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ABSTRACT

In this paper, two doubly truncated semicircular distributions, doubly truncated Semicircular
Exponentiated Weibull (TSEW) and doubly truncated Semicircular Generalized Gompertz (TSGGo)
are presented. The most important statistical properties, including moments, characteristic function,
trigonometric moments, quantile function, simulated data, reliability stress strength model, Shannon
entropy, and relative entropy, are obtained.
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1. Introduction

In most cases in real life, the study and analysis of truncated probabilistic models makes more
sense. This issue takes on a greater dimension when studying the angular and circular data.
Below are some studies on both topics.

Moments of doubly truncated Logistic distribution are considered by Balakrishnan and
Kocherlakota (1986). Mittal and Dahiya (1987) discussed some methods of estimation for
doubly truncated normal distribution. Khurana and Jha (1987) derived an expression for rth
moment function of order statistic of doubly truncated Pareto distribution. Wingo (1988)
presented the doubly truncated Weibull distribution with some estimation issues. Mohie El-
Din et al. (1997) studied the moments of order statistics from doubly truncated linear
exponential distribution. Ismail and Abu-Youssef (2014) studied the recurrence relations
between single and product moments of order statistics from doubly truncated modified
Makeham distribution. Xin et al. (2020) presented an accelerated Life Test Method for the
Doubly Truncated Burr Type XII Distribution. Abid and Jani (2021) presented two doubly
truncated generalized distributions, doubly truncated generalized Gompertz distribution and
doubly truncated Marshal-Olkin extended Uniform distribution. Toshihiro Abe et al (2010)
applied Inverse Stereographic Projection to develop symmetric circular models. Dattatreya
Rao et al (2011) generated Cauchy type models by inducing Stereographic Projection. Phani
et al. (2013) constructed some semicircular distributions by applying Inverse Stereographic
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projection. Girija et al (2013) presented a new circular model called Stereographic
Lognormal distribution on the lines of Minh and Farnum (2003). Dattatreya Rao et al. (2016)
developed a circular logistic distribution by applying inverse stereographic projection.
Goodness of fit is conducted for a real data. Yedlapalli et al (2017) derived the trigonometric
Moments of the Stereographic Semicircular Gamma Distribution. Yedlapalli et al (2020)
presented an arc tan-Exponential Type Distributions.

Suppose that G(68) and g(6) are the cdf and pdf of a semicircular distribution on the

interval [0, ), then the truncated cdf and pdf of that distribution on the interval [a, b] are
given respectively by

GO) -G 1
F(H)T:GEbi_Ggg ;a<6<b )
0 2
f(H)TzG(b‘)g(_)G(a);a<9<b @

Where 0 < a < b < m. The following two subsections are interested in using the cdf and pdf
mentioned above to introduce new truncated semicircular distributions that are useful for
studying truncated semicircular data.

2. Truncated Semicircular Exponentiated Weibull (TSEW) Distribution
Suppose G(.) and g(.) in (1) and ( 2) represent the cdf and pdf of the
semicircular exponentiated Weibull distribution that are given respectively,

6

G(O)spyw = l1 _ e () l ;0€l0,m),LaB>0

(3)
9@ sgw = ;—;tan’l_l (g)e_(%tan(g)) Il _ e—(%tan(g)) I sec? (%) .
4
Then the cdf and pdf of TSEW are given respectively by
1— e_(%tan(g))ll _ ll _ e—(%tan(g))lla
F(O)rsew = —— —
1 — o~ Gran(3) l _ [1 _ Gran(®) l 5
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e b8 |G|y
2B 2
f(O)rsgw = O<a<lf<b<
[ _ tan “ _[1 e tan “ (6)
;A a >0

The TSEW distribution reliability measures include reliability function 7, (8) rsgw, hazard
function 7, (6) rsgw, cumulative hazard function t5(8) sz, and reverse hazard function
7,4(0) 7sgw can easily be written respectively as

710 rsgw = 1 —F(6) TSEW

F_g%m®fr_k_g%m@ﬂa
I R .

f (@) rsgw
1—F(O)rsew
A TN
/‘L_a/wt'tan’l‘1 (g) e_(Etan(E)) [1 - e_(Etan(E)) l sec? (g)

2B

7,(0) rsgw =

a

F_e4%w©f]_¢1_e4%w@ﬁ1 @
73(8) rsgw = —In(1 — F(0) rsgw)

f T ey
=]

f (@) rsew
F(0)rsew

9)

S~—

74(0) rsgw =

a—1
1

e A%Dg@m@fb_g@mQW sec ()

2B 2

F_éﬁmﬁﬁr_b_g%m®ﬂ“ (10
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The rt" non-central moment of the TSEW distribution, E(6") sz, can be obtained as
follows, where, sec? (g) = 1 + tan? (g) and

4 ll G tan@)fr _ ll _ e—(%tan@)f]“
EO ) rsew = [, 07f(0) rsew d6

- 0 2 a1 (2) e Gl [1 — et ] (1+ tan? ( ))do (10)

Using the transformation x = vtan( ) 0 =2tan™?! ( ) and df =

o
[a*, b*], a* = vtan( )and b* = vtan (Z) ,then (10) will be

X X

£ = Sl (o () () [ (1)) e
vty
~ 27 Y (s (3)) e )

A
1-— e_(ﬁ) l dx
_ o 2k)! 2 \kt+3
Based on, tan"1(x) = X5, % (k(!)z)(%ﬂ) (xfﬂ) *; x%2 < oo, , we get

(x)z e+ ’
i D PR (2k)! v -1
E(0")rsgw = 2 A Ja | Zi=o 22k (k12 (2k+1) <(£)2+1> x

- e—%)”]‘” i

Let u = =x=v (1 — 1)_1/2 = dx = —G — 1)_3/2 du , where u € [a**,b**]

with a** = 57—2) and b** = 5_—2) . Now

r _ or_Aa b™ (oo (2k)! k+2\" 1 —1/2
E@)rsew = 2 A(Br)A fa** (Zk:o 22k(k!)2(2k+1)u 2) v(u 1)

1 1 —1/2\4 1 1 —1/2% “l -3/2
e (ﬁv)l(v(ﬂ_l) ) 1—e (ﬁv)1<v(ﬂ_1) ) 2 (E — 1) du

_ opoq Aavt . (2k)! K\ I-2 (i_ )_2
- A(Bv)lf (Zk=0 22k(k!)2(2k+1)u ) uz 1

A 4 -1/2 1 -A/29%7
e_ (va)l(ﬂ_l) [1 _ e_ (;v))l(ﬂ_l) l du

_ 1 Aa o (2k)! K\ L I-2(1 L\ z
=2 ﬂf (Zk=022k(k!)2(2k+1)u) uz (u 1)

-1/2 —1/21%~
LI P CU
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a-—1

101 \~M2
Based on (1 —2)" = Xi_o(-1F (}) z¥; |zl <landn>0,|1—e il l =

: -A/2
o0 ] -1 — %_1
© (1) (a i )e BA( ) . Now )
I ror_ 2
E(QT)TSEW = o= 1Aﬁ1f . (Zk o (2k)! uk) uz 2 (__ 1) 2

22k (kD2 (2k+1)

P2 o(=1)! (a N 1) e #
z%  E(07) s Will be

and based one™% = Y. 0 k'

r—1 (2K)! K\ -2 1
EO")rspw = 2 Aﬁlf > (Zk =0 22K (k)2 (zk+1) - ) w (u 1

o (1) (a : 1) @ (—jl!)i <(i;-/11) (%_ 1)_

_ o 1;1a o (=D)H(+1)] (a— 1)
i,j=0 j!ﬁl(j+1) i

A, .

D™ (oo (2k)! kY Iz (1 .\ 2t
fa** (Zk=0 22k(k!)2(2k+1)u ) uz (u 1) du

Using Newton Binomial series, (a + b)™ = X7_o(F)a™ ™ b* = X o(7) a¥ b ; n >0,

A, . A, .
“L(j+1)-1 _ A _ “L(+1)—t-1
then, (— — 1) 2 = Z§°=0< ;U +1) 1> (-1)? (1) 2 , we get
f

1/‘La DM+ fa — 1 (2K)! Y
E(e )TSEW =2" I.] 0 j!ﬁl(j+1) ( i )f** (Zk OZZk(k!)2(2k+1)u )

__2 e <—§(j +1)— 1> (—1)* (i)—i(jﬂ)—f—l "
g u

_r1ia ot (o~ 1) G+ -1
LJ{’ 0 IT ﬁ/l(j+1) i 2 ?
b™ (oo (2K)! K\ (A +1))+e-1
fa** (Zk=° 22K (kD2 2k 1) ) us du
According to (X, ax uf)" = X5, by u* ; r is a natural number, b, = a}y and b, =
1 (2k)!

J

) a

NS N
|
N{p
-

2o m ;(nzl(k‘l" -—m+ k) akbm_k ;m=1, E(HT)TSEW with g = m will be
A
DHHGar)Ip (a — 1\ [(—=(+1) -1
E(H )TSEW—Zr1 l]l’k 0 |BA(1+1) k( i )( 2(] ’ ) >
f:** uk+{’+ (r+/1(]+1)) 1 du
_ or-1 Aa (—1)HI+ (i+1)] by (a - 1)
l]{’k 0 j! BA(j+1) i

_ 4 (] + 1) -1 b**k+£’+%(r+z(j+1))_a**k+t’+%(r+z(j+1))
2
? k+{’+%(r+ﬂ(j+1))

Thus, the " non-central moment of the TSEW distribution is given by
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E@O")rsgw = 271 a

] T

D+ (i+1) by (. — 1
l]{’k 0 I ﬁ1(1+1) i

_& (] + 1) -1 b**k+€+%(r+/1(j+1))_a**k+€+%(r+l(j+1))
2 T } (11)
y) k+£’+5(r+/1(]+1))
So, the characteristic function of the TSEW distribution can be obtained as
[ oo ( )r
@p(O)rsew = E(elpg)TSEW = Xrto lp! EO")rsew

Aa "
[1_6_(%tan(g))*l _[1_e_(%tan(g))ll

0 D G+ (ip) 2" by (a — 1
i,j,2,kr=0 jlrigAG+D i

4 _ wxkH+5 (r+l(1+1)) A ar (r+/1(1+1))
(] + 1) 1 b 2 2 (12)
? k+0+= (r+/1(]+1))
Furthermore, from ¢, () rsgw , the pt"; p =0,41,42, ... non-central trigopnometric
moments can be obtained as
0p (O rsgw =V, +iA,= E(cos(p@))TSEW +i E(sin(p@))TSEW , Where

. © ( 1)l 21+
Ap= E(sin(p8)) rspw = Xz °(21—+1)' E0* ) ropw

(-0}
Vp = E(cos(p@))TsEW Zl 0 (Zl)z') (HZI)TSEW

where E(82%4Y) g and E(02) rggy as in (11) respectively with v = 21 + 1 and r = 2.

Pp (@) rsew =

a

2.1 Stress Strength Model of TSEW Distribution

Consider two independent random variables, say Y: stress and Z: strength, that
follow TSEW distribution with different parameters. The reliability stress strength model of
the TSEW distribution can be obtained by

b
SSrsew = P(Y < Z)rsew = E(Fy(8) rsgw) = fa Fy(@)rsew fz(0)rsew db (13)
where Fy, (0) rsgw represents the cdf of the TSEW distribution as in (5) with parameters
2‘1’ 0(1, Bl y i.e.

az

1_e—<ﬁtan@>>“|“l_ ll_e-@etan@)“

A11%1 anl
ll_e-(,%tan@) I _ Il_e-(ﬁ%tan@) I
the TSEW distribution with parameters 4, «, 8 as in (6). Since,

o) 111 +m
ll e (ﬁltan( )) I _ Z}?:o Z%: )k (al) (T1> tanmﬂl (g) . we get

Fy (@) rspw = = and f;(8) rsgyw represents the pdf of
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A

o e DT gk iy (8 (2 an(@)]
Zk=o Zm=o il k) <T1> tan "1 (E) —|1—e ‘A1
1

FY(B)TSEW =

Substituting (14) in (13), we get
m 1 an1
YkeoZm= 0( 13,1. m(al) (ﬁ) tanmll(g)_[1_e_(ﬁ_1tan(5)> l

[1_e—<ﬁtan<%>>hrl_ [1_e—<ﬁtan<%>>“l

b
SSrsew = fa

m

pktm k 6

Yk=oZm=0 12,1. (al) (F) tanm)‘l(g)
1

[1_e—<ﬁi1tan<§>)“rl_ [1_e—(ﬁtan(%>)“

=1,

m
(—nk k
ZioZm=o—mr (% <Tl>

[l'e_(‘%t“@))frl_L—e‘ Eta“(%))ﬂrl

2 a—-1

e sos @ G oo G| )
[1_9‘(%““(?))11(1 ll -(%tan(g))ll“
[1_e—<ﬁ%tan<;> l

ll_e_(ﬁiltan(g))llrl—ll_e_(ﬁiltan(%);lrl

Let, I = fb 4D panmAr+A-1 (g) e_(%tan@)))l ll - e_(%tan(g)) l (1 + tan? ( )) de

Bl
Using the transformation, x = v tan( ) 6 =2tan?! ( ) and do = x2 dx, then

= A -] (1) o

Sl 2 )mm ) [1 - e‘(%)lr_l dx 7

do

e
b
Ja
—e
1

!

170



171 Two Doubly Truncated Semicircular
X A a-1 X A
Since, ll - e_(ﬁ) l = Z?‘;o(—l)i(“zl)eﬂ(ﬁ) , then

= 25320 (&)™ e G Y
= ey, e O () 12 ()T (2) ax

( DM (i+1)] a-1 mA+(+1)A-1
—/1(12 OZ] 0 .vm,11+(1+1)/1ﬁ(1+1)1( i )fa* X 1+U+1) dx

1) (i+1)) -1\ b
_Aaz OZ (-1) (i+1) (ai1>

j=0 .vm11+(]+1)15(1+1)1

*m11+(j+1)a_a*m11+(j+1)l

mA;+(j+1)A

m
(—piHtkEm Gy 4y e k
)lazl 02] OZk ozm 0’ 'm'vm11+(1+1)lﬁ(1+1)1\ i )( kl) BTl
1

<[1—e_(ﬁi1tan(f) lll —[l—e_ %tan(g))lll%)

b*mh+(j+1)l_a*ml1+(j+1)l

(ma+(j+ 1))1)([1—[(% ta“(g))lla_[1_e_(%tan(%)>lla)

L_e-w“l”

[1_6—@%tan@))“rl_ll_e—(ﬁtan(%))’“I

& (15)

2.2 Shannon Entropy of TSEW Distribution
The Shannon entropy SHyggy, can be obtained as E (— In(f () rsgw )- Since

In(f(0)7sgw) = In (Zﬁl) +(A—-1ln (tan( )) - (%tan (g))ﬂ
a0t GO ) 1 21 (s 2)

i ([1 _ e—(%tan@))lr _ [1 _ e—(%tan@))T) then

Strgny =n (%) = .= D (i (an (£)) + 52 (ran ()

6

—(a—1)E <ln [1 —e s tan(z))lb ~2E (In (Sec @))

Hn([l_e—(%ww@f]“_[1_e—<%tan<%>f]“) 1)
Loty = 5 1n (tan (%)), & = B (tan* () 1 =5 (1n1 - e-%tan(%)f]) and
IL,=E (ln (sec (9)))

Now, for I; = f In (tan( ))f(@)TSEWdH based on sec (9) =1+ tan? (g) and
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A a
Azl_ 2 tan(2 l ll_ 2tan(2) l,weget

I = 2;116’;1 j In (tan (2)) tan?~! (2) e_(%tan(g)) [1 - e_(%tan(g)) l (1 + tan? (g)) ae

Using the transformation, x = vtan( ) 6 = 2tan™" ( ) and d@ = +2x2 dx, then
s
-1
2@ [ (1 () e

2 x 1971
[ (%) xrte” &) ll—e‘(ﬁ)l dx
Based on previous formulas , we get

) e _e—%)*]“ ) s ety )

AﬁlvA

/1

=32 (1) (a 1) (l+1) )
oo ( 1)l+1(l+1)1 a-1
Z ( )([s’v) !

TR T S ) () (ﬁ)ﬂdx

_ Aa (—1)l+1(t+1)1 1 A-
=7 Lj=0 71T+ DAL GDA (a )f ln( )x(]ﬂ) tdx

Using the retail integration, [ udv = uv — [ vdu, with

. (+DA
u=ln(£):>du=ldx,dv=x(1+1)’1‘1dx:>v=x, ,
x G+

then

G+nab’ .
(G+DA-1 _ x 1 b (j+1)a-1
f ln( )x P =1n ( )(;+1)/1 T G+DA Jor x0TPHNdx

prU+DA (7)_ (D2 (7) _ prU+DA_ G+ DA

(+1)2 (G+1)2)°

Therefore, I; will be

(D™ (i+1)) -1
A A a Zl] 0 |B(]+1)Av(]+1))l ( )
l _ tan l —ll e tan I

prU+DA * @ U+DA LHADA__ (DA

I =

(1+1)/1 (G+1)2)°
. b 6
FOI’ 12 = fa tanl (E)f(e)TSEW d@ y

sec? (2) =1+ tan? (£)and 4 = [1 - e‘(ﬁta“(i))ll - [1 - e‘(%ta“(%))lr, we get

2AB/1f tan2A- 1( ) (;tan(g)) Il _ e_(%tan(g)) l (1 + tan2 ( )) do

Using the transformation, x = vtan( ) 0 =2tan"?! (g) and df =

x2 dx, then

v+
v
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2l 7 [ @ ) e
1 G [1 - e—(é)ar‘l ix

Since e_(%) ll — 6_(%) l Z OZ M(a 1)( ) ,then

A_a o (DM

A,BA‘UZA f

I = P i=0 'ﬁ(j+1)lv(j+2)l ab* xU+2DA=1qy  Therefore, I, will be
v ( 1)l+](a 1)(l+1)] ]+2)ﬂ. (j+2)ﬂ.
k= ( o ) (18)

A“ZU 0 j1gG+DA,(+2)2

For I, = f In (1 _e s tan(3)) )f(O)TSEW d#, using some previous formulas, then

(1 60 ) = 5, g S8 () (2). ow

rm! pA
o Yoo (DM
r=12m=0

rm! (ﬁl) f tanml( )f(H)TSEW do

o Breo S () (1 ()
where E (tan"”L (g)) can be attained similarly to I, with A = mA. Therefore, I will be

1’ 3 1a (- 1)i+j+m+1(a—1)(l+1)j
3 = R A a . 119 Z 1211m 0 T ! m.ﬁ(1+1)/1v(]+m+1)/’1
_(—tan > - —tan(
1-e \B —[1-e \B

P\ (R UFmEDA_ rma )2
(ﬁ) ( (+m+1)A ) (19)
Finally for I, = [’ In (sec (2)) f(0)rsewd® = J, =1n (cos (2)) (0 rsgw 6

and based on formula A4,

2m-—1(,2m_ 2m
—1In (cos (g)) = ;‘;@1:1% |B, | (g) ; 10| < m, with the Bernoulli numbers B, .
Now

22m—1(22m

- b
=20 2D g, 2 (9)™ FO)rsaw 46 = S
Based on (11) with r = 2m, I, will be

|BZm| E(Q )TSEW

m=1 2m(2m)'

I, = 7 7
[ _ tan l _[1 e tan l

yo_ 3 (1) (i41)) 22mM-D(22Mm_1) by By | (@ — 1
14i,j,0,k=0 m(2m)!j! pAG+D i

_ 4 (] + 1) -1 b**k+l+2(r+l(]+1))_a**k+£’+%(r+a(j+1))
2
Y, k+{’+%(2m+/1(j+1))

Therefore, the Shannon entropy of the TSEW distribution can be obtained as

(20)
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SHrsgw = ln(/1 ) -A-DhL+ /3 —(a—1I; =21,

+1n <l1 _ e Gt Al _ l1 - e‘(%ta“(g))lr) 1)

where I, I,, I; and I, are respectively given in (17), (18), (19) and (20).

2.3 Relative Entropy of TSEW Distribution
The relative entropy of the TSEW distribution can be obtained through the following formula

_ f (@) rsEw f(@)rsew
RErsgw = E (ln [f1(9)TSEW ) f In [f1(9)TSEW] f(Q)TSEW a8 (22)
Taking the natural logarithm of the f(6)rsgy, With parameters A, a, S relative of the

f1(8) rsgw With parameters 1;, a4, B;, then
A .
26 arir(2)e ) |l

[f(H)TSEW] —1In
f1(Orsew

“n(25) 4+ G- Dn(an (9) - Gan @)+ - i (1- G=6))
-G =i (an(2)) + (n (2)) - @ - Din (1 G

( )

11 o1 a1
1—e (ﬁ tan l —ll e ﬁ tan( ))
+ln|

] )

Now, the relative entropy of the TSEW distribution can be obtained as

RErsew = In(22) + (1~ 1 (in (tan (2)))

Araqp?

~ 28 (wn® (2)) + 58 (1 (9))

@ —DE (m (1 _ .G tan(f)f)) — (a; - DE <1n <1 _e ta“(g))h»

(23)
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where & (1n (tan (9))), 8 (tan* (9). 8 (tan* (2)). £ (1 - e_(%m@y» and

1 o\ M
E <1n (1 P ) )) as previously extracted with specified parameters.

3. Truncated Semicircular Generalized Gompertz (TSGGo) Distribution

Suppose G(.) and g(.) in (1) and (2) represent the cdf and pdf of the

semicircular generalized Gompertz distribution that are given respectively,

_&<eatan(§ _
S

)
G(@)sco = ll —e ﬂ ; 0 €[0,m),4,B,6,a>0 (24)

atan(? A atan(2 -1
9@ sce0 = %emn@e-g(e (2)_1> ll - e_§<e (2>_1>\ sec” (2) (25)

then the cdf and pdf of the TSGGo distribution with parameters A, 8, §, and a = v are
respectively given by

Y
@) [ e
1-e

1-e

F(0)rscc0 =~ PN . ._3 (26)
A )] [ e )

alip atan(g)
26 e e

I
f(H)TSGGo = b ;E

;0<a<O0<b<m;ApB,6,a>0 (27)

The TSGGo reliability measures can be easily found respectively as
1@ 1see0 = 1 — F(8) 15660

_ 0 B
_%<eatan(i) —1) [ _%(eatan(%) _1>_B
1—e

(28)




Salah H. Abid et al. /IMJPAS 1(1) (2023) 164-174 176

f(@)TsGeo
1-F(0)TsGGo

o oot A ){(() 1>rlsecz(e)

26

T2 9 TSGGo —

73(0) rs¢eo = —In(1 = F(0) 15¢60)

/ _1_e_%<eatan(g) _1>—ﬁ_-1_e_%<eatan(%) _1>-ﬁ

\
=—In] 1-= B - _ﬁ i (30)
J

| 1_e_%<eatan(g) _1>' [ _%(eatan(%) _1>—

\

B-1
A eatan(g) _1>[ _,_1<eatan(2> _1>]
az—?eatan(g)e 6< il—e ® i secz(g)
_ f(®)rsceo __ | |
74(0) 15660 = F@)rscoa o e ? - p (31)
I G RO
|1—e | —|1-e
| ]

The " non-central moment of the TSGGo distribution, E(6")rscco Can be obtained as
follows

b
E(0")rs660 = J, 07 f(O) 1566040

= [Por it atan(e)e—%<e“tan(g> _1> ll ) e_%<eatan(g) _1>r—1

248

(1+1tan? (%)) a6 (32)

Using the transformation x = vtan( ),9 = 2tan! (f) and do = sz dx where x €

v+
v

[a*, b*], a* —vtan( )and b* —vtan( ) then

Al X Al al® p-1
E(6")rsceo = aw fb* ( - (;C))r e“(g)e_ﬁ(e G) _1) Il - e_E(e G) _1)l dx

r

_ ra/lﬁf yo (2k)! (%)2
% dsv k=0 52k (112 (2k+1) ({)ZH
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x\? -1/2 -3/2
Let u = (3%’2) = x=v (i — 1) = dx = zv?(i — 1) du , where u € [a**, b**]
) +1
* 2 b* 2
2 ) a2
with ™ = — and b™* = Now
(%) + % ) +1
5] 2k)! N (i) M?
E(0 ) rsc60 = 2" 55, ﬁf** (Zk om“k“) ele)
_ _ p-1
4 gala-1) ) ( - ) 2
e6< 1-—¢° 2%(&—1) du
e o e ™)
Since, |[1—e = ¥2,(-DI(* e . Now

E(0 )rs660 = 27" 1aw2 2o(—1)* (ﬁ 1)f (Zk OLuk%)r

22k(k1)2(2k+1)

-1/2

1 \TY2Z g CoA a(2-a -3/2
ea(ﬂ_l) e(L+1)§ e—(l+1)§ea(u ) %(l_ 1) du
1/ u? \u

. (i 2 a%—l j j b 1 1/

By using e (i+1)3e G) = 200 M(;) e]a(u 1) , we have
A © 0 D*GE+0) (A - 1)
E(60")rsceo = 27~ 12 EZ 02 _( ) (l ) (5) (ﬁil)e(Hl)S

-1/2

[l e — oo ICREVE

=022k (k22K +1) u? \u

, 1 -1/2 m -m/2
By using e(]+1)a(§—1) =y (Hl) — (5 — 1) , then

0(/1[? ( DH D) (+1)™ 2/
E")rsgeo = 271 Z 20 25 oz ol a™ (5)

b | ror_
(ﬁ 1)e(l+1)5f . (Zk O%u") w2’ (i— 1

Lome3) 1 —L(m+3)—¢
By using A,, (1 — 1) 2 = ngo( 2(7:”)) (-1 (%) ? . We have

7 (~)H*(i+1)] G+1)™ A\
E(0)rseeo =27 2L 5 1 oc o am (5)

—S(m+3)
) du

jtm! 1)
1
p-1Y (—3m+3))  (i+1)2 b**( o (2k)! k)T T2 (3)‘5(’”*3)""
( i )< o >e 6fa** Li=0 22k ()2 2+ 1) oz du
a/'LB (~D)HF 1)) (+1)™ 1/
=271 5 Zijme=o jrmi a” (E)

B-1\ [(—m+3)\ _(i+1D% (P (v (2k)! k)r Lr+m-1)+¢
( ¢ )< e )e Sfa** (Z"=° 2Kz zkan &) W du
According to (X, au®)” = X5, bpu®; 7 is a natural number, b, = a}y and b,,, =

. e (kr —m+ k) agby_i, m = 1,the E(0") 15660 With a;, = (2k) we get

aogm 22k(kN2(2k+1)
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_1 08 woo (-1 i+ i+ 1) (j+1)™b 2/
E(0)rsggo = 2771 EZi,j,m,{EO m Lo (g)

1 . A *k
(/371) (—5(m+3)> oD fb** uk+%(r+m—1)+{’du
l l a

_ gr1@6 yoo COHHEDI ) ™D (2
- As “tjmt=0 jim! N5

1 1
**k+E(r+m+1)+€_a**k+§(r+m+1)+€

(ﬁﬂ) (—%(m+3)) e(i+1)% b _
i £ k+5(r+m+1)+{’

Thus, the " non-central moment of the TSGGo distribution is given by
_ 2
E(Hr)TSGGO =2t /l. (b) ]C; : (a) .3\
_& atan|s _ & atan(= _
) |1—e 5<€ : 1>| —[1—e_5<e 2 1)‘
| ]
o COMHEDIGHD b (X)) (-1
(—%(m+3)> e(i"'l)% b**k+%(r+m+1)+f_a**k+%(r+m+1)+t’ (33)
Y ket (r+m+1)+
So, the characteristic function of the TSGGo distribution can be obtained as
b o (pO)" o (D)
0 () rseeo = fa Xrto LPT! f(@)rseeo 46 = X770 lf! E(0")rsc6o
Furthermore, from ¢, (6) rs¢¢o, the p™; p = 0,+1,+2, ... non-central trigonometric
moments can be obtained as
(pp(g)TSGGO =V, +il,= E(COS(PQ))

+ i E(sin(p#h))

TSGGo TSGGo
where
. w D o
Ap= E(sin(p8)) rsceo = Zl=o(21—+1)!5(9 )Ts660
o (_1)lp2l
v, = E(cos(p9)) rsceo = l=0WE(021)TSGGO

178

where E (824 15660 and E(0%Y) 1566, as in (33) respectively with r = 21 + 1 and r = 2L.

3.1 Stress Strength Model of TSGGo Distribution

Consider two independent random variables, say Y: stress and Z: strength, that follow
TSGGo distribution with different parameters. Let Fy, (0) 1566, represents the cdf of the
TSGGo distribution with parameters 1, 8, 6;, and a4,

) P B1 ) .
1 _%<9a1 tan(i) _1> _§—1<ea1 tan(%) _1> fa
—-e

—|1-e °1

Fy(0)rsceo = - A_l(ealtan(g) _1>f61 - A_1<ea1 tan(3) -1>

-2 _
! —|1-e 1

18

1-e

pdf of the TSGGo distribution with parémeters A B, 6, and a.
Using A;, A, and A3, then

B
_();_1<ea1 tan(g) _1> b _A1Z<ea1 tan(g) _1>

1—e ™ = Y2 (1 (F)e

- -and f7(8)rsqeo represents the
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_ 3o e 1)!Z+r (/112) (/31)( a’ltan( ) _ 1>r
@ o (-1)z*2r (/112) (/31)< _ e tan(g) )r

!

Z OZ OZ (1)z+2r+m (2/11) (ﬁ1)( ) maltan(e)
BT TEe P () () (ant ()

Now, Fy (8) 75w Will be

B1
_pyzter+ PPN Ay altan(?) -1
Sy (@1)<;>tant(g)_[1_e e =)
FY(H) = 7 (34)
I— gl( a1tan(g) _1>-| ! §1< altan(%) _1> b1
|1—e 1 | —[1-e °1
| ]

The reliability stress strength model of the TSGGo distribution can be obtained by

b
SSrseeo = P(Y < M)rseeo = E(Fy(8)1s660) = fa Fy (&) rsccofmu (@) rsceo A6 (35)
Substituting (34) in (35), we get

Zg?r,m,t O( 1)Z+2:'+:l(ma1)t{211) ( )( )f tan ( )fM(G)TSGGodG
SSTs660 = [ . . (2) 161 a B1
R L
| |
B1
i)
- B1 B
[ A1 aqtan ] aq tan !
|1—e 1( a (2) 1>| _Il—e Ai( H (2) 1>]
| |
Emmo e (B (6
e R C10)
_1_1(9“1 tan(g) _1> _ﬁ(ealtan(i) _1> B 2
1-e °1 —|1-e °1
[ |
a B1
ll—e ﬁ(e ven(z) 1>]
- a amé b1 a B1
A )
| |
E

2
> dx where x €
x2
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0 al ta(®) Aet) 4 AMoa(3) 4
E(tant(z))—mﬁf ()e(v)e 6( )ll_e 5( )

B TS | N )

@ ) | _iafal®)
Based on A4, Il —e (e l)l =22,(-DI(F e 5(e -1 and then based on some

previous formulas, we get

E(tant (%)) = 52 -1 7 (2) o) T 1) g

(i+1)A t G+ af=
—jﬁfz 20(=DI(P e = f* (—) ea(g)e_%ea(') dx

v

S ()T (2 O

v

20 S (64D ) 14G) g
=y T T (G + 1) ) (F1)e 5
12 (2) e®006) ax

v

S I ((RRY ) Golxs
() Zi () e

_ B (_1)i+j(l'+1)j(j+1)k k+1 1 j+ B-1 @i+1)A b* ke
T lpttktl (L'),oj,k=0 k! (5) ( )e g a* x"Trdx
6 .
Then, E (tant (E) ) will be
(—1)i+j(i+1)j(j+1)kak+1{1 j+1
ﬁz&'k: - —) @+1)4 st+k+1 t+k+1
0 i,j,k=0 kit +k+1 \s B-1 —a
E(tant (—)) = ! e o (—) 36
2 [ A atan(é) ]B A at (g) ( ) t+k+1 ( )
‘3(9 2 _1> _3<ea an(3 _1>
e | ime
| |

By inserting E (tan ( ) ) iN SSrscco, the stress strength of the TSGGo distribution can be
obtained as follows
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BZOO (_1)l+]+z+2r+m(l-+1)](j+1)kak+1(ma1)t
Likzrm,t=0 jikirig ptHR+T

S$Srs660 = B1 P B1
I1 _5_1<e e _1>]
—e

b
A ealtan(i) 1
&1
1-e -
(i+12 <b*t+k+1_a*t+k+1>

J
& @)

[1_e_%<eatan(g) _1>] _Il_e_%<eatan(%) 1>r\

3.2 Shannon Entropy of TSGGo Distribution
Recall f(0)rsceo IN (27) and take the natural logarithm, yields

In(f(8)rs¢60) = In (%) + atan (g) - g(eatan(g) - 1)

+(B—1)In (1 — e-%<e“ta“(i) _1>> +21n (sec (g))
A atan(Z B A/ atan(&
“n ([1 _ e‘s<e 7 _1>] - [1 _ e ‘1)r>

Now, the Shannon entropy will be

SHrsggo = In (%) —aE (tan (g)) + %E (e“ta“(g) ) _g

~(B-DE <1n (1 - e_%<em(§) _1>>> =28 (In(sec (3)))

A jartan(3 d A( atan(%
+ ln< 1- e_§<e 7 _1>] — ll - e_g(e g _1)r> (38)
. 2] . 6 . —%(eatan(g) —1>
Let j, = E (tan (5)),12 —E (e“ta“(5)>,]3 —E{In[1-e and
Jo— £ n i)
Now,
(_1)t+12(22t

- b 0 - —1)Byt (b ,ope
Ji= fa tan (E)f(Q)TSGGon = X1 20! L fa 6%~ f(O)rsceod0

. (_1)t+12 22t_1 B _
= Lit=1 (Z(t)! ) ZtE(QZt 1)TSGGO
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Based on (33) with r = 2t — 1, J; will be
B A eatan(g) -1
S5 [1—e 6< ﬂ -

aip
a B
- _%(ea tan(i) _1>]
L ]

B
o (—1)i+j+€+t+1(i+l)j(j+1)m22t_1(22t—1)bk32t m (A j
Zl ,J,m,£=0 Zt=1 a =

jim!(2t)! 8
1 1
g1 —%(m+3) (i+1)& b**k+E(2t+m)+€_a**k+§(2t+m)+t’
"7 e s T (39)
l £ k+= (2t+m)+£’

By using the same argument, J, = ff atan(3 )f(H)TSGGOde will be

(_1)i+j(i+1)j(j+1)kat+k+1 2 j*1
].. _ 52(1?3.k,t=0 oot TR (5) (ﬁ 1) (z+1)A *t+k+1_ xt+k+1 (40)
2 b B a t+k+1
I[ _%(eatan(z) _1)] _&(eatan(f) _1>
5
|1—e | —|1—e
[ ]

Aom@ ) )

get In| 1—e = =21 €

m
21 Bnng T ()" () - 1)

zm!

m 6 m
2y Tneo T (2)" (1- el )

zm!

= N S Ky CLTT (22" (my pratan)

zm!

Z =1 Zm r,t=0 ( DT )’ (AZ) (m) tan® (

z mlt!

v

Now

B B I () () (7))

z mlt!
52 Z°° (- 1)l+]+2m+7‘+1(l+1)](]+1)k k+1(.ra)t m-—1
i,jkmrt=04z=1 zm't']'k'v“’k"'l
- B

[ et _ll_e_%<eatar,(;) _1>r
-

(i+1)A (b*t+k+1—a*t+k+1>

O™ " e
Finally for J, = f In (sec( ))f(H)TSGGOdG = fb —1In (cos( ))f(H)TSGGOdH

(41)

t+k+1
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2m-—1(-2m_ 2m
and based on —1n (cos (g)) = ;’,‘;zlwlBZtl (5) ; 18] < m, with the Bernoulli

m(2m)!
numbers B,,,,. Now

w 22h"1(22h_q b 70\ 2" o 22h_q
Jo = Xh=1 ( ) |Banl [, (5) f(@)rseeodt = Zh:lm |Ban| E(0*") 15660

Based on (33) with r = 2h, J, will be

h(2h)!
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aip
B

, L_e—%(eatan(g) [t 1>r
l J

(DI (+1)(j+1)™m22(=D (220 1) by [Bop| o (A J
Zh 1lem€ 0 (44 =

jtm!(2h)!h 5
(ﬁ—l) (—%(m+3)) e(i+1)% b**k+%(r+m+1)+€_a**k+%(r+m+1)+f
: ¢ ket (2h+m+1)+¢
Therefore, the Shannon entropy of the TSGGo distribution can be obtained as

SHrsooo = 0 (22) =2 —aji +2 ), — (B = s ~2],

Af atan(3 d A _atan
1- ﬁ(e g ‘1>] — [1 G @ ‘1)r (43)

where |1, J,, J5 and J, are respectively given in (39), (40), (41) and (42).

Ja=

(42)

+In

3.3 Relative Entropy of TSGGo Distribution
The relative entropy of the TSGGo distribution can be obtained as,

RErsggo = E (In[£2rssce [} = P n [L00rscce | gy oo (44)

f1(0)TsGco f1(0)TsGGo

Taking the natural logarithm of the f(6) 756, With parameters (4, 8, §, ) relative of the
f1(0) rs6eo With parameters (1, By, 81, @1), then

B-1
A atan(g) 1 l[ A eatan(%) 1 -I
alB atan(g) s | s |
e e |1-e |
I I
. | J
[ /1( wtan(2) >1 [ afatan(® N\
AT A )
f(O)Ts6co L |1 !
In[——=—=| =1n —
[f1(9)TSGGo] _,1_1<ea1 tan(%) _1>|[ _/1_1<ea1 tan(?) _1>]|Bl !
a1 81 a1tan(9) 91 e o1 |
: | |
L |
| e tan(?) 1>1|B ' fafsrvan() 1)131
Il—e o1 [ - 1—6_8—1
{ |1 |
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A

(222 4 qtan (8) - (=@ 1) 4 (gD <1 A 1)> ~aytan (9)
LA (eal an(®) _ 1) (4 - Dn <1 _ e-ﬁ—i<eamn(§) 1)>

_ arBs B O\ A atan(®) LA A artan(®
=1n (alllﬁllé') + (Of al) tan (2) 5 e (2) + 5 + 51 1 (2>
3 _g(eatan(g) —1> _2_1<ea1 tan(%) _1>
_6—1+(ﬁ_1)11’1 1—e _(,81—1)111 1—e 1

b - B
_%(e(n tan(;) _1> ) 1_9_%(9051 tan(%) _1>] !

: A atan(% F
e _1>]

Now, the relative entropy of the TSGGo distribution is given by

RE;s660 = In (%) + % — ;—1 + (@ — a))E (tan (g)) — %E (e“ta“(g) )

+2_1E (eal tan(?) ) +(B - 1E (ln (1 _ e_%<e“tan(g) —1)))

— (B — DE (ln (1 - e—%(ealta“(% _1>>>

a1 tan g Pt 1( @1 tan 2 F1
(R R A
+ In| | (45)
| atan(z p atan(& B |
\ I i A G -1)] /
| |
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of eran() _1)
where E (tan (g) ), E (e“tan(g) ), E (e“1 tan(3) ), Elln[1—-e 6< and

ElInl1—e

10.

11.

12.

M
&7

aq tan(E) _1>
( is founded previously with specified parameters.
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