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ABSTRACT

In this essay, we propose a new family for inverse of Hessian matrix which based on
definition of convex combination class and on modified symmetric rank one update (MSR1) with
(a« —DFP) update and upgraded BFGS (MBFGS) revision for the inverse of the Hessian matrix and
the properties of symmetric and positive definite will be shown and proved as well as the theoretical
and numerical global converge is proposed , numerical experiment on eight functions are presented
in a table.

Keywords: MSR1 Update, « —DFP Update, MBFGS Update,Quasi-Newton, Positive Definite.

1. Introduction

Different techniques have been combined to obtain the (H-version) of the Hessian
matrix, including the Broyden family [1], Huang family [2], Fletcher switch technique
[2], Update to the modified Broyden Convex class using the Hoshino parameter [3]
and Hoshino method [2]. The concept of convex combination, the symmetric update
with adjusted rank one (MSR1), the David Fletcher Powell (DFP) edit, also the
altered BFGS (MBFGS) edit will all be utilised to introduce a new family in this
paper. These three updates are positive definite and symmetric [1]. Major inverse
Hessian matrix modifications have also been presented by certain researchers; for
examples, see [4], [5], and [6]. There is a convex combination for inherently
MSR1, a —DFP and MBFGS updates and the by definition of convex combination in
[1] where the (H - variant) of this approach

A S GS -
Hiyq = 7\1Hll¥[+1Rl + )\ZHIILA+B1F + 7\31'116<(+PFP (1)

In Eq.(1) , A, = 0.5, the equation forA, This study includes the Hoshino parameter,
which :
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A= ! 2

T
1+ kakYk/T
SkYVk

And )\3 =1- ()\1 + }lz) and 2?=1 )\i =1

For the unconstrained optimization problem [7]
min,egnf:R™ — R 3)

introduce the positive definite Upgrade for Modified Symmetric Rank One (MSR1) in
[8]. Upgrade for Modified Symmetric Rank One (MSR1):

T
HMSRL — 4 (axSk—Hiyid) (@xsk—Hiyk ) 4)
k1 (aksk—Hiyr ) Tyk
Where
= ZYkaYk (5)

ySk

in [9] the (H — version) of a —Daviden Fletcher Powell (¢ —DFP) update is :

HE-DFP _ . o 5kSk _ Hiywyk Hk (6)
k+1 — Ik 5T Ty
k Yk YrHkYk

Where §;, = d@sy

Vi Hy [Det(By)]?
SEBkSk

And @=

And as in [10], introduce the (H- version) of the Modified Broyden Flecher Goldfrob
-Shanno (MBFGS) edit , which is strongly positive definition and symmetric

HMBFGS SkYk H I Yksk ukSkSE (7)
k+1 - k oTe
Yksk Yk Sk
Where
_ KV 8)
rlk S’]EBkSk

The fundamental concept behind this research is based on MSR1 [1], a-DFP [11], and
MBFGS [6], all of which are symmetric and positive definite . The (H- version) for
convexity combinations also shares this property, and we will prove it in lemma(l)
and lemma(2).
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Preliminaries:

Definition 1:[1] A convex combination of the points x4,x,, ...,X, IS a point of the
form 2{;1 Ai X with Ai =0 , i=1,...,n and Z?:l )\i = 1.

Definition 2: [1] The matrix A € R™ " js called positive definite if xTAx > 0 , for
all vector x+ 0 and xe R".

Definition 3:[1] Given f: R®™ - R, , if Vfis differentiable we say that fis twice

differetiable, and write the second derivative of f as

[ 0% 9%f 7
I a_xf 0x, 0x4 I
V() = | o
| o0°f 9%f |
ER® X, 0%,  Ox2 |

The matrix V2f (x) is called Hessian matrix of (f) at x.
Main results:
Theorem (1)
The (H-version) in Eq. (1), fulfills the modified Quasi-Newton-condition:
Hl}z+1 Vi = Uk
where Uy = A ay + Ay + A3 @
proof:
Multiplying Eq. (1), by yy we get:
Hiy 1k = MHER yic + LHEEF Sy + AHE PPy
= Mgy + Az Yk + Az dsk
= (Max + Appy + A3@) s

= Uk Sk (9)
Where Uk = 7\16{1( + )\Zrlk + }\3&
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(10)

T T
T YieHky Sk
77, = Yk kYk

T 2
=T +(1-(05+ THl ) (yk Hyc T[l;et(Bk)J )
YicSk 1+<V£HRYk ) o« 1+<yk KK/ ) siBksk

Ty KBRSk Sk Yk

Modified convex combination family :
Within this section, we'll introduce the formula for our adapted class, which
we'll use to compute the determinant and show the global convergence of Eq. (1) in a

new form that matches the Sherman-Morrison-Woodburg formula. The new formula
will now be used as follows.: -

A MSR MBFGS —DFP
Hiy 1= M HR + [7\2Hk+1 + A3H

Since both (@ — DFP) and (MBFGS) are symmetric and positive definite and by
definition of cholesky factorization we can write the above equation as follow

Hitpn = MHET + wjo) (11)

Now to find the formula of wj multiplying Eq. (11), by yx we get
AMHER Y+ w0p0iyie = U si
AMesy + wrwi i = Uy sk

The result of multiplying the following equation by yy is

T T, .+ T — 17 T
Aoy Y Sk + Vi Wk Wk Vi = Uk Yk Sk

* 2 7
(yrwi)” = Uxygsk — A axyy Sk (12)

T o UkyESk—A1 04y g Sk
kak_ T, *
Y@k

* _ ﬁksk—MOﬁkSk)
Wy = —
k= Yk ( k@
By comparing the both sides of the above equation we have

' =TSk s (13)
T vkok
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And we conclude from Eq. (12),

T *x_(77 ., T }\ T % (14)
Vi W =(Typ sk — A1 0y Sk)
By substitution Eqg.(14) , in Eqg. (13), we get
" USi—A
W} = kSk—A 10k SK .
(Okygsk—A1axygsk)?
So Eq. (11) can be rewriting as follow
_ (Uysk—A1 0ksk) TSk —A1 axsg) "
H* ,= A, HMSR1 4 =
k+1 11 k+1 (UkYESk—MO(kYESk)
_ A (@rsk—Hiyi) (@sk—Hiyr )T | (Trsk—A1 @iesi) (Tiesk—Aq agesi) T
- )\1Hk + T 7 T T
(axsk—Hgyk )" vk (OxyRSk—A1aKYiSk)
-\ H +7~1(ak5k—HkYk)(akSk—HkYk )T +(l7k—7\1ak)SkSE
177k (axsk—Hiyr ) Tyx YESK
_ A (@resk—Hiyi) (@rsk—Hiyr )T | (A, Hic+A3@)SKSE (15)
—Al Hk + T ! T
(axsk—Hkyk ) ¥k YkSk
Lemma(1)

The redesigned convex class in equation (1) is symmetric..
Proof:
(Hr)" = uHESR + 0, HYPFO + AHELP™)
= 2 (HRSE) 2 (HYEFSS)” 42 (g P)”
= Y + A HYESS 4 g HEP
= I'Il)<\+1
This shows that the modified convex class is symmetric. m

Lemma (2)
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The modified- convex -class in Eq. (1), is positive definite if and only if y£ 5, > 0.

Proof:
For R" 3 z # 0, as defined by the term "positive definite property" [1]
2VHY,  z =2, zT HMSRY 7 4 2, z2THMBFGS7 4 ), 2THZ PFP 7

Since zT HY?R' z > 0 so that

MzTHYSR 2> 0

and since zTHMEF®Sz > 0 this implies to

Ay ZTHMBFGS 5 >
and since yp 3, > 0 zTHZ P*Pz > 0 this implies to
A3 zTHE T 2>0

we receive from above :

2" H}, 2 > 0, The proof is therefore complete. m

Lemma (3)

The next estimate of the inverse of the Hessian matrix for the modified convex class
in Eq. (1) has the determinant given by:

=1l () ® (16)

here by = (Hkyk — (XkSk) y Tk = Vk — Biby and

~ 2
U ~
()

t=——"—~—
A1z +A1A30)

Proof:

since HYSRY is definite in the affirmative then a triangular matrix exists L, € R™"

MSR1 _ 1 1 T
3 Hiyr ™ = Ll

|Hk+1| = |7‘1

My | = [ HYSR |I + Ll 1L
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— MSR1 -1, +(y=1,%\T
= X [ ||I+ZL1< wi(Li'wi) |

= X [HEERH T+ uvT]
Where u = - Lylw; and vT = (Lilw})"
Ay
By Sherman — Morrison— formula [1] follows that :
[Hicer | = Aa[HET (@ +u™v)
MSR1 11\ =1,
=M [HET (14 (ZLk wk) (Li'wk)

_ MSR1 1 +«TpMSR1,
—7\1|Hk+1 |(1+;\_1“)k Byi1 wk)

-y |HMSR1 (1 _I_i(UkSk_}\laksk)TBll\(Aﬁ-sfl (ﬁksk_}\lo‘ksk)>
11k A (Tkyksi—A1 ucyicSk)

~ 2
U _~
()

O‘lﬁk_l%ak )

0 .
= |HVsRY| <°‘_1;<_7\1Uk>

+1 A1A2ng+A1A3@)

= M [Hi |

T
And in [8] shows that [HNMSRY| = [Hy| (bl”lf;k

by k>

so we get:

~ 2
U ~
(TIL‘M Uk)

A _ by I
[Hicea | = lHk'( > Mot A As @)

by

by x
[Fee | = 11l (B22) @

~ 2
U ~
(fenm)

where t = ——MM~2— .
A1Aznk+A1A30)

Modified Broydn Convex Class Algorithm
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1. given a starting point x, € R™ with a starting matrix that is positive definite
and symmetric.H, € R™*™ , e > 0, letk=0.

2. Evaluate Vf(xy)

3. if ||Vf(xx4+1)]l < € stop, and the optimal solution is x; if not, move on to the
next step.

4. Compute pr.=—H Vf(xy).

5. Do line search to fined @, > 0 3 f(xy + @ Pi) < f(xy).

6. Setxpy1 =Xk + g Dk

7. Setsy =Xy — Xk, Yk = Vi(Xr1) — VE(xg)

8. Compute Hy,, from Eq. (1).

9. Set k = k+1 then go to step 2.

Convergence of the method:

This section provides information relating to the H- version convergence of the
modified convex combination class update. The lemma and assumption listed below
are required.

Assumption 1, [1]

(A) f:D<S R™ — R is assumed to be continuously and differentiable twice on
convex set D € R™.

(B) f(x) is uniformly convex. In another meaning there is a positive constants c and C
3 for all xe L(x) = {x: f(X)<f(xy)} , where x, is the starting point , we have
cllull* < u"Vf(x)u < C||ul|?, Yu € R™

Lemma(4), [9]

: . Isell Nyl sfye  siyk Iyl 2
Let f: R™ — R satisfy Assumption 1, then , , , and are
f fy P lywll " skl " skl 27 Nyl 2 sTyk
bounded .

wiyvk  (Pr—a)lIskll
lyll2 ” yEsk

Note that from Assumption 1 and by lemma then and

bir
(;ﬁy‘;) (axyesy) are bounded.

Theorem (2)

Suppose that f(x) satisfies Assumption one then the sequence {x,} generated by
modified convex class in Eq. (11), is converges to the minimizer x* of the function f.

Proof:

writing Eq. (11) ,as follow :
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HA =2 Hy + A1 (@rsk—Hiyid) (@isk—Hiyi)™ + Azt + A @)sksy
k1™ ™ (aksk—Hkyk ) Tyk YESk

* *T ~
A Wi Wik + aty+A3@)sksi

HX, ,=AHy —
k1™ MUK W' EYK YRSk

Where w* = Hyyx — xSk

Define @ (Hy) = tr(A;Hx)— In(|Hg|) >0

By replacing Hy by Hy . in above equation then :
0 < @(Hgy1) = tr (A;Hyqq)— In([Hyq 1))

T ~
A W W'k Qg +As®)||skll
T T
Wk ¥k YkSk

=\ tr(Hy) — — In(|Hy41])

From Eq.(16), we get:

* *T ~
A Wi W'k n (Azpk+2A30)|Iskll

<P = —
0 < @(Hyy1) = tr(A;Hy) W Ty YTk

o i (32) )

A Wi W*il;

(Azpk+2A30)|Iskll
*T + T
W k¥Vk YkSk

0 < @(Hg41) = tr(A;Hy) —

—In(|Hg]) — ln< (%) (N))

0] 5 Appy+As )
0<@(Hyyq) = g(H) — N4 4 4 Az2nk+As@)|Iskll

cos29y, Visk

- (32) @)

17)

*T *T *T &
Where cos(9;) = —Yk _ and q = 25k gg that —— = 2 kW k
( k) [IW*kll llyxll g lykll? cos29y W*E Yk

By adding one to the right side of Eq. (17), we get

0 < (ﬁ(Hk+1) < (p(Hk) _ )\1 q (7\2Nk+7\3a)||5k||

cos29y, YESk

-n( (@)
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By adding and subtracting ln( 20, ) for the above inequality

~ ~ (A2 +2A30) |Iskll A1q
0.< §(Higs1) < G(Hy) + LettpaDlod gy (Had)

kSk
—In < (bkrk> (N)> +(1-n g T (co};+q19k))

(A2 g +A30)|Iskll
YESk

—_ _Ma ) _ by '

In (coszﬁk) < (b{yk) (N)>

Since the maximum value of (1 — w + In(w)) is zero that is by letting F(w)=1 —
dF(“’) -1 + =0

< @(Hy) +

w + In(w) then ——
= w =1 so the maximum value of F(1) = 0 then we get :
Where o = —23 then we get :

cos29y get.

(7\2[1k+)\3a)||5k||
yksk

n( () ™)

0< @(Hiy1) < @(Hi) + C +In(cos?9,)

0< @(Hysq) < @(Hy) + —In(A;q) + In(cos?9,) —

T
kSk by vk

Where C= —In(A,q) + —(xznk?ﬁ)nsk” ( (bkrk) (N ))

By assuming that the terms: A,q, w and (bkrk> (N) are bounded and
k°k

by summing from j=0 up to k we get
0< Zﬁg:O ¢(Hi+1) < Zﬁg:o @(Hj) + Zfzo C+ Z;LO ln(coszﬁj)

0<@H)+@Hy) + -+ d(Hyyq) < §(Hp) + ¢(Hy) + §(Hp) + -+ + §(Hyyq) +
C k+ Z?zoln(coszﬁj)

0 < @Heu) < @HO+  C k+ §=oIn(cos¥;)
(18)



A Survey on Network Security Monitorig
Where the constant C is assumed to be positive without loss of the generality , from

Zoutendijk condition (1) (if f satisfy assumption 1, then Y cos?9y, ||Vf||?> < o)

limy_ o0 ||VFl.cos 9, = 0 . if 9 is bounded away from 90° , 3 M € R* 3 cos 9, > M
> 0, for k sufficient large and hence ||Vf|| — 0 and by the first order necessary
condition the prove is complete .

Now assume by contradiction that cos 9, - 0then3 k; >03Vj>k,,

In(cos?9;) < —2C
(19)

Since ¥X_oIn(cos?9;) = Zﬁo In(cos?9;) +X5_y 4+11n(cos?d;)
Then EQq.(18), become

0 < @(Hgy) < @HE+ C k+2;-{i01n(C05219j) +3 5 i +11n(cos?d;)
(20)

By substitution Eqg. (19) in Eq. (20) we have

~ ~ k]_ 2 k
0 < @(Hyyq) <P(Hp)+ C k+2j=01n(cos 19j) — Xj=k,+12C
0 < @(Hirr) < §(Ho)+ C k+ XL In(cos?8;) — 2C(k — ky)
0 < @(Hyy1) < §(Ho)+ C k+EL In(cos?8;) — 2Ck + 2Ck,
0 < @(Hiyq) < §(Ho) +2 2, In(cos?9;) — Ck + 2Ck; <0
For k sufficiently large which is contradiction .

Then coszﬂj — 0 is not true and limy_,, inf]|Vf]] = 0 and by the first order necessary
condition(FONC) the prove is complete . m

Numerical Experiments and figures :

Within this section, we'll introduce a number of eight functions were the subject
of numerical experiments utilizing the modified convex combination class. from Eq.
(1), where the numerical outcomes are supported by the table, and the parameter is the
Hoshino parameter, which has the formula from Eq. (2). The following list of test
functions is chosen:

1- Least square equation for two dimension[9]
fG) = (1 —x1)% + (1 — %)%



8-
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Cubic function[7]

f(x) = 100(x, — x3)2 + (1 — x4)?

A quadratic- function: [10]
4

f(x) = Z(mi-lx;‘ +x} +101x2)
i=1
Rosenbroc'k -cliff —function: [11]
f(X) - 10_4(X1 - 3)2 - (Xl - Xz) + eZO(Xl—XZ)
Generalized Edger function[10]

n
/2
00 = ) [Geaios = 20+ Coaon = 2023 + gy + D7)
i=1
Extended —Himmelbla- function : [10]
/2
FG) = ) (O + %o = 1D + Crges + 25— 27)
i=1
Rosen -rock's —function: [7]
/2
FG) = ) [100Ge; = %)% + (1= %))
i=1

Watson function: [10]

J
FGO) = ) f200)

fi) = T30 = Dt % — (B, ) —1

Table 1. Numerical Results for Modified Convex Combination family

112

Fun.

la

1b

1c

2a

Stating points Dim Feval Iter.
[0;0]T 2 8.2008e—016 2
[1;2]T 2 6.4758e-019 2

[-1;-2]T 2 3.3087e-019 2

[0; 0]7 2 0.1262 34



A Survey on Network Security Monitorig

2b

2C

3a

3b

3c

4a

4b

4c

5a

5b

5¢c

6a

6b

6c

7a

7b

7c

[-1;-2]"

[1;5]"

[0; 0;0;0]T

[1;2;3;4]T

[-1;-2;-3;—4]"

[0; 0]

[-1;-2]"

[0; 0]

[-1;-2]"

[0; 0]"

[1;2]"

[-1;-2]"

[0; 0]T

[1;2]"

[-1;-2]"

4.6912

0.4599

—5.6449¢
- 014

—3.5987

—3.4168

0.2007

0.9245

5.9617e+005

2.6165e-008

1.7470e-010

1.7867e-00

7.6789e-010

6.2341e-012

3.3773e-011

1.7728e—010

5.3891e-012

7.9797

35

34

66

54

30

27

48

43

49
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8a [0;0; 0; 0]T 4 6.2296e—010 2
8b [1;2;3;4]T 4 5.1579e-017 3
8c [-1;-2;-3;-4]T 4 2.4288e-016 4

It is clear from the above Table 1 that our new method gave a minimization of
the tested functions. We conducted the experiment on several starting points, starting
with zero and at positive values and others with negative values for each function, and
we clarified the number of iterations in the last column for each test of the function to
reach the best minimizing to the tested functions.

1.9 ~ i
1.8+ ~__ -
1.7~ ~— i
1.6 ~_ i

1.5~ ~__ -

FVAL

1.4 T~ -
1.3 — x\x‘ -
1.2 ~__ i

1.1 ~__ -

iteration

Figure (1)

Shows Function (1) Least square, with Dimension 2, and starting point [0;0]

2.8 — -

2.6 — -

2.4 - -

2.2 -

FVAL
N
T

1.8 T~ .
1.6 -
1.4 -

1.2~ T~ .

0.6 0.7 0.8 0.9 1 1.1 1.2
iteration

or
N
o
W
o]
IN
o]
ol

Figure (2)

Shows Function Rosen broc'k cliff, with Dimension 2, and starting point [0;0]
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5¢ T T T T T T
4.5 — -

L -

FVAL
W
T

o 5 10 15 20 25 30 35
iteration

Figure (3)

Shows Function Generalized Edeger, with Dimension 2, and starting point [0;0]

FVAL
w
]

7

o 100 200 300 400 500 600 700 800 900
iteration

Figure (4)

Shows Function Extended Himmelblau function, with Dimension 2, and starting point
[1;2]

FVAL
'_\
]
T

o 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
iteration
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Figure (5)

Shows Function Rosen rock's function, with Dimension 2, and starting point [0;0]

Conclusion:

In this paper the Broyden convex class (H-Version) in[1] was updated to modify

convex combination class which is based on rank1 update with two formulas of rank
2 updates together , As we can see, the latest update is symmetric , positive definite
,the determent was found and the converge of this update was found as we see in
Theorem(2).
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