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Abstract:

This paper is concerned with the study of the kinematic and kinetic analysis of a
slider crank linkage using D'Alembert's principle. The links of the considered
mechanism are assumed to be rigid. The analytical solution to observe the motion
(displacement, velocity, and acceleration), reactions at each joint, torque required to
drive the mechanism and the shaking force have been computed by a computer program
written in MATLAB language over one complete revolution of the crank shaft. The
results are compared with a finite element simulation carried out by using ANSYS
Workbench software and are found to be in good agreement. A graphical method
(relative velocity and acceleration method) has been also applied for two phases of the
crank shaft (6, = 10° and 130°). The results obtained from this method (graphical) are
compared with those obtained from analytical and numerical method and are found very
acceptable. To make the analysis linear the friction force on the joints and sliding
interface are neglected. All results, in this work, are obtained when the crank shaft turns
at a uniform angular velocity (w, = 188.5 rad/s) and time dependent gas pressure force
on the slider crown.
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List of Symbols

aci, = Acceleration of mass center of the links, (i =2,3,4), (m/s?)

as = Acceleration vector of the slider

F12 = Total force at the pin joint O, (N)

Fiox, Fiay = Force components at the pin joint O, (N)

Fi4 = Total force at sliding interface joint (N)

Fiax, F1ay = Force components at sliding interface joint (N)

Fa3, Fa2 = Total force at the pin joint A (N)

Faax, Fazy Or

Faox, Faay = Force components at the pin joint A (N)

F34x, I:34y or

Faax, Fasy = Force components at the pin joint B (N)

Fa1, Fa1 = Forces acting on the ground plane or reaction forces (N)

Fpx, Fpy = Gas force components (N)

Fs = Shaking force (N)

Gy, Gy, Gz = Center of mass of crank, connecting rod, and slider

lc2, les, lea = Mass moment of inertia of the crank, connecting rod, and slider
(kg m?)

my, M3, My = Mass of crank, connecting rod, and slider (kg)

Iy, I3, 4= length of crank, connecting rod, and slider offset (m)

rg, I, I = position, velocity, and acceleration vectors of the slider

Ri,, R23, R32, R34, R43 = Position vectors

T = Driving torque (N m)

01 = Angle between slider velocity and frame x axis (deg.)

02, 03 = Crank and connecting rod angles (deg.)

W2, M3 = Crank and connecting rod angular velocities (rad/s)

o, O3 = Crank and connecting rod angular acceleration (rad/s?)

c = Classifies assembly mode
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Introduction:

The slider crank linkage (SCL) is probably the most commonly used mechanism

[1]. It appears in all pumps, compressors, steam engines, feeders, crushers, punches and
injectors. This linkage appears also in all diesel and gasoline engines. A general SCL is
represented in Figure 1. The SCL chain consists of four bodies (crank shaft, connecting
rod, slider, and the frame) linked with three cylindrical joints and one sliding or
prismatic joint. It is used to change circular into reciprocating motion, or reciprocating
into circular motion.
Kinematic analysis of the SCL comprises the motions (displacement, velocity and
accelerations) of various links of the mechanism like the connecting rod and slider or
piston. The dynamic analysis of the SCL includes static and inertia force analysis for all
the possible phases of the crank shaft which leads to an important aspect of the
estimation of the loads carried by different members of this linkage.

Cveticanin and Maretic [2], have studied dynamics of a special type of the crank shaper
mechanism. The influence of the cutting force on the motion of the mechanism is
considered.

Ha et al [3] have employed Hamilton's principle, Lagrange multiplier, and geometric
constraints to drive the dynamic equations of a SCL driven by a servomotor using real-
coded genetic algorithm.

Fung et al [4] presented the kinematic and dynamic analysis of the intermittent SCL by
connecting the connecting rod with a pneumatic cylinder and a spring model.
Ranjbarkohan et al [5], have considered the influence of engine RPM and downshifting
effects on the members of the SCL using ADAMS software.

Jaballi et al [6] have examined the dynamic behavior of the SCL when the gravity is the
only external force acting on the mechanism using Maplesim software with Gaussian
distribution functions assumed.

Anis [7] has studied the kinematics and dynamics analysis of the SCL using ADAMS
software to observe the response of the slider block. The analysis has been performed
by applying moment on the joint which connect the connecting rod and crank.

In the present paper, the complete kinematic analysis of the considered SCL is carried
out by an analytical method using complex-algebra method as this method is more
accurate than the graphical method (GM) and can give results for all the phases of the
mechanism.

The complete force analysis of the mechanism shown in Figure 1 for one revolution of
the crank shaft using principle of D'Alembert is carried out by summation of the effects
of external forces (gas forces) and inertia forces ignoring the effect of friction. This
analysis includes, with linkage parameters available, an investigation of variation of
crankpin load, piston pin load, main bearing load, driving required torque and total
shaking force. Three methods for analyzing of SCL were used; namely: - a MATLAB
program to solve the complex-algebra equations, numerical simulation with ANSYS
Workbench software and the graphical method.
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Analytical approach

The general kinematic sketch for the offset SCL used in this work is shown in Figure 1.
The non-offset SCLs are the special cases. The analytical solution procedure follows the
major steps below:

a. Position representation:
The SCL could be represented by only three position vectors, r, r3, and rg, but one of
them (rg) will be a vector of varying magnitude and angle. It will be easier to use four
vectors, ri, Iy, r3, and ry with ry arranged inclined to the axis of the sliding and ry
perpendicular. The position of point B is [8, 9]:

rg=ro+r3=ri+ry

1)
or
r2[C0s0,i + SinByj] + r3[cosOsi + sinbsj]
= r1[c0S011 + SinOyj] + r4[COSO4i + SiNO4j] 2
where
0,=01+ /2
©)
Rewriting Eq.(1) in its component equations gives:
r,c0s0; + r3c0sO3 = r;€0S0; + r4,€0s0, 4)
Iy SiNB; + 13 SiNB3 = r1 SiNO1 + 4 SiNB,
()

The base vector, r1, will vary in magnitude but be constant in direction. The vector r,
will be constant.

To eliminate 05, first isolate it in using in Egs. (4) and (5) as follows

3c0S03 = r1€0s0; + r4€0S04 - 1,056, (6)
r3 SinO3 = ry SiNO1 + r4 SiN04 - 1 SINO,
(7)

Now square both sides of both equations and add. This gives
rs? [c0s%03 + sin*03] = [r1C0S01 + 140804 - 1,€050,]?
+ [r1 SNy + 1y SiNO, - 17 5iNB2]°

(8)

Expansion and simplification Eq.(8) give:
rs? = 12 + o2 +142 +2 11r4[c050,c0504+5in0; Sin6,]
— 2r1r,[c0$6,€0S0; + sinB; SinO,]
— 2I,r4[€0S6,€080,4+ SINO, SiN6,] )]
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Equation (9) can be solved for r; to gives the following quadratic expression:
|'12 +Ar;+B=0
(10)
where
A = 2r, [c0s01€0804 + SinO; SiNO4] - 2r;, [€0sO1€0S0, + SiNO; SINO,]
B = 1% + 147 — 3% — 2rar4 [050,C0504 + SinB, Sin6y]
(11)
or

_ —A+0VA?—4B
n=———

(12)
where o == 1 is asign variable identifying assembly mode.

Once a value for r; is determined, Egs. (4) and (5) can be solved for 63

0; = tan™?! [
(13)

11SinB1+ 145in64— rzsinez]
110501+ 14€0504— 15050,

Therefore, once the angular quantities are known, it is relatively straightforward to
compute the coordinates or positions of any point in the mechanisms. The coordinates
of points A, Gz and B are given by:

Fa =y =ry[C0SO,i + SiN6,j]

(14)

g3 = Iz [COSO,i + SiNO,j] + ras [C0SO3i + SiNB3j]

(15)

s = Iy + I3 = 1,[C0SO,1 + SiNOj] + r3[cosOsi + sinBsj]
(16)

where rg3 is the length of center of mass of link 3, i.e. rgz =AGs.

b. Velocity representation:
The analytical form of the velocity equations can be developed by differentiating Eq. (1)
with respect to time. The result is

I..B: r2+ I.'3 :r1+ f'4

(17)
or in matrix form when ; is the input:
cosf; 13sinb; ]{1“1} _ {—rzwzsiné?z} (18)
sinf; —r3co0s03] (w3 T,W,C050,

Therefore, the velocity of point B is given by:
Iy = (-r2m; SiNB, — r3m3 SiNB3)i + (r2w2C0S0; + r3w3C0SO3)] (19)

c. Acceleration representation:
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The acceleration equations can be developed by differentiating Eq. (17) with respect to
time. The result is

Y'Bz r2+ f'3 = r1+ i:4
(20)

Or in matrix form when a IS input:

cosO;  13sinfz 1(t) _ [—mazsing, — rwicosd, — rsw3coso;
sin6, —7‘360593] {a3} B { T,0,C050, — r,w3sinf, — ryw3sinfs }
(21)

Once the angular accelerations are known, it is simple to compute the linear acceleration
of any point on the mechanism. The accelerations of points Gz and B are given:

ags = - (I’z (DZZCOSGQ + 1, ap SINO, + rG3(,032C0863 + I'c3 O3 Sine:g)i
+ (-I’z(Dzz sinQ, + r,a,c0s0, — rc;3(x)32 Sin0sz + rgs (1300863) j
(22)

ag = - (I ,°C0S0; + Iy 0y SINO, + r3m3°C0SO3 + 3 oz SINO3)i
+ (-rpm2° SN, + 120,080, - r303° SiNO3 + I3 30503) j
(23)

d. Force analysis representation:

When all dimensions of link lengths, link positions, locations of the link's CGs, linear
acceleration of those CGs, and link angular accelerations and velocities have been done,
the forces acting at all the pin joins of the linkage and the driving torque needed on the
crank for one complete revolution of the crank shaft can be calculated. D'Alembert's
principle provides three equations for any link or rigid body in motion, the first and
second represents the summation of forces and the third is for summation of torque or
moment. Figure 2 shows the SCL with an external force on the slider block, link 4. The
force analysis can be explained for each link as follows [10].

For link2:
Fip + F3p, = myag,,
Fiz, + F3;, = Maag,, (24a)
Tz + (Riz, Fi2, — Ri2,Fi2,) + (R32,F32, — R3p F3z.) = Iz,

For link3:

Fy3, — F35, = m3ags,
Fy3, — F35, = m3ag3, (24b)
(R43XF43y - R43yF43x) - (stxF32y - styFszx) = Igza3
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For link4:

Fiy, — Fy3, + Fp, = M3ags,
Fia, = Fi3, + Fp, = M4ags, (24c)
(R14,F1a, = R1a F14,) — (R3a, Faz, — R3y Faz, ) + (Rp Fp, = Rp Fp,) = Igacty

From Figure 2, the slider block, or piston, is in pure translation against the stationary
ground plane; thus it can have no angular acceleration or velocity. Also, its linear
acceleration has no y component.

as=0;and  agay =0
(24d)

and  Fugx =+ p Fay
(24e)

where+ is coefficient of friction.
Substituting, Eqgs. (24€) and (24d) into Eq. (24c) yields:

$ﬂF14y — Fy3, + Fp, = myag,,
F14y - F43y + FPy =0 (24f)

The plus and minus signs on the coefficient of friction are to identify the fact that the
friction force always opposes motion. The last substitution has reduced the unknowns to
eight. Therefore, there are only eight equations need to be solved to obtain all required
forces. Putting these equations in matrix form yield:

1 o 1 0 0 o0 0 0 (Fizy 0 maagy,
0 1 0 1 0 0 00 F12y myQez,,
_R12yR12x _R32y R32x 0 0 0 1 F32x Iazaz
o 0 -1 0 1 0 0 0| )Fs2,| Mm3Qgs,
o 0 0 -1 0 1 ¢ o/ F43y (= Madgs, | (25)
0 0 Ry, —Ry3 ~Raz, R4z, 0 0 Fys Igzas
0 0 0 0 -1 0 $ﬂ 0 F14y M4QGa, — FPx
-1 10 y —F
0 O 0 0 0 1 T\, ) \ P, )

e. Shaking force:
The sum of all forces acting on the ground plane is called the shaking force [11].

Fs= Fo1 + Fa1- Fpy
(26)

The shaking force produces linear vibration of the frame in the horizontal direction [12].
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It is clear that the above system of equations, Egs. 25, provides force and

torque information for one position or phase of the linkage. To do a complete force
analysis for multiple positions of a machine requires that these computations be
repeated with new input data for each position. Therefore, a computer program has been
developed in MATLAB language to compute the kinematic parameters over change in
time or driver angle plus the forces and torques associated with the linkage kinematics
and link geometry. Also, these equations do not account for the gravitational force
(weight) on a link. When it is considered, the weight must be treated as an external force
acting on the CG of the link at a constant angle and then the right side of Eq. 25
converted to [13]:

( M2062,
my(agz, + 9)
I,
Mmsdgs,

) mz(ags, + 9)
Igza3
MyQgq, — Fp,

\ Myg — Fp, )

"

(27)

Figure 3 represents the summary flow chart of the MATLAB program.

Numerical approach

The 3D model of the mechanism, Figure 4, was modeled and analyzed in ANSYS
Workbench (WB) finite element software [14]. This model consists of a revolute joint,
O,, which is attached to the crank shaft link. This link is attached to a connecting rod by
a second revolute joint, A. The connecting rod is then joined to a sliding block by a
third revolute joint, B. The sliding block is connected to frame by a prismatic joint, and
the frame of the model in turns is fixed to the ground via a fixed joint.

The aim of the analysis was to study all kinematics and kinetics factors. The kinematic
factors were displacement, velocity and acceleration of the sliding block and connecting
rod while the kinetic parameters were the static and dynamic forces on all joints,

shaking force and driving torque required.

a. Loading and boundary conditions:
The boundary conditions and loading applied on the mechanism at the initial position of
the crank shaft (top dead center) are shown in Figure 5. The positive sense of the
driving angular velocity is taken in the counter-clockwise direction about the Z axis as
shown in the figure.

b. Dimension and mass properties of the mechanism:
The important dimensions, masses and mechanical properties of the SCL used in this
work are listed in Table 1.
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c. Assumptions:
The results of the numerical simulation have been carried out assuming the followings:

e The mechanism components are built entirely from structural steel and, hence
for practical purposes, are assumed to be perfectly rigid. Therefore, the type of
analysis is taken as Rigid Dynamic.

e The friction forces between the joints are ignored.

e The gravity force is neglected and the gas pressure force is assumed to be the
only external force, acting along the negative X axis, as shown in Figure 5. This
force is time dependent and its magnitude is taken from the simulated force
curve shown in Figure 6, [15]. The load curve is divided into eight sub-steps
during one operation cycle of the mechanism.

e The shaking force is not directly obtained in ANSYS WB.

e The masses of the links are translated to their center of mass.

e The crank shaft is originally rotating at a constant angular velocity.

Table 1: Dimension, mass and mechanical properties of the SCL [11].

Length (m) l\(/lkzs)s Ig (kg m?) CG (m)
k2 0.0762 2.26 0.00544 | 0.0508 from O,
Conrl;tei(r:]tl?n?:; rod 0.286 3.63 0.0408 0.127 from A
snIJei;?mck - 2.72 - At point B

Young's Modulus = 2.07 *10™ N/m?

Poisson ratio = 0.3

®, = 188.5 rad/s (uniform) ccw, one revolution, t = 0.0333325 sec.
pr = f(t)

Graphical velocity and acceleration analysis

Before programmable calculators and computers became universally available to
engineer, graphical methods (GMs) were the only practical way to solve these velocity
and acceleration analysis problems. With some practices and with proper tools such as
drafting machines or CAD package, one can fairly rapidly solve for the velocities and
accelerations of particular points in a mechanism for any one input position or phase by
drawing vector diagrams. However, it is a tedious process if velocities or accelerations
for many positions of the mechanism are to be found, because each new position
requires a completely new set of vector diagrams be drawn. Though, this method can
provide a quick check on the results from a computer program solution. In this work,
the dynamic behavior of the SCL has been performed, in GM, only at two positions of
the crank shaft (6, = 10° and 130°, w, = 1800 rpm, a, = 0) using AutoCAD software.
The kinematics and kinetics vector polygons for entire analysis of the GM for this
mechanism, when the crank is at 6, = 130°, are detailed in Figure 13.
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Results and discussions

Once the mechanism has been constructed and the inputs have been defined, the
kinematics and Kinetics quantities have been calculated from the ANSYS WB,
MATLAB program, and the GM. The results were stored in a separate output data file.
This file in turn, was sent to one of grapher software (Grapher 9) to plot the x/y graphs
as follows:

1. Figure 7 and 8 represent the changes of linear position, velocity and acceleration
of the slider or piston against the required time of one revolution of the crank
shaft.

2. The display of changes of angular velocity and acceleration of the connecting
rod with respect to time are represented in Figure 9.

3. Figure 10 illustrates the variations of total force F, and F3, on pin joints O, and
A with time over one revolution of the crank shaft.

4. The distribution behavior of the total force F14 or reaction at the sliding interface
and the required total torque T, on link 2 (crank shaft) to drive the mechanism
against time is shown in Figure 11.

5. The fluctuation of shaking force that vibrates the frame in the horizontal
direction through the operation of the linkage over one cycle is covered in
Figure 12.

6. Table 2 and 3 summarize the maximum and minimum values of the all
kinematics and kinetics parameters obtained from the numerical and analytical
methods. Note that the small variance in the results especially in ANSYS WB
(numerical method) is due to the time interval increment.

Table 2: Maximum and minimum values of the kinematics parameters

Parameters I's Ve ag w3 o3
Method (m) (m/s) (m/s?) (rad/s) (rad/s?)
MATLAB Max 0.3622 14.8644 1986.32 50.2227 9822.02
Program Min 0.20980 | -14.8644 | -3428.94 | -50.2227 | -9822.02
Max 0.3622 14.86445 | 1986.317 | 50.22278 | 9822.024
ANSYS WB =
SYS Min | 0.209799 | -14.86435 | -3428.942 | -50.22273 | -9822.023

Table 3: Maximum and minimum values of the kinetics parameters

Parameters Fiz Fa» Fia T2 Fs
Method (N) (N) (N) (N m) (N)
MATLAB Max 18763.4 16718.6 1057.54 620.786 24397.4
Program Min 1580.5 1978.84 -1284.88 -564.023 9421.46
ANSYS WB M?.X 18763.41 | 16718.52 | 1057.571 | 620.7912 | 24397.357
Min 1578.745 | 1978.027 | -1284.875 | -564.0177 | 9422.6467
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7. The kinematics and Kinetics parameters obtained by the GM are
illustrated in Figure 13.
8. The comparison of the results obtained by the mentioned three methods are
listed in Table 4 when 6, = 130°.
Table 4: Comparison of the results

Vg as 3 a3 Fi, Fia T2 (N

o (M) | (mis) | (misd) | (radis) | (radisd) | () | (N) my | Fs(N)

ANSYS | 0231 | - | 185509 | 32.9759 | 7181.497 g
I > 16947. | 97026 | , " | 1594518

/ 4 6 ; 2

MATLA | 02309 | - | 185511 | 32.0767 | 718135 | ;oo _
B o | o073 271 97026 | ", | 159453

GM | 02309 | - | 1854.92 | 32.9654 | 7180.856 | 16930, :
9 |90%0| 5 6 4 | P87 | 457967 | 1593404

9. The results of combined forces (gas force and inertia forces) analysis show
variation of the bearing loads Fi,, F14, F32, F3s, Fs and driving torque T;, during
crank shaft rotation. Therefore, the knowledge of these forces is essential for
design of the bearings.

Conclusion:

Slider crank linkage has been analyzed using three methods: MATLAB program,
ANSYS WB, and graphical method GM.
The kinematics and kinetics quantities (position, linear velocity and acceleration,
angular velocity and acceleration, forces, driving torque) of all members (links and
joints) of the linkage have been studied and plotted due to the constant angular velocity
of the crank shaft and variable or time dependent gas pressure force acting on the piston
crown. The fluctuation of shaking force which makes the mechanism vibrate in the
horizontal direction due to the forces acting on the ground plane (F41, F2; and Fpy) has
also been performed. It has been observed that all results obtained by the three methods
agree with each other. The present investigation can be applied to multi-cylinder in-line
engines, V-engines and radial engines. Therefore, the author would like to suggest that
any rigid dynamics problem can be easily analyzed with less time using ANSYS
Workbench software.
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Figure 1: General Slider Crank Linkage with offset
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Figure 2: Slider Crank Linkage with forces vector
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Figure 4: 3D Model of the slider crank mechanism
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Figure 5: Boundary conditions and loading
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Figure 12: Fluctuations of total shaking force Fs against time over one revolution.
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Figure 13: Graphical analysis method when the crank is at 6, = 130°:
a) Mechanism diagram: rg = 0.23099 m;
b) Velocity diagram: Va = @,*02A, Vg = -9.094 m/s, w3 = Vg/a/AB = 32.9654 rad/s
(ccw);
c) Acceleration polygon: ag = 1851.925 m/s?, az = 7180.8566 rad/s? (ccw);

d) steps for calculation the driving torque and forces at joints: Fi4 = 958.7 N, Fy, =
16930.4 N, Ty, = 457.967 N (cw);

e) Shaking force polygons: Fs = 15934.04 N.
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