝟗𝐞−𝟐𝟔
                     

(55)        

According to the D-K iteration approach in μ-Synthesis, To indicate that P and K constitute N, 

the matrix N is expressed as N(P, K). For the Robust Stability Robust Performance (RSRP) 

design, it is required to find a stabilizing controller K such that: 

sup 𝜇 [N(P,K)(jω) ] < 1                                                                                                      (56)         

 

For the "optimal" RSRP design, the objective is to solve for K  

inf   sup μ [N(P, K)(jω)]                                                                                                                     (57)  

𝝎∈ R 

ω∈R 

 
K(s) 
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In [25], an iterative approach to solving eq. (56) was suggested. The D–K iteration μ-synthesis 

approach is based on solving the following optimization problem for a diagonal constant 

scaling matrix D and a stabilizing controller K: 

inf    sup    inf σ̅ [DN(P,K)𝐷−1(jω)]                                                                                (58)  

 

Corresponding to the case of (56), A stabilizing controller is to be found such that  

sup    inf �̅� [DM(P,K)𝐷−1(jω)]                                                                                       (59)  

 

The D–K iteration method is to alternately minimize (58), or to reduce the lefthand-side value 

of (59), for K and D in turn while keeping the other one fixed. For a given matrix D, either 

constant or transfer function, (58) is a standard H∞ optimization problem 

inf   ‖𝐷𝑀(𝑃, 𝐾)𝐷−1‖∞                                                                                                  (60) 

 

The iterative μ-synthesis procedure for D–K is as follows:  

Step 1: Make a first approximation for D, commonly putting D = I. 

Step 2: Correct D and figure out K's H∞-optimization.  

            K = arg inf   ‖𝐷𝐹𝑙(𝑃, 𝐾)𝐷−1‖∞                                                                          (61) 

 

Step 3: After fixing K, resolve the convex optimization issue for D at every frequency   

             within the chosen range of frequencies:  

            D(jω) = arg inf   ‖𝐷𝐹𝑙(𝑃, 𝐾)𝐷−1(𝑗𝜔)‖∞                                                            (62)  

 

Step 4: Curve fit D(jω) to get a stable, minimum-phase D(s); return to Step 2 and repeat  

             until the pre-specified maximum iteration number, a pre-specified convergence    

             tolerance, or eq. (59) is attained. 

 

The M-file is used to perform the Mu-synthesis. Table II displays the progress of the D-K iteration. An 

adequate controller is found after the fourth D-K cycle for the given situation. Table II shows that the 

optimal value of μ is 0.978 following the fourth iteration. The M-file, which has the function dkitopt 

implemented, performs the μ-analysis of the closed-loop system with a stable Mu-controller. The 

system could perform well and has strong stability. 

 

VII. ANALYSIS OF THE RESULTS 

 Equation (30) illustrates the multiplicative error resulting from design parameter changes across 

a frequency range in Fig. 6. This error is related to a rotary actuator's inlet throttling VCS. It can be 

seen that with the current range of parameter variation, there is uncertainty of about thirty three percent 

at low frequency, about fifty seven percent at medium frequency, and about forty seven percent at high 

frequency. 

K(s) ω∈R 

 

D∈D ω∈R 

 

K(s) 

K(s) 

 

D∈D 

 

D∈D 
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FIG. 6. BOUNDING THE GREATEST MULTIPLICATIVE ERROR USING THE MULTIPLICATIVE UNCERTAINTY 

TRANSFER FUNCTION. 

Fig. 7 shows the system's temporal response for closed systems, using robust PID and Mu 

controllers for the disturbance and reference input. The 35-time constants were followed by the 

disturbance being introduced into the system (�̂�=35). The input was a unit step. It is evident in 

percentage overshoot, steady-state error, disturbance rejection, and rise time. It is evident that the 

system with the robust PID and Mu − controllers has zero steady-state error, almost rejects the 

disturbance, and reaches the desired value again. 

 

FIG. 7. THE TORQUE DISTURBANCES EFFECT ON THE TIME RESPONSE OF VELOCITY FOR BOTH CLOSED 

LOOP WITH RPID AND MU-CONTROLLERS. 

The uncertain system with multiplicative uncertainty's temporal response is depicted in Fig. 8. The 

performance for the closed-loop system time response with controllers is close to each controller as the 

values of the changes of the uncertainties. Errors in the nominal system's uncertain parameters that fell 

between +/- 10% of their nominal values were used to calculate the uncertainties, where it is noticed 

convergence between the robust PID controller and Mu-controller about response level with the 

uncertainties. 
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FIG. 8. THE CLOSED-LOOP VELOCITY TIME RESPONSE DISTURBED BY RPID AND MU CONTROLLERS.  

 

The valve opening area represented the control action signal where, is plotted in     

Fig. 9 in the closed loop system with controllers where the effects of the disturbances are 

represented on the valve opening area in the Fig. 9 in the �̂�=35 times where it is noticed 

increasing in the valve opening area level with the disturbance torque. It is shown the 

increasing in the valve opening area level of closed loop system with controllers, the RPID 

and Mu controllers are close. 

 

 

FIG. 9. THE VALVE OPENING AREA TIME RESPONSE FOR OPEN LOOP AND CLOSED-LOOP WITH RPID AND 

𝐌𝐔  CONTROLLERS. 

The conditions outlined in Equations (44–46) are shown in Fig. 10–12. The robust PID and           

Fig. 10 illustrate how Mu-controllers meet robust and nominal stability criteria, with each controller's 

||N11||∞ being smaller than 1 over the whole frequency range. Furthermore, as Fig. 11 illustrates, both 

controllers meet the nominal performance. Nevertheless, as Fig. 12 shows, both controllers meet the 

strong performance requirement, where all the requirements being smaller than 1 over the whole 

frequency range. 
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FIG. 10. THE REQUIREMENTS FOR THE ROBUST STABILITY.  

 
 

FIG. 11. THE REQUIREMENTS FOR THE NOMINAL PERFORMANCE.  

 
 

FIG. 12. THE REQUIREMENT FOR THE ROBUST PERFORMANCE.  
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All quantitative and numerical amounts are compared in Table III. 

TABLE III. DIMENTIONAL QUANTITATIVE AND NUMERICAL COMPARISSION 

 

System 

Rise 

time 

Over 

shoot 

Error 

steady 

state 

 

Oscillations 

 

Control    

action 

Nominal 

stability 

Nominal 

performance 

(Maximum) 

Robust 

stability 

(Maximum) 

Robust 

performance 

(Maximum) 

Closed 

Loop with 

Robust PID 

 

0.625 s 

 

zero 

 

zero 

 

No existing 

 

 

5.862 

*10−6 

 

stable 

 

0.57 db 

For range 

(10−3-  2 ×

10−2) 

 

0.625 db 

For range 

(10−3- 1.7 ×

10−2) 

 

0.975 db 

For range 

(10−3- 1.7 ×

10−2) 

Closed 

Loop with 

Structured 

Singular 

Value 

 

0.78125 

s 

 

zero 

 

zero 

 

No existing 

 

5.862 

*10−6 

 

stable 

 

0.57 db 

For range 

(10−3-  2 ×

10−2) 

 

0.745 db 

(10−3- 1.7 ×

10−2) 

 

0.978 db 

For range 

(10−3- 1.7 ×

10−2) 

 

VIII. CONCLOSIONS 

In order to account for parametric uncertainty and disturbances, an inlet throttling velocity control 

system for a rotary actuator was built and examined in this study. Stability and performance were 

evaluated for feedback control and open-loop situations following system modeling. The Mu-controller 

and robust PID were used in the closed-loop architecture. Three scenarios were analyzed and contrasted 

regarding the system's robust stability and performance (open loop system, closed loop with robust 

controllers). The simulation results explained that both the Mu-controllers and the robust PID increase 

system resilience. The Mu-controller may be utilized without anti-windup techniques because of its 

benefits, which include 0 percent overshoot, no oscillations like the robust PID, and no pure integral 

term. Furthermore, any robust PID and Mu-Controller meet the robustness requirements. The robust 

PID controller is specifically designed to handle these uncertainties more effectively. It 

achieved this through using adaptive algorithms that can adjust the control strategy based on 

real-time conditions. The μ-controller design follows a well-defined mathematical framework, 

making it a systematic and rigorous approach to control system design. This structured 

approach streamlines the design process and reduces reliance on intuition. This method could 

be applied to systems of varying complexity, from relatively simple to highly intricate ones. 

This makes it a versatile tool for a broad range of control problems. 
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