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ANALYTICAL HAND FORMULA FOR MEMBER STIFFNESS
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ABSTRACT

The quantification of contact area and pressure distribution in a bolted joint is essential
information, as it determines the integrity of the joint. Most of Current bolted joint designs are
based on approximate solutions of the pressure distribution in complicated hand formulas. The
purpose of the present paper is to find a simplified analytic expression for the stiffness of the
clamped member. The derivation is based on the principle of superposition. The stiffness of the
conical solid member is estimated first and from which the stiffness of the hole material is
subtracted. The results obtained were accurate and proved to agree with formulas that are widely
used.

KEYWORDS: Bolt, Member, Clamped Zone, Stiffness, Pressure Distribution, Joint, Contact
Load.

cMay b Adagaall ddhiall oY) Adlal 4oy Lldat ddua 3UELE)
s sl
JACRE{E QW RV

Bpasll dnala
sl
Al Dby Glaal Bl sa¥) e 2yl EBlay b dakaall ayisiy ekl Aalie Gilaa (o
18 iy Alshe dpialyy gy drall aisl o da o adied e bl cBliag anebiad alixa o
O] adiay o &)ll Adaguadl oY) ADla eV Bpaliiag Bads Aygy dapa FWIL Sl
idla Lo ol & 2pll Al sruad) kg ) ddhidl Ada Gla & Cua Sl o e

LUl 3adizall Ay '@ual\ e 433) 1a g 488y CilS Aliasniol) C_al_ul\ O A sdial) dddaall
NOMENCLATURE
a hole radius
d bolt diameter
D washer diameter
E elasticity modulus
Kb bolt stiffness
K, Knember ~ member stiffness
Kot total member stiffness
K, Ki,K5 spring constants
L Grip length
p pressure

t plate thickness
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o half apex angle

INTRODUCTION

Bolted joints including bolts and members act like elastic springs under assembly and
operating conditions (Guoqing et al, 2011). The bearing and transferring of the initial preload and
the operating force are mainly dependent on the stiffness of both the bolts and their corresponding
members. Accurate calculation of bolt force in a bolted joint under external loads and temperature
changes is a fundamental requirement in many industries. Approximate hand formulas, based on
idealized mechanical models, are widely used (Grant et al, 2010) .Some researchers use the FEM
to determine these stiffnesses (Grant et al, 2010), (Matthew, 2001), (Joseph, 2009), (Shigley,
2006) and (Niels, 2007). Others combine FEM with fuzzy set theory to solve the uncertainties of
bolted joints (Ibrahim et al, 2005) The stiffness of the bolt can be estimated rather easily, in
contrast to the member stiffness, but with finite element FE and contact analysis, it is possible to
find the stiffness of the member (Niels, 2007). In the case of many connections and for practical
applications, it is not suitable to make a full FE analysis, but a quick hand formula is needed (Niels,
2007). The bolt stiffness can be easily determined by assuming axial loading acting on shaft of
regular area along the bolt length. Sometimes the threaded and unthreaded parts of the bolt are
treated separately and the total bolt stiffness is determined by combining the two results. The
stiffness of the clamped members is rather difficult to solve because the cross section area is varied
when moving away from bolt head. The current research focuses on the derivation of a new exact
and compact formula for determining member stiffnesses.

THEORY

Ultrasonic techniques have been used to determine the pressure distribution at the member interface
(Ito, 1977) and (Marshall, 2006). The results show that the pressure stays high out to about 1.5
bolt radii . The pressure however falls off farther away from the bolt. This will lead to the conical
loaded member shown in Figure 1 (Jose, 2000). Approximate and exact pressure distributions are
shown in Figure 2 (Marshall, 2006). (Osgood, 1979) reports a range of [ 25° < a < 33°] for most
combinations; where « is the half apex angle in general cone geometry. In most cases & = 30°.

The stiffness of any two springs acting together is the sum of their corresponding stiffnesses. That
mean for the two springs shown in Figure 3 the total stiffness is K= K;+Ko.

In the case of member stiffness it is possible to get the member stiffness by subtracting the stiffness
of the drilled area from the stiffness of the conical solid member as shown in Figure 4.

K=K cone = K grilted
where:
K.: member stiffness
K cone: solid cone stiffness
K gritiea: stiffness of drilled area.

A- Stiffness of the drilled area:
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The cross sectional area of the shaded element is:
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C- Stiffness Of The Member (One Side Only)

member K cone Kdrilled (10)
Ex _, Emd’
=— (D" +2tDtana)- 11
member 4t ( ) 4t ( )
Ez 2 2
kyombor :4_t(D —-d” +2tDtana) (12)
The corresponding formula that is widely used now is (shigley, 2006):
_ 0577 Ed (13)

k
ember L [(L15t+D-d) (D+d)
(1.15t+D+d) (D-d)

It is clear that the current derived formula (Equation 12) is much compact and easy than the lengthy
formula (Equation 13).

This is also the case in identical couple of members, Figure 6, (t=L/2) and K,=K,,/2 (identical
series springs):
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2
L C e (14)

The final member stiffness equation shows compact and direct formula as compared with the
current approximate and widely used formula (shigley, 2006):

0.577 7Ed
k. = 15
m 0.577L+0.5d (15)
2In(5—2 =20
0.577L+2.5d

Some researchers (shigley, 2006) suggested programming the above formula to save time of
numerical calculation.

RESULTS AND CONCLUSIONS

Figure 7 shows the results of member stiffness according to the current work Km(c) given in
Equation (14) together with the widely used formula Km(15) given in Equation (15) (shigley,
2006). It is clear that the two results are adjacent. Different bolt diameter and bolt grip were chosen.
The graph seems to suggest the agreement of results. This is to show the validity of the new derived
formula. Any small different between the two results is to point to the accuracy of the current
method , Km(c), over the conventional method Km(15).This conclusion related to the fact that both
methods started with the same assumptions such as conic pressure distribution but the Km(15) uses
the (In) function which is itself a mathematical approximation. So the current method has the
advantages of compact and more accurate results.

When we compare the half joint formula (12) derived in the current work with Equation (13),
(Shigley, 2006), we find that equation (12) has the advantage of applying any half apex angle not
only 30°. This is important for joints that use apex angles other than 30°.

REFERENCES

[1] Grant M. Henson and Bryes A. Hornishy, “An Evaluation of Common Analysis Methods
for Bolted Joints in Launch Vehicles” Structures, Structural Dynamics, and Materials
Conference, AIAA 2010-3022, 2010

[2] Guoging Yang, Jun Hong, Ning Wang, Linbo Zhu, Yucheng Ding, Zhaohui
Yang, “Member stiffnesses and interface contact characteristics of bolted joints” Assembly
and Manufacturing (ISAM),pp1-6, 2011.

[3] Ibrahima R. A. and Pettit C. L. , “Uncertainties and dynamic problems of bolted joints And
other fasteners ““, Journal of Sound and Vibration 279 , pp 857-936, 2005.

[4] Ito Y., Toyoda J. And Nagata S., “Interface Pressure distribution in a bolt flange assembly”,
ASME PP 77-WA/DE, 1977.

[5] Jose Maria Mingueza and Jeffrey Vogwell “Theoretical analysis of preloaded bolted joints
subjected to cyclic loading”, International Journal of Mechanical Engineering Education

pp33, 2000.

[6] Joseph C. Musto and Nicholas R. Konkle ,”Computation of Member Stiffness in the Design
of Bolted Joints” , Journal of Mechanical Design , Vol 128, pp 1357, 2009.

[7] Marshall, M.B., Lewis, R. and Dwyer-Joyce, R.S., “Characterisation of contact pressure
distribution in bolted joints”, Strain, , 42(1), pp 31-43. 2006.

Al-Qadisiya Journal For Engineering Sciences, Vol. 5, No. 2, 185-190, Year 2012 188



Abdul Baki Khalaf Ali

[8] Matthew D. Snyder, “Techniques for Evaluation of Preloaded Bolted Joints in a PWR for
Faulted Events”, Transaction, pp1077, 2001.

9] Niels Leergaard Pedersen and Pauli Pedersen, “On prestress stiffness analysis of bolt-plate
contact assemblies “, Archive Of Applied Mechanics , volume 78, number 2, 75-88, 2007.

[10] Osgood C.," Saving weight on bolted joint”, Machine Design, Oct, 25, 1979.

[11]  Shigley, J. E., "Mechanical Engineering Design" , fifth edition, McGraw-Hill, 2006.

Figure 1 Clamped zone

| | | 0.6 T
e i
| — . 0.5 1 Conical distribution
=/ / (gurrent study)

A e : £ 0.4 4 —
: o (Tto, 1977)
i 3 o
; ) | | = 0.3 _
PN n o {(MZLarshall, 2004)

) 02
o

g aol o Ni'n L

S B Pl ] "

g fAh e | | 0.0 - =t S

gL i 1 2 3 4 5

g 3'-‘_' I\ Ili | . rla

[= | I |1

{ rﬂ".-" L ™ a

3 { P {

0 i { !Ill

Figure 2 Approximate and actual pressure distribution (Marshall, 2006)
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Figure 7 Current work VS (15)
Km(c) current work (14), Km (15): (Shigley, 2006)
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