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ABSTRACT
In this paper we study the concept of orthogonal generalized higher (o,7)-k-derivations and present
some of result obtained from orthogonality.

Keywords:  semiprime rings, (o,t)-derivations, Kk-derivations, orthogonal, generalized (o,1)-
derivation.

1. Introduction

The concept of T'-ring introduced in [5] and develop by Barans in [2]. Kandamar introduce
the definition of k-derivations in [3] and evolution the in [4]. The definition of orthogonal
presented in [1]. In [9] the concept of (o,7)-derivations was introduce and M.Ashraf study the
higher (o,t)-derivations in [8]. Some important definitions such as,prime,semiprime and 2-
torison introduced in [6]. We studied orthogonal on higher (o,t)-k-derivations and developed
it in this paper to orthogonal generalized higher (o,t)-k-derivations on semiprime I'-Rings.

And the most import result we obtain in our study.

Let M be 2-torsion free semiprime I'-ring, D = (D,,);eny and G = (G,);en 9eneralized higher
(o, T)-K-derivation with associated higher (o, 7)-K-derivation d = (d;);ey and g = (g)ien
respectively then D,, and G,, are orthogonal if and only if for all X,y eM

The following lemma is one of important result that we need in our study.
Lemma 1.1: [8]

Let M be a 2-torsion free semi-prime I'-ring and a, b € M, o,BeI’, then the following
conditions are equivalent.
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(1) al'xI'b = 0, for all x € M.

(2) bI'xI'a = 0, for all x € M.

(3) al'xI'b + bI'xI'a = 0, for all x € M.

If one of the above conditions is fulfilled then aI’'b = bT'a = 0.
2. Orthogonal (6,7)-k-derivations on semiprime I'-Rings
Definition 2.1

Let M be I'-ring, two generalized higher (o, 7)-k-derivations D = (D;);ey and G = (G;)en
on M where K = (K;);ey family of additive mappings on I',then D, and G,are called
orthogonal if for every ne N, X,y eM

D () K, (DMK, (I G, (y) = 0 = G, () K, () MK, (T) Dy, ()
Where Dy, (x) K, (DMK, ()G, (y) = Xizq Di(O)K (DMK (D) G (y)
Example 2.2

Let D=(D;);eny and G=(G;);cn be two generalized higher (o, t)-k-derivations on I'- ring M
associated with (o,7)-k-derivations d=(d;);ey and g=(gi)iex On M. Let S=MxM we define
D, = (D)ien » G, = (G)ien are generalized higher (o, 7)-k-derivations on S we defined
by Dy, (x,y) = (Dn(x),0)

Gn(x,y) = (0,6, ()
Then D,, and G, are orthogonal.
Theorem 2.3

Let D=(D;)iey and G = (G;);ey be two generalized higher (o, t)-k-derivations with
associated higher (o, t)-k-derivations d=(d;);ey and g=(g;)ieny respectively where
D,,andG,, are commutative , if D,, and G,, are orthogonal then the following hold

1) Dn()kn (DGR (y) = 0 = G (¥)Kn(I) Dy (x) hence
Dn(x)Kn(F)Gn(y) + Gn(y)Kn(F)Dn(x) =0
Proof

D, and G, are orthogonal then D, (x)K,(I)MK,,(I)G,(y) =0
= Gr (V) Kn (D) MK, (T) Dy (%)

By lemma (1.1) we get:
Dy () kn (1) Gr(y) = 0 = G (¥)Kn(I) Dy (x)

Hence Dn(x)Kn(F)Gn(y) + Gn(y)Kn(F)Dn(x) =0
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2) d,, and G,are orthogonal higher (o,7) — k — derivation and
dn (K (TG () = G (1) Ky (Dl (x) = 0
Proof
BY (1) Dy(0)Kn(D)Gn(y) = 0 = G,(¥)Ky(I)Dy ()
Ly D;(0)K(a)Gy(y) = 0
Replace x by mpx
Ly Di(mp)K (@)Gi(y) = 0
iy Dy (0™7Hm)) K(B)dy(t" @) Ki(@)Gy(y) = 0
Replace D; (0™7(m)) by di(o™ ()K(@)Gi(0™ (7))
Ly di(@" ) K (@)Gi(0™ () K (B di (DK (@) Gi(y) = 0
Replace K;(8) by K;(B)mK;(8)
Yy i@ O))K(@Gi(0" 7 (1) Ki(B)mK(B)di(x)Ki(a)Gi(y) = 0
Since M is semiprime Y1, d; (6™ (x))K;(a)G;(c™ (y)) = 0
dy () K ()G (¥) = 0

G, is commutative G, (y)K,(I'd,,(x) =0

56

3) D,, and gpare orthogonal higher (o,7) — k — derivations and g,(x)K,(I')D,(y) =

Dn(y)Kn(F)gn(x) =0

Proof

BY (1) Da(0)kn(D)Gr(y) = 0 = Go(3)Kn (1) Dy (%)
Gn (") K (T)Dy (x) = 0

Sy GiOK(@Di(y) = 0

Replace x by mpx

Sy Gi(mBOK()Di(y) = 0

Sy G (0" Hm)) Ki(B)gi (T () Ki(@)Dy(y) = 0

Replace G;(m) by gi(c™ ' (x)Ki(a)Di(z"~*(»)) and g;(z"~*(x)) by gi(c™ " (x))
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Y1 gi(@" T ) K (@)D (t" () Ki(B) gi (6" () Ki () Di(y) = 0
Replace K;(8) by K;(B)mK;(B) and D;(y) by D;(z"~*(¥))
1 9i(@" T KDtV (1)) Ki(B)mKi(B) gi(a™ " () Ki(@)Dy(z" () = 0
Since M is semiprime Y™, g; () Ki(a)D;(y) = 0
In (K (a)Dy(y) = 0
D,, is commutative Dy, (y)K, (1) gn(x) = 0
4) d,, and g, are orthogonal higher (a,7) — K — derivations,

Proof

BY (1) Da()Kn(NGn() = 0 = Gy (3)Kn(T)Dy (%)
Iy DK ()G,(y) = 0

Replace x by mfz and y by wBy
Ly Dy(mBx)K()G;(wpy) = 0

iy Dy (0™ m) ) Ky (B)dy(t" @)Ky () Gy (™ (W) Ky (B) g (2" (1)) = 0
iy di (7)) Ki(B)Di(a™ K ()G (" (W) Ki (B gi (T () = 0

Replace d; (T”‘i(x)) by d; (a”‘i(x))

Ny d; (677100) Ki(B)Di(@™ (MK (@)Gi (™ (W) Ki(B) g (" () = 0

By lemma (1.1) we get

Sy g (777H0)) Ki(B)Dy (0" (m)Ki ()i (0™ (W) Ky (B)di (0™ (x)) = 0
Hence d,, and g, are orthogonal

5) dpGp = Gpdy =0 and  guD, = Dypgy =0

Proof

BY (D) du()Kn(I)Gy(y) = 0

S1 di (DK (@G (y) = 0

?:1 Gi(d;(x)K;(a)G;(y)) =0
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Yic1 Gy (di(Un_i(x))) Ki(a)g; (Gi (Tn_i(J’))) 0

s G (di(0™ 7 ()) Ki(@)6; (g: (2 ) ) = 0
Replace g;(z"~*()) by d; (6" (¥))
s Gy (di(0™ 7 ()) Ki(@)Gy (i (0™ () ) = 0
Replace K;(a) by K;(a)mK;(a)

I G (di(0" (@) ) Ki(@ymKy(a)G; (di (0™ (x))) = 0
Since M is semiprime

Iy Gi (di(o™ 1)) = 0
Gnd, =0
BY (2) Gu(¥)Kn(D)dy(x) = 0

Py G OK (@ di(y) = 0
71 (G OK (@) dy (1)) = 0
Sy di (6(0™ @) ) Ki(a)d; (d, (" () ) = 0
Replace d;(7"(y)) by G;(¢"(x))
S d; (6:(0™ 7 @)) Ki(a)d; (G (6™ () ) = 0
Replace K;(a) by K;(a)mK;(a)
Sy di (G0 () Kil@ymKy(@)d; (G(a™ (%)) ) = 0
Since M is semiprime
Tt di (G(o™()) = 0
d,G, =0
BY(3) gn()Kn(D)Dn(y) = 0
S g (DK @Di(3) = 0

?:1 D;(g9;(x)K;(a)D;(y)) =0

58
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0

0 Dy (g:(o™ ' )) K@ (D (2" )
2. Dy (9:(o™ () ) K@D, (d (=) ) = 0
Replace d,(7"(y)) by g(¢™(x))
2. D, (9:(o™ () ) Ki(@)D; (g (™ () ) = 0
Replace K;(a) by K;(a)mK;(a)
.y D; (9:(a™ () Ki(@ymKy(@)D; (g:(a™'(x)) ) = 0
Since M is semiprime
~o D (gi(em @) = 0
Dngn =0
BY (3) Du(®)Kn(gn(y) =0
w1 Di(0)Ki(a)gi(y) = 0
i1 9i(D; (0K () gi(»)) = 0
S g (Di(0™ 1)) Ki(@gi (9i(a™ 1)) = 0
Replace g(s™~ (7)) by D;(a™ (7))
s 9: (Di(0™))) K(@)g; (Di(o™ (1)) = 0
Replace K;(a) by K;(a)mK;(a)
71 9: (D™ ))) K(@ymK (@) gi (Di(a™ () ) = 0
Since M is semiprime
1 g: (D(a™())) = 0
nDn =0
(6) D,,G,= G, D, =0
Proof
DK (D) Gr(3) = 0

?=1 D;(x)K;(a)G;(y) =0
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L1 G (D; (0K ()G (y)) =0

Yiz1 Gy (Di(an_i(x))) Ki(a)g; (Gi (Tn_i(}’))) 0

1 Gi (Di(0™1(0)) Ki(@)G: (9: (")) = 0
Replace g,(7""(y)) by D;(a™(x))
21 G (D0 @) ) Ki(@)Gi (D (0™ @) ) = 0
Replace K;(a) by K;(a)mK;(a)
Sy G (Di(0™H(®))) Ki(@)mK;(a)G; (Di(0™ (1)) ) = 0
Since M is semiprime
w6 (00" ) = 0
G,D, =0
Gn (O Kn(D)Dn(y) = 0
L, GO (D) = 0
Iy Di(GiOK (@)D (»)) = 0

Dy (Gi(0™7 () ) Kiledd; (Di(z* ()

0
1 D; (Gi(0"'(®))) Ki(@)D; (di (2% () = 0
Replace d;(z"~'(¥)) by G;(c"'(x))
n D, (Gi(a”‘i(x))> K;(a)D; (Gi(a"‘i(x))) ~0
Replace K;(a) by K;(@)mK;(a)
i, D; (Gi(0"'(®))) Ki@ymKi(@)D; (6,("'(x))) = 0
Since M is semiprime
1, D; (G(a™ () =0

D,G, =0

60
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Theorem 2.4

Let M be 2-torsion free semiprime I'-ring, D = (D,,);eny and G = (G,);en generalized higher
(o, T)-K-derivation with associated higher (o, 7)-K-derivation d = (d;);ey and g = (gi)ien
respectively then D,, and G,, are orthogonal if and only if for all X,y EM

(1) Dr()Kn (1) Gn () + Gr(¥)Kn (M) Dp(x) = 0

(2) dy()Kn (D) G (¥) + gn (V) Kn (D) Dy (x) = 0
Where D,, and G, are commutative mappings
Proof

Suppose Dy, (x)K» (1 Gy (y) + Gn (1)K (D) D (x) = 0

Replace x by xay

i=1 Di(xay)K;(@)G;(y) + G (y)Ki (@) Dy (xay) = 0

Z D; (o™ (x))K; (@) d; T ())Ki (@) Gy (y) + Gi(v)Ki(a)D; (0™ (X)) K; (@) d; (" (y)) = 0
=1

Z Di(¢" ' () Ki(a)d; ("' ))Ki ()G () + G (W Ki (@) di (z* (1)) Ki(@)D; (6™ (x)) = 0
i=1

By lemma (1.1) we get
21 Di (0" (@)K (@ di (T ()Ki(@)Gi(y) = 0
i=1 GOKi(@)d; "' ())Ki (@) Di(a™ 7 (x)) = 0
Hence D, and G, are orthogonal
Conversely:-
Let D, and G, are orthogonal
Dy, () Ky (DMK, (1) G (y) = 0
i=1 DiO)K; (@MK; ()G (y) = 0
By lemma (1.1) we get D, (x)K,(I)Gn(y) = 0 and G,(y)K(F)Dy(x) = 0
Hence Dy, (x) K (D) Gn (¥) + Gn(¥)Kn (I Dy (x) = 0
Also Dy, (x)Kp(T)Gp(y) = 0

1D (0K ()G (y) =0
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21 d;(D; (K ()G (y)) =0
md; (D0 (@)) K@i (6:(z" () ) = 0

s d; (Di(a™ () Ki(@)Gy (i (")) = 0
Replace D, (6™~ (x)) by a™~(x) and d,(y) by 7"~ (7)
Py d (0" K (@G (T (7)) = 0
dn (KR (DG () = 0
And
Gu(OKn(D)Da(y) = 0
L, GO (D) = 0
Py 9:(GOK (@D, (3)) = 0

i=19i (Gi(gn_i(x))) Ki(a)g; (Di(Tn_i(J’))) =0

1 9: (6:(a™ ' @)) K@Dy (g:("')) = 0

Replace G;(¢™"(x)) by t"~(y) and g;(t"'(y)) by 6™ (x)
1 9@ O K(@)Dy (6™ (%)) = 0

In MK (D) Dy (x) = 0

dn () Kn(T)Gr(y) + gn (WK, (M Dp(x) =0

Theorem 2.5

Let M be 2-torsion free semiprime I'-ring, D = (D,,);eny and G = (G,);en generalized higher
(g, T)-K-derivation with associated higher (o, 7)-K-derivation d = (d;);ey and g = (gi)ien
respectively then D,, and G,, are orthogonal if and only if for all x,y EM

Dy () K ()G (y) = dy () Ky (D) Gr(y) = 0
Where D,, and G,, are commutative

Proof

Suppose Dy, (x) K, (I G, (y) = 0

Replace x by xay

Y1 Di(xay)K;(a)G;(y) = 0
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L1 Di(0™ () Ki(@)di (" (0))Ki (@) G (y) = 0
By lemma (1.1) we get

21 GONK(@)d; (" () K () Dy(a™ () = 0
Hence D,, and G,, are orthogonal
Conversely:-
Suppose D,, and G,, are orthogonal

Dn(x)Kn(F)MKn(F)G‘n(y) =0

D (K (MG () = 0 By lemma (L.1) we get
i=1 Di()Ki(a)Gi(y) = 0
i=1di(Di (K ()G (y)) = 0
1 d; (Dy(" () Ki(@)d; (G:(x"*(3))) = 0
1 d; (Dy(" () Ki(@)G; (di(z(3)) ) = 0

Replace D; (o™~ (x)) by ™~/ (x) and d;(z"~ (7)) by " (»)
21 di(@" T (O))K () G(z" (1) = 0

dn () K (D) Gr(y) = 0

Theorem 2.6

Let M be 2-torsion free semiprime I'-ring, D = (D,,);eny and G = (G,);en generalized higher
(g, T)-K-derivation with associated higher (o, 7)-K-derivation d = (d;);ey and g = (gi)ien
respectively then D,, and G,, are orthogonal if and only if for all x,y EM

Dy (x)K, ()G (y) = 0 and dnGy = dngn =0

Proof

Suppose D,, and G,, are orthogonal

Dy (x)Kn (MK, (1) G (y) = 0

D, (x)K,(ING,(y) =0 By lemma (1.1) we get
=1 Di()Ki(@)Gi(y) = 0

?=1 d;(D; (x)K;(a)G;(y)) = 0
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iy d; (Di(0™ ') ) K@ (G,(" 1)) = 0
Replace D;(s™~(x)) by G;(™ (7))
ryd; (G(o™ ) K@, (6,6 (3))) = 0
Replace K;(a) by K;(a)mK,(a)
1 d; (Gi(0"'®))) Ki(@ymKy(a)d; (Gi(o™ 7 ())) = 0
Since M is semiprime
Py di (Gi(a™ () = 0
d,G, =0
And by ([8] theorem 3 (i) )
dngn =0
Conversely:-
Da()KA(T) G () = 0
Iy DK ()Gi(y) = 0
Replace K;() by K;(a)mK;(a)
Iy Dy (0K (@)mK(@)Gy(y) = 0
By lemma (L.1) we get
Iy G OOK(@mK (@)D(y) = 0
Hence D,, and G,, are orthogonal

Theorem 2.7

Let M be 2-torsion free semiprime I'-ring, D = (D,,);eny and G = (G,);en generalized higher
(o, T)-K-derivation with associated higher (o, 7)-K-derivation d = (d;);ey and g = (g,)ien
respectively then if D, (x)K, (DMK, (T)D,,(y) = G,(y)K,,(T)MK,,(I")G,,(x)

Then (D,, — G,) and (D,, + G,,) are orthogonal
Proof

(Dy, + Gr) () Kn (DMK, (D) (D, — G (x) + (D, = Gn) () Kn (DMK, (D) (Dy, + G) (x)
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(Dn(x) + Gn(x))Kn(F)MKn(F)(Dn(x) - Gn(x))
+(Dn(x) - Gn(x))Kn(F)MKn(F)(Dn(x) + Gn(x)

= (Dn () Kn (MK, (I) Dy (x)) = (Dy (x) Ky (DMK, () G (X))
+ (G () Kn (MK, (I Dy (x))

—(Gr () Kn (DMK, (1) G (x)) + (Dn () Kn (T MK, (T) Dy (%))
+ (Dn () Kn (DMK, (D) Gr (x))

~ (G (K (MK (D) Dy (1)) = (G () K () MK, (D) G (1))
=0

By lemma (1.1) we get

(Dy, + G K (DMK, (D) (Dy, = Gp)(x) =0

And (D, = Gp)Kn (DMK, (T) (Dy, + Gp)(x) = 0

Hence (D, — G,) and (D, + G,) are orthogonal
Corollary 2.8

Let M be 2-torsion free semiprime I'-ring, D = (D,,);eny and G = (G,)ien generalized higher
(o, T)-K-derivation with associated higher (o, 7)-K-derivation d = (d;);ey and g = (g:)ien
respectively then if D,,(x)K, (DMK, (I')D,,(y) = g.(¥)K,,(T)MK, (1) g, (%)

Then (D,, — g,) and (D,, + g,) are orthogonal
Proof
(Dn + gn)(x)Kn(F)MKn(F)(Dn - gn)(x) + (Dn - gn)(x)Kn(F)MKn(F)(Dn + gn)(x)

=(Dn(x) + gn () K (DMK (T) (D (x) — gn(x))
+(Dn(x) = gGn (X)) Kn (DMK, (1) (D (x) + gn (%)

= (Dn(0)Kn (DMK, (T) Dy (x)) — (D () Kn (DMK, (1) g (X))
+ (gn () Kn (DMK, (I) Dy (x))

—(gn (DK (DMK, (1) gn (x)) + (Dn (%) Kn (DMK, (T) Dy (x))
+ (Dn () K (DMK, () g (%))

—(gn () K (DMK, (D) Dy () — (gn () Kn (DMK, (1) g (X))
=0
By lemma (1.1) we get

(Dn + gn)Kn(F)MKn(F)(Dn - gn)(x) =0
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And (D, — gn) Kn (DMK, (D (D, + g)(x) =0
Hence (D, — g,) and (D, + g,) are orthogonal
Corollary 2.9

Let M be 2-torsion free semiprime I'-ring, D = (D,,);eny and G = (G,,);en 9generalized higher
(o, T)-K-derivation with associated higher (o, 7)-K-derivation d = (d;);ey and g = (9i)ien
respectively then if d,,(x)K,,(I)MK,,(D)d,(y) = G,(y)K,([)MK, ()G, (x)

Then (d,, — G,) and (d,, + G,) are orthogonal
Proof
(dn + Gp) (KR (DMK, (D) (d, — Gp) (x) + (dy, — Gr) () K (DMK, (D) (dy, + G (%)

(dn(x) + Gr () Kn (DMK, (T (dn(x) — Gn (%)) +(dn(x) — Gn () Kn (DMK, (D) (dn (x) +
Gn(x)=

= (dn () K (DMK, (D) dy (%)) = (dn () K (D) MK, (D) G (%))
+ (Gr () Kn (DMK, (I dy (X))

—(Gr () K (DMK, (TG (X)) + (dn () Ky (DMK, (D dy ()
+ (dy () Kn (DMK, (1) G (X))

—(Gr () K, (DMK, (D) dr (x)) = (G () Ky (DMK, (1) G (x))
=0

By lemma (1.1) we get

(dn + G K (DMK, (D) (dy, — Gp)(x) =0

And (dy, = Gn) K (NMK, () (dy + G)(x) = 0

Hence (d, — G,) and (d, + G,) are orthogonal
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