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Abstract:- In this paper, a new class of generalized — closed sets called semi pre — generalized —
closed sets in topological spaces are introduced and studied. Also some of their properties have been
investigated. We also introduce sp — T1/2 space, submaximal space, and studied the relationship be-
tween spg — closed set and some space in topological spaces as well discuss some properties, theo-
rem, corollary and examples.
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1 Introduction

The concepts of semi — open sets were introduced and studied by Levin [1] in 1963, and in
1970, Levin [2] began and studied generalized closed sets and generalized open sets as
a generalization of closed sets and open sets. Dunham [3] came up with the concept of
generalized closure using Levine generalized closed sets and explained their properties.
The investigation of generalized closed sets has led to many interesting concepts in topol-
ogy. Recently, topologists have studied diverse and closed generalized sets in
topological spaces. In 1982, Mashhour, Abdul-Moncef and Deeb [4] identified conquest
pre —sets and pre — continuous functions . The class of previously
generalized closed sets that were used to obtain properties of pre — T1/2 spaces was in-
troduced by Maki, Umehara and Noiri [5] in 1996. In 1986, D. Andrijevic [6] studied semi —
open sets in topology. Later, many authors studied these previously semi — open sets and
semi — closed and generalized continuous functions. In 1995, Dontchev [7] identified
generalized semi — open sets . Mackey introduced the concepts of pg—
closed sets and gp — closed sets in a similar way in [8]. These concepts are
generalizations of closed sets and have been studied by Dontchev and Maki [9] leading to
a new decomposition of pre — continuity. In this paper, our goal is to introduce new types of
generalized sets in the topological space called semipre — generalized — closed
sets and study the relationship between them and some sets in the topological space and
verify their basic properties.

70


mailto:Marwamontherhassen1994@gmail.com

Wasit Journal for Pure Science Vol. (1) No. (2)
2 Preliminaries

Definition 2.1
Let (X, T) be atopological space, A subset B of X is called:

1. Semi — open set (briefly, s — open)if there is an open set V in X such that V < B = (V),
the complement of semi — open set is semi — closed set (briefly, s — closed).[10]

2. pre — open or locally dense set (briefly, p — open)if B < (E)O , the family of all pre —
open sets in a space X is denoted by P.O. (X) and the complement of pre — open set is a
pre — closed set and denoted by P.C.(X) .[11]

3. Semi pre — open set (briefly, sp —open) if Bc ((B)°) , The complement of
semi pre — open set IS a semi pre — closed set (briefly, sp — closed) and represent that
(B°)° < B .[12]

4. generalized — open set (briefly, g — open) if @ CV,whenever BSVandVis a
closed set. The complement of g — open set is a generalized — closed set (briefly, g —
closed).[13]

Remark 2.2

1. Every closed set (open set)isa s — closed (s — open) set, but the converse does not nec-
essary to be true.[10]

2. Every closed set (open set) is a p — closed (p — open) set, but the converse does not
necessary to be true.[11]

3. Every closed set (open set) isa sp — closed (sp — open) set, but the converse does not
necessary to be true.[12]

4. Every closed set (open set) is a g — closed (g — open) set, but the converse does not
necessary to be true.[13]

Remark 2.3

1. The intersection of all s — closed subsets of X which is containing B is said to be as —
closure of B and it is denoted by B~ .[10]

2. The intersection of all p — closed subsets of X which is containing B is said to be ap —
closure of B and it is denoted by B’ [14]
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3. The intersection of all sp — closed subsets of X which is containing B is said to be a sp —
closure of B and is denoted by B " .[12]

4. We can write the relationship between p — closure of B, sp — closure of B and closure
of B:B CB cB.[12]

Corollary 2.4
Let (X, T) be a topological spaceand let B,C € X , if B € C then @Sp c ESP [16]

Theorem 2.5

Let (X,T) beatopological space, B <X then B isasemi pre — closed set if and only
if B= (B) .[16]

Proof:
Let B be a sp — closed subset of X

Itis clear that B < (B) ' ....(1) [2.2(3)]
Since B isasp — closed set

So B)Y € B ...Q)

From (1) and (2) weget (B) & =B
Conversely

Suppose that (B) = B

Since (B_)Sp isasp — closed set

So B is asemipre — closed set.

Theorem 2.6

Let (X, T) be a topological space, the singleton {x} is an open set or semi pre —
close set.[12]

Proof :
Let xcX
So {x} =X issingleton set
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Soeither {x}° =@ or {x}°# 0

If {(x}° =0 then ({(x}°) =@ and (({x}°))° =0

Therefor (({x}°))° c {x}

Hence {x}isasp — closed set

If {x}°+0

Then {x}° = {x}

Hence {x} is an open set.

Theorem 2.7

Let (X, T) be a topological space and let B € X then B is the intersection of s — open set
with dense set if B isa sp — open set.[17-22]

Proof :
Suppose that B = C N H such that C is a s — open set and H is dense set such that

B) =) . Andsince B C < (C) = (B)

—s
SoB c C < (B)
Hence B is a sp — open set.

Definition 2.8
Let (X, T) be a topological space and let B € X then the set B is called

semi pre general ized — closed set (semi pre — generalized — open) if Esp cv
whenever B € V and V is a semi pre — open set (semi pre — closed) in X and denoted
by spg — closed (spg — open) set.

Example 2.9

LetX ={1,2,3,4,5}and let T = {X, 0,{1},{3,4},{1,3,4}} be a topological defined on X.
Let B ={2,5}and C = {3,4} be asubset of X

Itis clear that B is a spg — closed set

since the semi pre — open which contain B is:
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X,{2,3,5},{2,4,5},{1,2,4,5},{2,3,4,5},{1,2,3,5},{1,2,5}, {2,5} and also, it contains (B)
{2,5}

and C is a spg — open set since the semi pre — closed set which contain C is:

X, (3,4}, {2,3,4,5}, {1,3,4} and it contains (C) = = {3,4}

sp

Remark 2.10

Every closed set (open set) isa spg — closed set(spg — open), but the converse does
not necessarily to be true for example:

Example 2.11
LetX ={1,2,3,4,5}and let T = {X,0,{1},{3,4},{1,3,4}} be a topological defined on X.
Let B = {1,2,5} and C = {3} be a subset of X .

So B is aspg — closed set but it is not closed set and C is a spg — open set but it is not
open set.

Proposition 2.12

Let (X,T) be a topological space and let B € X then B is a spg — closed set if B is a
pg — closed set.

Proof:
Let X be a topological space
And let Visap —opensetinX

Suchthat (B') €V whenever B €V

So Bisapg — closed set

Since every p — open set is a sp — open set
So V is sp-open set

. ——sp —p —p
Andsince (B) < (B ) and (B)cV
So (B) €V whenever B CV

So Bisaspg — closed set.

Proposition 2.13
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Let (X,T) be a topological space and let B be a subset of X then B is a spg —
closed set if B isasp — open set and pg — closed set.

Proof:

Let (X, T) be a topological space

And let B be an open set in X

SoBisap —opensetinX

Since every p — open set IS sp — open set
So Bisasp —opensetin X

Hence B is a sp — open set

let V be an open setin X suchthat (B) SV wheneverB SV

Since every open set is p — open set
SoVisap — open set

Andsince (B)< (B) [22(4)]

So (B)c(B)cvV

Hence (Ep) C V whenever B € V and V is p-open set
Since every p-open set is sp-open set

So V issp-opensetin X

Therefor (Ep) C V whenever B €V and V isasp — open set
And since (B) . € (B)cV [22 (4]

So (B) CV whenever B CVandV isasp — open set
Hence B isa spg — closed set.

Proposition 2.14

Let (X, T) be a topological space and let B € X if B isa sp — closed set then B isa spg —
closed set.

Proof:
Suppose that B is a sp — closed set in X
And let Visasp —opensetin X suchthatB €V
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. . —Sp
Since B isa sp — closed set,s0 (B) =B [ 2.5]

—sp
Hence (B) cV
So Bisaspg — closed.

Definition 2.15

Let (X,T) beatopological space,then X isasemipre — Ty, space if:
1) every spg — closed set in X be a semi pre — closed set.

2) every singleton be a semi pre — closed set or semi pre — open.

Remark 2.16
In definition (2.15) (1) and (2) are equivalent.

Proof:

Suppose that (1) is a verified

We will prove (2)

Let X beasemipre— Ty, spaceand x € X

Let {x} is not sp — closed set

S0 B = X — {x} is not sp — open set

Hence X is a sp — open set which contain B and also @Sp cX
So Bisaspg — closed set

And by definition [(2.15) (1)], so B is a sp — closed set

Hence {x} is a sp — open set

And to proof conversely suppose that definition [(2.15) (2)] is verified.
Assume that B € X be a spg — closed set

We will prove that B is a sp — closed set

That means (B) = = B
ltis clearthat B € (B) e (%)

Suppose that x ¢ B and x € (B)
SoB € X —{x}

And by definition [(2.15) (2)] then {x} is a sp — open set or sp — closed set.
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Soif {x}isasp — open set

Then X — {x} isa sp — closed set

Since B € X — {x}, then (B) < (X —{x}) [2.4]

Hence (B) . < X — {x}

And since x € (B) . € X — {x} , this means x € X — {x} and this is contradiction
So x € B and hence (B) . € B N i)

From (*) and (**) we get (B) | = B

Hence B is a sp — closed set

Either if {x} sp — closed set

Then X — {x} isa sp — open set

Andsince B € X — {x} and B isa spg — closed set

So (B) CX—{x)

And since x € @Sp C X — {x}, this means x € X — {x} and this is contradiction
So x € B and hence (B) . C B e (5%

And from (*) and (***) we get (B) ' = B

Hence B isasp — closed set.

From theorem 2.6 and definition 2.15(2) and remark 2.2(3) we get the following corollary:

Corollary 2.17
Every topological space be a semi pre — Ty,, — space.

From this corollary and definition 2.15(1) and proposition 2.14 we can be writing the relation-
ship between spg — closed set as we will explain it through the following corollary:

Corollary 2.18

Let (X,T) beatopological space and let B € X then B is a spg — closed set if and only
if Bisasp — closed set.
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Definition 2.19 [15]

Let (X,T) be a topological space, we say that X is a submaximal space if every
dense set in X is an open set, we can prove that X is a submaximal space if and only if
each sp — open set in X is an open set.

Theorem 2.20

Let (X, T) be a topological space, then X is a submaximal space if every dense set in X
is an open set.

Proof:

Suppose that (X, T) be a topological space

And let B € X suchthat B isasp — open set

So B=CnDsuchthat D isadenes set and C is an open set [2.7]
Since X is a submaximal space then D is an open set
Thus B is an open set.

Conversely

Assume that B is a denes set in X

So B € (X)°

Since Bisadenes set,s0 (B) =X

Hence B < (B)°

(B) € ((B)*)

So Bisasp — open set

And by assumption B is an open set
Hence X is a submaximal space.

Proposition 2.21
Let (X, T) be a submaximal space, then every sp — closed set in X is a closed set.

Proof:
Let B € X isasp — closed set
Then B¢ is a sp — open set
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And since X be a submaximal space

So B¢ is an open set [ 2.20]

Hence B is a closed set.

Through the corollary 2.18 we clarify the relationship between spg — closed set and sp —
closed set and from the above proposition 2.21 we can get the following result:

Corollary 2.22
Let (X,T) be a submaximal space, then every spg — closed set in X be a closed set.

Remark 2.23

The intersection of two of spg — closed sets is a spg — closed set, as we will explain for
the following theorem:

Theorem 2.24

Let (X,T) be a topological space, and let B,C are a spg — closed set then BN C be a
spg — closed set in X.

Proof:
Since B isa spg — closed set
So, for every sp — openset Vin X

Thenif BCV then (B) <C V

And also, for C if C <V then (C) <V
Supposethat BNC cV

We will prove that (BN C) ' € V

Since BNC<S V so BS VucCe

So V isasp —openset and C¢ isaspg — open set
Also which is a sp — open set [2.18]

So VUCF isasp — open set

And since B isaspg — closed setand B < V UC¢

—Sp
So (B) € Vuce

And in the same way we can prove that (C) . € V U B€
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. —SP Sp —SP

Since(BNnC) < (B) n(C) [2.2(4)]

So (BN C)Sp c(Vuct uWuB%

Suppose that x € (B N C)Sp

So x e (VucCt) and x € (V UB°)
SoxevV

Hence (BN C)Sp cv
So BN C isaspg — closed set.

Remark 2.25
The union of two spg — closed set does not necessarily to be spg — closed set for example:

Example 2.26
Let X ={1,2,3,4,5} and let T = {X,®,{1,3,4}} be atopological defined on X.
And let B ={1,3} and C = {3,4}

So, the sp — open sets which contain B and C is: X,{1,3,4} and also contain (B) ~ and
——sp

o .

Hence each of B and C are a spg — closed set and since B U C = {1,3,4}

So (BUC) =X

Hence BUC C {1,3,4} and (BUC) | & {1,3,4}
So BUC isnotspg — closed set.

Theorem 2.27

Let (X,T) be a topological space and let B € X is a spg — closed set and C S X is a
closed set then BU C is a spg — closed set.

Proof:

Suppose that B is a spg — closed set and C is a closed set in X
We will prove that B U C is a closed set

Let W beasp —opensetinXsuchthat BUC € W

80



Wasit Journal for Pure Science Vol. (1) No. (2)
We will prove that (B U C)Sp cw

—_—SD
Suppose that x € (B U C)

Since (BUC) . = (BUC) U (B U 0)))° [15]
So x € (BUC) U (((BU C)9))°
Soxe (BUC()

Hence (B U C)Sp CBUC

ButBu C < W [by assumption]

So msp C W ,hence BUC isaspg — closed set
Orx € (((BU(C)?))°

We will prove that (((B U €)°))° S BUC

Since B isa spg — closed set
So B isa sp — closed set

Hence (((B)°))° € B

And since C is a closed set, 50 C = C [16]
So (((B)°))°UCSBUC

But (((B U €)°))° € (((B)°))°UC S BUC

Since x € (((B U €)°))°

SoxeBUC

Hence (B U C)Sp CBUC
SinceBUCcW

So(BUC)  CW
Thus B U C isaspg — closet set.

Proposition 2.28

Let (X, T) be a topological space, and let B is a spg — closed set inX, if B S C < @Sp
then C isaspg — closed set in X.

Proof:
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Suppose that € € V suchthat V isasp —opensetin X

We will prove that (C) . €V

Since CEV so BSV [by assumption B < C |
And also B isaspg — closed set in X
So(B) cV
And since C € (B)
—sp —sp
So (C) < (B) [ 2.4]

——Sp
Hence (C) <V
So C isaspg — closed set.

Through the remark 2.25 we clarify the union of two spg — closed set is not necessarily
spg — closed set.

As for the spg — open set, this is true as we will show from the following corollary:

Corollary 2.29

Let (X, T) be a topological space, and let each of B, C are a spg — open sets in X then B U
C isaspg —opensetin X .

proof:

let B,C areaspg —opensetin X

So B¢, C°¢ areaspg — closed set in X

Hence BN C¢ isaspg — closed set in X [2.24]
So (B°NC° )¢ isaspg —opensetin X

Hence BUC isaspg — opensetin X.

Remark 2.30

The intersection of two spg — open sets does not necessarily to be spg — open set, for ex-
ample:

Example 2.31
Let X ={1,2,3} and let T = {X, 8, {2,3}} be a topological defined on X

It is clear that {1,3},{1,2} isa sp — open set in X
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but {1,3} n {1,2} = {1} is not sp — open set in X.

Theorem 2.32

Let (X,T) be a topological space and let B X is a spg —openset and C € X is an
open set then BN C isa spg — open set.
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