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ABSTRACT

n this essay we use standard Young tableaux to compute each equivalent irreducible
representation of the Symmetric group S, by determining the matrices for adjacent transpositions
(12), (23), (34), (45) and (56) of S .
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1. Introduction

Young diagram is considered as the main tool to study the representation of S,. it is the
Young diagram which is an array of boxes for a given partition « = y; + u, + -+ + u; and
Which denoted by u = (uq, s, ..., t¢) ;where p; > p;,4 forevery 1 < i < t. Thus, the Young
diagrams corresponding to the partitions of 6 are:

Young diagram is considered as the main tool to study the representation of S,. it is the
Young diagram which is an array of boxes for a given partition a = u; + u, + -+ + u; and
Which denoted by u = (uq, 4, ..., 1¢) \where p; > p; 4 forevery 1 < i < t. Thus, the Young
diagrams corresponding to the partitions of 6 are:
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Ha = (212;2) < Us = (3,1,1,1) < He = (3;211) <

wr=0B3) e _— Uupg=(1D) o H—yy=(2 e 4

Hio = (511) © | || L] Hi1 = (6) o] [
— [ ]

It is correct in general that the irreducible representations of the S, can be described using
Young diagrams of boxes and hence there are eleven irreducible representations of Sg.
A Young tableau T of shape u is obtained from the corresponding Young diagram by

replacing the boxes by numbers 1, 2, 3... a, each number is used

exactly once, and if rows and columns increase it is called standard Young tableau.

The dimension of the irreducible representation module (called Specht module S*)
corresponding to the shape u , or the degree of the corresponding representation matrices ,is
equal to the number of different standard Young tableau that can be obtained from the
diagram of the representation, denoted by H*. This number can be calculated by hook —
length formula.

H* = a!/n(hook length of each box)

A tabloid is an equivalence class of Young tableaux of shape u , where two tableaux are
equivalent if one is obtained from the other by per mutating the entries of each row. The
Symmetric group S, acts on the set of tabloids and therefore on the permutation module M*
with the tabloid as abases [2]  for each tableau T from the associated polytabloid

er = Z sgn(o)a(T)
oeCt
Where Cy is the subgroup fixing all columns of Tand ger = e, [1] .
The Specht module, S, is the sub module of M* spanned by the polytabloid e;, where T is
taken over all tableaux of shape u .
In this paper, we compute matrices of the adjacent transpositions (12), (23), (34),(45) and

(56) in Sg for all Young’s standard representations. These representations correspond to the
irreducible representations and any other irreducible representation is equivalent to one of
Young ’s standard representations. Moreover, the adjacent transpositions generate all of S¢so
that all the matrices of Young’s standard representations are easily obtained by merely
multiplying the appropriate generators.

Throughout this paper, we use the following convention in determining the representation
of (i i + 1)er interms of the basis of standard u —polytabloids.

Case 1:if iand i + 1 areinthe same column of T. Then (i i + 1)e; = —ey.
Case 2: if iand i+ 1 areinthe same row of T . Then we apply the Garnir

element [1] toobtain (i i + 1)e; as a linear combination of
standard u —polytabloids .
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Case 3: if i and i+ 1 are not in the same row or column of T. Then (i i+ 1)er is a
standard u —polytabloids .

2. The S,-module S*1
There is exactly one standard p, — table T =

(o220 (2 I S INCO RN SR

Thus, dim S#1=1
Denoting the representation by X, we have immediately X, (1) = [1].
2. Matrix for (12), (23), (34), (45) and (56):

Bycasel, (12)er = (23)er = (34)e; = (45)er = (56)er = —er
Therefore, X, (12) = X, (23) = X, (34) = X, (45) = X, (56) = [-1]

3. The Sg-module S*2
There are exactly five standard u, — tableaux

1] 2] 1] 3] 1] 4] 1] 5| 1] 6|
3 ] ]
T, = T2=—f1 T3=—§ T4=§ T, = g
5 5] 5] 4 4
6 —— ——
Thus, dim S#2 =5
1 0 0 0 0
[0 1 0 0 o
Denoting the representation by X,,, therefore x, (1) = lo o 1 0 o
[0 0 0 1 OJ
0 0 0 0 1

3.1 Matrix for (12)
Bycase 2, (12)er, = e, —er, +er, —er, +er

By case 1, (12) €T2 = _eTZ y (12)€T3 = —€T3 y (12)8'['4 = —€T4 and
(12)er, = —er . Therefore the matrix for (12) is x,(12)=11 0 -1 0

-1 0 0 -1
1 0 0 0 -1

oS © © O

3.2 Matrix for (23)




M..Z . Salman, S.A. Salman. /IMJPAS - (2) (1) 31-54
By case 3, (23)er, =er, and (23)er, =erp,

Bycase 1, (23)er, = —er, , (23)er, = —er, and (23)er, = —ey,

o

1
Therefore, the matrix for (23) is xuz(zs) =10

|
o

o
S O O O -
|
=
o
o

3.3 Matrix for (34)
Bycasel, (34)er, = —er

1

) (34‘)67‘4 = _eT4 and (34)8T5 = —ér

5

By case 3, (34)er, =er, and (34)er, = er,

[—1 0 0 O 0 ]

|0 0 1 O 0 |

Therefore, the matrix for (34) is X,,(34) = lo 1 0 o0 0|
ll 0O 0 0 -1 0 Jl

0O 0 0 0 -1

3.4 Matrix for (45)
Bycase1l, (45)er, = —er, , (45)er, = —er, and (45)er, = —ey,

5

By case 3, (45)er, = er, and (45)er, = er,

1 0
-1
Therefore, the matrix for (45) is x,,(45) =

o O oo

oSO Rr O OO

SO R OO
oS O OO

e o |
0

lo o 4

3.5 Matrix for (56)

Bycase 1, (56)er, = —er

1 H

(56)6'[‘2 = —€T2 and (56)6'[‘3 = —ér

3

By case 3, (56)er, = ey,

5

and (56)er, = er,

Therefore, the matrix for (56) is

[—1 0 0 O O]

|0 =1 0 0 O]
X”2(56)= 0 0 -1 0 O
0 0 0 0 1

0 0 0 1 0

4. The §,-module S$#3
There are exactly nine standard u; — tableaux

1] 2 1] 2 1| 2 1] 3 1] 3
T,=[3|4| T,=[3]|5| T3=[3|6| T,=[2|4| Ts=|2|5
5 4 | 4] 5 4
ﬁ13 614;,:) 146 15 6
2| 6 2| 5 2| 6 2| 6
4 3 4
5 6 5 3

34
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T6= T7= T8= T9=

Thus, dimS#s =9
Denoting the representation by X, ,

100000000
010000O0TO0O
001000O0TO0O
000100000

Therefore, x,,0)=|0 0 0 0 1 0 0 0 0
0000O0T10T0O0
0000O0GO0T100
0000O0O0GOT1OQ0
0000O0GO0GOT O 1

4.1 Matrix for (12)

Bycase 1, (12)er, = —er, ,(12)er, = —er,, (12)er, = —er,
(12)er, = —er,,(12)er, = —er,, (12)er, = —ery,

By case 2, (12)er, = er, —er, ,(12)er, = ey, — er, + er, and
(12)er, = er, —er, +er, —erg,

Therefore, the matrix for (12) is

1 0 0 0 0 0 0 0 0]
o 1 0 0 0 0 0 0 0
o 0 1 0 0 0 0 0 0
-1 0 0 -1 0 0 0 0 0
X,12)=|0 -1 0 0 -1 0 0 0 0
0o 0 -1 0 0 -1 0 0 0
o 1 0 0 0 0 -1 0 0
o 0 1 0 0 0 0 -1 0
Lo 0 -1 0 0 0 0 0 -1

4.2 Matrix for (23)
By case 3, (23)er, = e, ,(23)er, = er, ,(23)er, = e,

(23)6’1‘2 = eTS y (23)€T3 = eT6 ) (23)6T6 = €T3
By case 1, (23)er, = —er, ,(23)er, = —er, ,(23)er, = —er,

Therefore the matrix for (23) is
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0 00100 0 0 0
000010 0 0 0
0000010 0 0
100000 0 0 O

X,,23)=10 1. 0 0 00 0 0 0
001000 0 0 0
0000O0O0-1 0 0
000000 0 -1 0
000000 0 0 -1

4.3 Matrix for (34)

By case 2,(34)67"1 = €T1 - eTZ + eT3 - €T4 - eTS + eT7

By case l,(34)€7~2 = —eTZ,(34)€T3 = _eT3 ) (34)6'[‘4 = _eT4,
(34)er, = —er,

By case 3, (34‘)8’1‘5 == eT7 ) (34)67‘7 == eTS, (34)67‘6 == eTs, (34)67‘8 == €T6

Therefore the matrix for (34) is

1 0 0 1 0000 OF
-1 -1 0 0 0000 O
1 0 -1 0 000 0 0
-1 0 0 -100 0 0 0
X, =[-1 0 0 0 0010 o0
0O 0 0 0 000 1 0
1 0 0 0 1000 0
0 0 0 0 0100 0
Lo 0 0 0 00 0 0 -1

4.4 Matrix for (45)

By case 3, (45)er, = er, , (45)er, =er, , (45)er, = er,
(45)er, = er, , (45)er, =er, , (45)er, =er,

By case 1, (45)er, = —er,, (45)er, = —er, ,(45)e; = —ey,

Therefore the matrix for (45) is
0 0 00

SO OO 0o

X, (45) =

SO OO OO

|
[N

el eleleloNololael
RO OO OO OO O0o
[l e e e e R e R e R a)

Coocococo O R
coocorRrooo
cocoococor oo
|
—_

S O O
o o

4.5 Matrix for (56)
By case 1, (56)er, = —er, , (56)er, = —er, and (56)er, = —ey,

36
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By case 3, (56)8T2 = eT3 , (56)8T3 = eTZ ,(56)3'1"5 = 8T6 )
(56)€T6 = eTS ) (56)67‘7 = eT8 B (56)97‘8 = eT7

—1 0 0 0 0 0 0 0 O-
0 0 -1 0 0 0 0 0 O
0 1. 0 0 0000 O
_ 0 0 0 -1.0 0 0 0 O
Therefore the matrix for (56) IS x, (s6)=l0 o0 o o 0 1 0 0 o
0 0 0 0 1.0 0 0 O
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 10 O
Lo 0 0 0 0 0 0 0 -1
5. The S¢-module S+
There are exactly five standard u, — tableaux
1[2 112 13 1] 8 114
T,=1[3]l4| T,= [3]|5] T:92|4]| T,=[2|5|Ts= 5
5|6 4| 6 5| 6 4 6
Thus, dimS#+ = 5
100 0 0
_ _ [0 1 0 0 O
Denoting the representation by X,,, , therefore X, (1) = |0 0 10 0|
[0 0 0 1 OJ
0 00 01
5.1 Matrix for (12)
By case 2, (12)er, = er, —er, ,(12)er, = ey, —er, +er,
By case 1, (12)er, = —er, , (12)er, = —er, and (12)er, = —er,
Therefore the matrix for (12) is
1 0 0 0 O
[0 1 0 0 0]
X,(12)=1-1 0 -1 0 0

5.2 Matrix for (23)
By case 3, (23)€T1 == €T3 ) (23)€T3 = eTl ) (23)6’1‘2 = eT4, (23)€T4 == eTZ

By case 1, (23)er, = —er,

5
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[t 0 0 0 0
[ 0 1 0 0 0 |
Therefore the matrix for (23) is X,,(12) = |—1 0 |
[0 0 - 0J
0 1 0 1
5.3 Matrix for (34)
By case 2, (34)er, = er, —er, ter,
Bycase1l, (34)er, = —er, ,(34)er, = —er,
By case 3, (34)er, =er,, (23)er, =ey,
1 0 0 00
-1 -1 0 0 0
Therefore the matrix for (34) is x,,34=l0 0o -1 0 0
1 0 o o 1
lo 0o o 1 o

5.4 Matrix for (45)

By case 1, (45)er, = —er,

5

By case 3, (45)er, = er, ,(45)er, = er, ,(45)er, = er,,(45)er, = er,

[O 1 0 0 O 1

_ _ [0 0O 0 0 0]

Therefore the matrix for (45) is X, (45) = |0 0 01 0 |
001 0 O

l0 0 00 —1J

5.5 Matrix for (56)
By case 2, (56)er, = er, —er,
(56)97"3 =é€r, —ér,

Bycase 1, (56)er, = —ey, ,(56)er, = —er, ,(56)er, = —er,

(1 0 0 0 0]
_ _ -1 -1 0 0 0]
Therefore the matrix for (56) is  x,,(56) =| 0 0 1 0 0 |
0 0 0 0 -1
6. The Sg-module SHs
There are exactly ten standard uc — tableaux
1] 2| 3 1] 2| 4 1] 2|5 112] 68 113 4
4 3 3 3 Z
T1 == 5 T2 = 5 T3 == 4 T4 == 4 T5 == 5
6 6 6 5 6
Ty=|1[3|5[ =[1]3[6 =145, =|146},=1|5|6
2 2 2 2 2
4 4 6 3 3
6 5 5 4
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Thus, dimS#s = 10
Denoting the representation by X,,_ . Therefor

Xy (D =

cCcocoococococococoRm
coocococococoRroO
cocoococococoRrmroO
coocococomRmrooO
cococomRmroocooO
coocorRroococoO
cocoorocoocoocoo
corocoococococoo
ocrocoocoococococoo
moOoOOoOOOOOOO

6.1 Matrix for (12)
By case 2, (12)er, = ey, ,(12)er, = er, —er, ,
(12)er, = er, —er, +er, ,(12)er, = er, —er, +er, —er,
By case 1, (12)er, = —er, , (12)er, = —er, ,(12)er, = —ep,
(12)er, = —er, ,(12)er, = —er, ,(12)er,, = —er,

Therefore the matrix for (12) IS
1 0 0 O 0 0 0 0 0 O
0 1 0 0 0 O O o0 o0 O
0 0 1 0 0 O O o0 o0 O
0 0 0 1 0 0 O o0 o0 O
0 -1 0 0 -1 0 0 0 0 O

%s(2)=10 6 1 0o 0 -1 0 0 o0 o
0 0 0 -1 0 0 -1 0 0 0O
0 0 1 0 0 O O -1 0 O
0 0 0 1 0 O O o0 -1 0
o o0 0o -1 0 0 O o0 O -1

6.2 Matrix for (23)
By case 2, (23)er, = ey,
By case 3, (23)er, =er,, (23)er, =er, , (23)er, = e,
(23)er, = er, , (23)er, =er, , (23)er, = e,
By case 1, (23)er, = —er, , (23)er, = —eg, ,(23)er,, = —

Q
=3
S

Therefore the matrix for (23) is x,,(23) =

(== IR I

Scocococococoor
coccocomoooo
cococomoocooo
coomoocoocooo
cooccocococomo
coococococomoo
cocccocomooo
coloococococoe
cloocococococoe

|
=



6.3 Matrix for (34)
By case 2, (34)er, = er,
By case 3, (34)er, = er, ,
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(B4)er, =er, , (Bd)er, = ey,

(34er, =er, , Bder, =er, , (Bder, =er,

By case 1, (34)er, =

Therefore, the matrix for (34) is x,_(34) =

6.4 Matrix for (45)
By case 2, (45)er, = er,
By case 3, (45)er,

=eT3’

_eT3 , (34‘)6’1"4 = —€T4 ) (34)6T10 = _eT10

(45)€T6 =ery (4’5)3T9 = €ry, (45)67"10 = €1,

By case 1, (45)er, = —er, , (45)er, = —er, ,(45)er, = —er,

Therefore the matrix for (45) is

—1 0 0
0O 0 1
0 1 0
0O 0 o
X”5(45) = g g g
0O 0 o
0 0 0
0 0 0
. -0 0 O
6.5 Matrix for (56)
By case 2, (56)er,, = er,,
By case 3, (56)er, = ey, , (56)er,

(56)6T7
By case 1, (56)er,

=er, , (56)er,
—€T1 ,(56)6T2

01 0 0 0 0 0 0 0 07
10 O 0O 0 0 0 0 0 O
0 0 -1 0 0 0 O0O0UO0O O
0 0 0 -10 0 0 0 0 O
0 0 O 0 1.0 0 0 0 O
0 0 O 0O 0 0 01 0 O
0 0 O 0O 0 0 0 01 O
0 0 O 0O 01 0 0 0 O
0 0 O 0O 0 01 0 0 O
0 0 O o 0 0 0 0 0 —1

(45)3T3 =€, (45)9T5 = €1,
7

0 0 0 0 0 0 O

0O 0 o 0O 0 0 o

0 0 0 0 0o 0 O

-1 0 0 0O 0 0 o

0 0 1 0O 0 0 o

0 1 0 0 0O 0 O

0O 0 0 -1 0 0 O

0 0 0 0 1 0 O

0 0 0 0 0 0 1

0O 0 o 0 0 1 o

= eT3 ) (56)67"6 = eT7 )

= eTg ) (56)67‘9 = eTg
_eTz ) (56)8T5 == _eTS

40
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coocococococoow
ccococococowooO
cococoocococoowo
ccococowococooO

cCococococowOOO
-
cococo I (===}

cowWOOCOCOOOCOOC

cocowOOOOOCO

ocTeoocococococoo

Tococococoocoo

Therefore the matrix for (56) is x,.(s6)

7. The §g-module S*6

<
| x| ©
Le —
| ~ Lo «
o<
__ ol w0
— M|
Tw A <
Il -
L= I
4T ¢l w H
=
N T Cl [« [«
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Wal35 Il ol o <[ o
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m I « [~ A~ A« | @
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< ~ | LI __
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o & w | ™| < e I
= ©
— M| < __ —
ge) L0 B~
-
IS I = o ©
S e e |
o | &~ « -
..”.\M o~ 4|_|
n26 o~ < __ L
[¢B)
O [ . — M| O N < | ©
+— !
< =~
| [ |~ | @]
> ~N ~
2 & e . <
o « Il
c | @ ol < n Il
x - ©
D|lafw «~ | © B~ I
b} | «~ 6_ A
< 1__4 6_ A »] = £
L] ! %
g ! . 2
© =
=R = B~ =

representation

the

Denoting

SococococococococococococoOow
cococococococoocococoOo O
cococococococoocococowWoO
cococcocoocococococowooO
cococcocococococowmoOooO
coocococococococoWoOoOoOoO
cococococococowWooOoOoOO
cococcococomooocoOooO
cococcocowWoocooocoOooO
coocococowWooooocoOooO
cococo-woocooocococOoOoOoO
cocomMoococoocoocoooO
coomMooococoococoooO
coWoooococoocococoooO
ocmocooccocococococococooO

HooOoOoOoooooocoooCoo

by X, therefor x,,m

(12)er, = er, —er,,

(12)676 = €T6 - 6712 + 6715 ) (12)97‘7 = €T7 - €T13

(12)er, = er, —er, +er,

By case 2, (12)671 = eTl , (12)672 = eTz, (12)6’1"3 = €T3 - eT9
(12)9T4 =er, —er

7.1 Matrix for (12)
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By case l, (12)37'9 = _eT9 ) (12)8T10 = _eTlo ) (12)8T11 = —8T11

(12)6’1”12 —_ _eT12 y (12)€T13 —_ —6713 ) (12)6’1"14 —_ _eT14
(12)eT15=_eT15 ’(12)el6=_eT16
Therefore the matrix for (12)
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
01 O 0 0 0 0 0 0 0 0 0 0 0 0 0
00 1 0 0 0 0 0 0 0 0 0 0 0 0 0
00 O 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 O 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 O 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 O 0 0 0 1 0 0 0 0 0 0 0 0 0
Xw@=10 0 L 6 0 o 0 o 10 0 0 0 0 0 o
00 0 -1 0 0 0 0 0 -1 0 0 0 0 0 0
00 O 0 -1 o 0 0 0 0 -1 o 0 0 0 0
00 O 0 0 -1 o 0 0 0 0 -1 0 0 0 0
00 O 0 0 1 -1 0 0 0 0 0 -1 0 0 0
00 O 0 0 0 0 -1 0 0 0 0 0 -1 0 0
00 O 0 0 0 0 0 0 0 0 0 0 0 -1 0
0 0 O 0 0 0 0 1 0 0 0 0 0 0 0o -1

7.2 Matrix for (23)

By case 2, (23)er, = er, , (23)er, = er,

By case 3, (23)er, = er,,(23)er, = er, ,(23)er, = er,,(23)er,, = e,
(23)3T5 = 9T11;(23)9T11 =er; (23)€T6 = €1y,
(23)er, = er,, (23)er, =er,,

By case 1, (23)6']‘15 — _eT15 y (23)6'[‘16 — _eT16

Therefore the matrix for (23) is
0 0 0 0000 00 0 0 O0 O O 0
0100 0O0O0OO0OUOUOUOO OO O O 0
0 00O OOOOT11TO0OUOO0OTUOT OO 0
0 00O OOOOOTI1TUO0OTO0OTOOT OO 0
0 00OOOOOOOT1TO0O0OTGO0OTDO 0
0 00OOOOOOUOUOTI1TO0TUGO0OTO 0
0 00OOOOOOUOUOTUOTI1IO0 O 0
0 00OOOOOOUOUOODOTI1I O 0

Xus(23) = 0 01 0 00O O0OOUOUOOTUOU O O 0

0 001 00 O0O0OUO0OUOUOOODOTU O O 0
0 0001000 O0OOO0OO0OTO0O O 0
0 00O O1 0O OOOO0OO0OTGO0O O 0
0 00 00O11O0O0OO0OO0O0OO0O O 0
0 00O OOOI1TO0UOUOTO0OTOTU O O 0
0 0 0 OOOOUOUOOOOOU OOTS-1T o
o o 0o 00001 00 0 O0O0O0O O -1

7.3 Matrix for (34)
By case 3, (34)er, = er,,(34)er, = er, ,(34)er, = er,,(34)er, = ey,
(34)8T12 = €150 (34)67'15 = €1y, (34)eT14 Ty (34)eT16 = ery,
By case 1, (34)er, = —er, ,(34)er, = —ey, ,(34)er, = —er,
(34)eT13 = Tfry
By case 2, (34)er, = ey, —er, t+er,, (34)er, =er, —er +er,
(34)8T9 =€y, ~ €y (34)eT10 = €1 T €1y
Therefore the matrix for (34) is

42
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cococoo
cococococoo

|
[SN

X,,(34) =

(=R =N = I R B I )
cocococococococooC

|
ey

|
Jury

ocooCcoOoOmROOOOC
|
ey
cCcooCcocoOmROOOOOO
|
[y

comOoOOOCOOOCOCOOC

|
[

|
[ay
mROOCOCOOCOOOCOOCOCOOOC

cococoOmROOOCOOCOOOCOCOCOC
ComoOocOCcOCOOCOOCOOCOOCOOCOCO

cCcooccocoococococococooRrROO
coocococococococococoRrROOO
coocococococococococ0cO0COOR
coococococcococococococoRrO

oo Om
ocococococoocooo
= oo
cococococooo
ocococoo

(=N}

ocococooC

or (45)

Pormocooocoocoocoocooocoocoocoocoocoo
ZOOO’LOOQQQQQQOOOO

N
—t
X

—

atr

By case 2, (45)er, = ey, —er,, (45)er,, =er —er,

By case 3, (45)er, = er,,(45)er, = er,,(45)er, = er,(45)er, = ey,
(45)3T7 = eTB;(45)eTS =éer,, (45)3T9 =er,, (45)3T11 =er,
(45)6T1o = €ryyo (45)6T12 = €1y (45)eT13 = €ryy
(45)eT14 = €y

By case 1, (45)er, = —er, , (45)er,, = —er,,

Therefore the matrix for (45) is

|
-
=
-

X, (45) =

LHOOOOQQQQQQOOOO
cococoCcocoococoococoocoo

cocococomOOOOOOCOCOOO
cococomROOCOOOOOCOCOOCO
coocoCcocooOmROOOOCOOCOCO
cocococoomROOOOOCOCOOO
comOOCOOOCOOOOOCOCOCOCO
cCoOoOmROOCOOOCOOOOCOCOO

oo oCcocoococoocoocooo

oo oCcocoococoocoocooo

oo oCcococoCcococoomROoOOO
oo oCcocoCcoCcocoomOOOO©O
oo OoCcOoOoOoCcoOoc oo ocomOoOO
oo oCcocococococococommROOO
coocoCcocoCcocomOoOOOCOOCOCO
coocoCcocoCcoCcoomROoOOOOOOO

|
[

7.5 Matrix for (56)
By case 3, (56)er, = er,,(56)er, = er,,(56)er, = er,,
(56)er, = er,,(56)er, = er,,(56)er, = er,,(56)er, = er,
(56)eg = er,,(56)er, = ey, ,(56)er,, = er,,(56)er,, =er,
(56)8T13 = €1y (56)67'12 = €Ty (56)eT14 = €1y,
(56)eT16 = €5 (56)6715 = €Ty
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01 0 0 0 0 0 0 0 0 0 0 0 0 0 O
100 0 0 000 0OO O O OOTUOOTPO
0 001 0 0 O0O0OOUOUOOT OO OO OO0
0 01 00 O0OOOUOUOUOOTU OO OO OO0
0 000OOO1O0UO0OUOUO0OO0OTUO0OUO0OOU OO
0 000OOOOI1UO0UO0OUO0OO0OTUO0OUGO0OUODO
0 0001 00O0OO0OOO0OO0OO0OUO0OTUOTDO
1 1 0 00O O1 0O0O0OUOO0OO0OTUO0OUGO0OOU OO
Therefore the matrix for (56) is x,,56) =10 o o o0 0 6 6 0.0 3 60 0 0 o o
0 000OOOOOOT11TUO0OUO0OO0OTUOUGOUODO 0
0 0 0OOOOOOUOUOOTI11IUO0UO0OTPO
0 000OOOOOOUOUOOOTI11TO0TDO
0 000OOOOOOUOT1TO0TGOOUOU OO
0 00OOOOOUOUOUOT11IO0UO0OTUGO0OO
0 00OOOOOOUOUOUOOT OO OO 1
0 000OOOOOOUOUOUOODOU OTI1I o
8. The S¢-module S*7
There are exactly five standard u-, — tableaux
2 21 4 5 3| 4 315
Y I A N3 R T, =L 22T, = 1 T, =| 1
Thus, *[ %] 6|5 3| %] 6 3| 4|6 21 5| 6 51 41 6
Denoting the representation by X, therefore
[1 0 0 O O]
[0 1 0 0 0]
X, (=0 0 1 0 of
0 0 0 1 OJ
0 0 0 0 1
8.1 Matrix for (12)
By case 2, (12)8T1 = eT1 , (12)67'2 = eTZ - €T4, (12)6'[‘3 = €T3 - eTS
By case 1, (12)6'[‘4 = —€T4 y (12)67'5 = —€T5
o0 0 0 0
_ _ [0 1 0 0 O]
Therefore the matrix for (12) is XM7(12)=|0 0 1 0 0|
0 -1 0 -1 0
l0 0 -1 0 1

8.2 Matrix for (23)
By case 2, (23)er, = er,
By case 3, (23)er, = er,,(23)er, = er,,(23)er, = er,,(23)er, = er,

1 0000
[0 0 0 1 0]
Therefore the matrix for (23) is X, (23)=[0 0 0 0 1
010 0 oJ
00100

8.3 Matrix for (34)
By case 3, (34)er, = er,, (34)er, = ey,

44
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By case 2, (34)er, = er, —er,, (34)er, =er, —er,
By case 1, (34)er, = —er,

01 0 0
[1 0 0 1
Therefore the matrix for (34)is  x,, 39 =10 0 1 0
00 0 1
00 -1 -1

8.4 Matrix for (45)
By case 2, (45)er, = er,

0
0
1
0

-1

|
|

By case 3, (45)er, = er,, (45)er, = er,, (45)er, = e, (45)er = er,
1

0 000

[0 010 0]

Therefore the matrix for (45)is X, (45)=l0 1 0 0 0
o 0 0 o 1

o 0 0 1 o

8.5 Matrix for (56)

By case 2, (56)6T1 = eTl ,(56)37"2 = eTZ - eT3 ) (56)67'4 = eT4 - eTS
By case 1, (56)6T3 = _eT3 ,(56)8T5 = _eTS
1 0 0 0 0
_ _ [0 1 0 0 0]
Therefore the matrix for (56) is X, (56)=f0 -1 -1 0 0
[0 0 0 1 1J
0 0 0 -1 -1
9.TheSg- modules#s
There are exactly ten standard ug — tableaux
1] 23] 4 1] 2] 3|5 1] 2| 3| 6 11245 |1 4l &
T, = |5 T, = 4 T, =| 4 T, =12 T, =
6 6 5 6 5
T. = 1{2(5|6L|1|3/4|5|1|3|4l6_]|1|3|5|6L|14|5|6
6 — =7 ™ 9 IU0
2 2 3
. 5
Thus, dimS#s = 10 6 4
1 0 0 0 0 0 0 O
01 0 0 0 0 OO0
0 010 0 0 000
0 0 01 0 0 O0UDO
Denoting the representation by X, 8,thereforexm(z)zt‘; g g g (1) ‘1’ g g
0 0 000 O 10O
0 0 000 0 0 1
0 0 00O O OO
0 0 0 0 0 0 0O

9.1 Matrix for (12)

omROoOOCOCOOCOCOC

moocococoooOoOQ
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By case 2, (12)er, = ey, , , (12)er, = er, , (12)er, = ey,
(12)er, = er, —er, ,(12)er, = er, —er, ,(12)er, = er, — e, +er,
By case 1, (12)er, = —er, , (12)er, = —er, ,(12)er, = —er,
(12)er,, = —er,,

Therefore the matrix for (12) is x,,a2) =

mrloorocoocoo
cocococococoo

SococcococococoRr
coococoococoRro
cocococcomoo
coolcorocece
colocreoocos
cocolcocoocoo
colocoococce
oclooccoococce

|
=

9.2 Matrix for (23)
By case 2, (23)er, = er,,(23)er, = er,,(23)er, = e,
By case 3, (23)er, =er,, (23)er, =er, , (23)er, = e,
(23)3T8 =eér (23)9T6 =ér, (23)9T9 = e,
1, (23)ey,, = —er,, Therefore ~ the  matrix  for  (23) s

o
o)
(72
@D

By

X, (23) =

ocococooCcocoomOoO
coomOOOOOC
comOoOOCOOCOOC
cococomOoOOCOOC

cococococococoo

cococcocococoR
cococococoRrooO
cocococoroocoO
cocococorooO
cococoroooO

|
=

9.3 Matrix for (34)

By case 2, (34)er, = er,,(34)er, = er,,(34)er, = e,

By case 3, (34)er, = er,, (34)er, =er, , (34)er, = er,

(B4)er, =er, , (Bder, =er, , (B4e = ey

By case = —er, . Therefore the matrix for (34) s

\
w
NS

—/
Q

o
|

5

1
0
1
0
0
0
X,,(34) = 0
0
0
0
0

OOHC"LCQOOO
oOmROmOOOCOOCOC
comOOCOOCOOC
mOoOOoOCOOCOOCOO
oOmOoOOCOCOOCOoOC

coocococococoo

coocococorooO
cococoroocCO
coococococoroO

9.4 Matrix for (45)

By case 2, (45)8T4 = eT4, (45)6T7 = eT7 ) (45)6T8 = eTB, (45)6’[‘10 = eT10
By case 3, (45)€T1 == eTZ, (45)6T2 == eTl ) (45)€T5 = €T6,
(45)eT6 = eT5 ) (45)eT8 = eTg ) (45)69 = eTg
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By case 1, (45)er, = —er, . Therefore the matrix for (45)
0 1 0 0 0 0 0 0 0 O
10 0 0 0 O O 0 O0 O
0 0 -10 0 0 0 O0 0O
00 0 10 0 O0OTOTPO
(0 0 0 0 01 00 0O
X5 =100 0 0100000
00 0 00 010 0O
00 0 00 0 O O 10
00 0 00 0 O 1000
L0 0 0 0 0 0 0 0 01
9.5 Matrix for (56)
By case 2, (56)8T6 = eT6, (56)87'9 = eT9 ) (56)3'1"10 = eTlo
By case 3, (56)€T2 = eT3, (56)6’T3 = eTZ ) (56)6'1"4 = eTS,
(56)3T5 =er, (56)3T7 =e€r (56)98=9T7
By case 1, (56)er, = —er, . Therefore the matrix for (56)
—1 0 0 0 0 0 0 0 0 O
0 01 00 0 O OOTPO
0 1.0 0 0 0 O O OO0
0 0 001 0 0 0 0O
10 0 01 0 0 0 0 0O
X(56)=10 0 00010000
0 0 00O O O1 00
0 0 000 O1 0 00
0 0 000 O O 010
L0 0 0 0 0 0 0 0 01
10. The S¢g-module S*9
There are exactly nine standard puo — tableau
11 23] 4 12351236124|5|12 A
T1:."—\6 T2=46 T3=45 T4:36 T5:35
112|15|aA 113|4| 5 13| 4|6 1] 3 A
T6 == T7 == T8 == T9 =
3| 4 2] 6 2| 5 2] 4
Thus, dimS#e =9
100000000
010000O00O00O0
001000O0TUO00O0
) ) 000100000
Denoting the representation by X, therefore x,, (0 =|0 0 0 0 1 0 0 0 o
0 0 00O O1 0 0O
0 0 00O O 0100
0 0 00O O O 10
0 0 00O O 0 0 1

10.1 Matrix for (12)
By case 2, (12)8T1 = eTl, (12)6T2 = eTZ ) (12)6T3 = eT3,

(12)9T4 =ér, —¢fr,, (12)3T5 =er, — ery, (12)9T6 =ér, —€fr,

By case 1, (12)er, = —ey, ,(12)er, = — e, ,(12)er, = —er,
Therefore the matrix for (12) is

IS

is
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10 0 O 0 0 0 0 01
010 O 0 0 0 0 0
0 01 O 0 0 0 0 0
0 0 0 1 0 0 0 0 0
Xy, (12)=10 0 0 0 1 0 0 0 0
0 0 0 O 0 1 0 0 0
0 0 0 -1 O 0 -1 0 0
00 0 0 -1 O 0 -1 0
0 0 O 0 -1 0 0 -1

10.2 Matrix for (23)
By case 2, (23)8T1 = eTl, (23)8T2 = eTZ , (23)6T3 = eT3 - 8T6

By case 3, (23)6T4_ = eT7 ) (23)6’1‘7 = €T4 ) (23)67‘5 = 6’78,

(23)3T8 =eér (23)3T6 =ér, (23)9T9 = e,
Therefore the matrix for (23) IS

cSCoOoOmOO

X,,(23) =

|
[uy

coccocococooR
cocoococococoRro
comrocoocoocooo
ocmroocoocoocooo
moocoocooococoo
cocoococomooo
cocoocoomoooo
coorRmroococoo

(=]

10.3 Matrix for (34)
By case 2, (34—)6T1 = eTl, (34‘)67'6 = €T6 - eTg, (34)6'[‘7 = eT7,

(34)3T8 = e, — €r,

By case 3, (34‘)6T2 = 6T4, (34)6']‘4 = eTZ ) (34)€T3 = eTS, (34)€T5 = €T3

By case 1, (34)er, = —er,

Therefore the matrix for (34) IS
1 0 0 0 0 0 O O 0 1
o 0 01 0 0 0 O 0
o 0 001 0 O0 O 0
o10 0 0 0 0 O 0

X,34)=[0 0100 0 0 0 o

o 0 00O 1 0 O 1
O 0 000 0 1 O 0
O 0 001 0 O0 1 0
0 0 0 0 0 -1 0 -1 -1

10.4 Matrix for (45)
By case 2, (45)er, = er,, (45)er, = ey, ,(45)er, = er,
By case 3, (45)er, = er,,(45)er, = er,,(45)er, = er,,(45)er, = er,
(45)3T8 = eT9;(45)eT9 =€er
Therefore the matrix for (45) IS

X,,(45) =

SCocococococoRro
cococococococoR
cocoocococoroO
cocoococomooo
cocoomoococooO
cocoocomoooo
comroocoococoo
cocoocococococoo
ocmrocoococococoo
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10.5 Matrix for (56)
By case 2, (56)er, = er,, (56)er, = er,, (56)er, = er,
(56)97"3 =er, , (56)3T4 = ery)

(56)er, =er, , (56)er, =er, , (56)er, =ep,

By case 3,

X,,(56) =

cCcocooccocococoR

Therefore

(56)87'2 = eT3l

SCooCcocoomROO

CooCcCoCoooOmOo

cCococoOmROOOO

SCooCcocoOmROOO

~—+
oocucccccg

oOmROoOCOCOCOCCOCOCO

11. The Sg-module SH10
There are exactly five standard u,, — tableaux

T1=

1

2

3

4

5

6

Ty

Thus, dimS#10 = 5

[
Denoting the representation by X, , therefore X, (n = l

T

cCoOmROOOCOCCOCOCO

mooocoooOoOo

matrix

2

3

4

6

11 2

11.1 Matrix for (12)
By case 2, (12)er, = ey, ,(12)er, = er,, (12)er,

1! (12)8T5 = _eTs

Therefore the matrix for (12) is  x, (12) = [

11.2 Matrix for (23)
By case 2, (23)er, = ey, ,(23)e; = e, ,(23)er, = er,

By case 3, (23)6T4 == eTS ) (23)€T5 = €,

Therefore the matrix for (23) is X, (23) = |

11.3 Matrix for (34)

By case 3, (34)6T3 = 674 B (34)874 = €T3

[1
|0
0
0

Lo

Ts

1
0
0
0
0

SORrRr OOCOo

T3

S oo RO

O oo o

SO R OO

for (56)
1] 2 A
—| 4
1| 3| 4] 5
2
1.0 0 0 0
010 0 0
001 0 0
00 0 1 0
0 0 0 0 1

SO OO

0
0
0
1

-1

0
0
0
0
-1

|
|

is

=er,,(12)er, = er,_er, by case
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By case 2, (34)8T1 =eT1, (34‘)8T2 = eTZ ) (34)6T5 = eTs
10000
[0 100 0]
Therefore the matrix for (34) is X, (34)=[0 0 0 1 0
0010 oJ
000 01

11.4 Matrix for (45)
By case 2, (45)er, = er, ,(45)er, = er, ,(45)er, = e

Ts

By case 3, (45)er, = er,, (45)er, = e

T,
1 0 0 0 0O
[0 0 1 0 0
Therefore the matrix for (45) is X, (45)=|0 1 0 0 0|
00010
00001

11.5 Matrix for (56)
By case 2, (56)er, = er, ,(56)er, =er, , (56)er, =e
By case 3, (56)6T1 = eTZ ) (56)8T2 =éer

1

010 0O
_ _ 1000 0]
Therefore the matrix for (56) is X, (56)=|0 0 1 0 0|
0 0 01 O
l0 0 0 O 1J
12. The S¢-module S*11

There is exactly one standard u,,; — tableau

T= 11|2|3|4|5]6

Thus, dim SH11=1,

Denoting the representation by X,, .therefore X, (I) = [1]

12.1 Matrix for (12), (23), (34) ,(45) and (56)

In every case , we have case 2 :

(12)er = er,(23)er = er,(34)er = er, (45)er = er and (56)er = ey

Therefore the matrices are: X, (12) =[1], X,  (23) =[1] ,X,  (34) =[1],
(45) = [1] and X,  (56) = [1].

.U11

13. Conclusion

We foun_d that the_rgpresentation Cjorresponding to Q :Qnd U7 [ ] J\:HJ_‘ | tll:l

are the sign and trivial representations, respectively.

To obtain the characters from Young’s standard representations, WQIOUCE that each row in

the table completely characterized by its values in the first and second columns, which
correspond to the character on the identity and on an adjacent transposition. Using the
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lexicographic order on the columns then, we have a standard presentation of the character

table of Sg.
Class
1 | 21* (318 | 412 |2%21%] 321 | 51 6 42 | 23 32
Order
1 15 |40 |90 |45 120 |144 [120 |90 15 |40
H 1 1 |1 -1 1 -1 1 -1 1 -1 1
E 51
-
5 3 |2 -1 1 0 0 1 -1 1 -1
2
L]
EEI . o |3 |o |1 |1 o 1 Jo |1 |3 o
0 - 3
% Xy 5 = 1 1 -1 0 0 -1 3 2
g
= 10 |2 |1 0 -2 1 0 -1 0 2 1
1 [ “ws
1 v 16 |0 -2 0 0 0 1 0 0 0 -2
- e
5 1 -1 -1 1 1 0 0 -1 -3 2
%m
[T
10 |2 1 0 -2 -1 0 1 0 -2 1
s
EEFE X 9 3 0 -1 1 0 -1 0 1 3 0
Ho
EFE?'ID 5 3 2 1 1 0 0 -1 -1 -1 -1
R0
[TTIIT] 1 1 1 1 1 1 1 1 1 1 1

Ap [T ITT T




M..Z . Salman, S.A. Salman. /IMJPAS - (2) (1) 31-54 52

14.References

[1]
(2]

3]
[4]
5]

(6]
[7]

G.D.James,( 1987) . The Representation Theory of the Symmetric Group.

New York: Springer — Verlag.
B.E.Sagan,(1991). The Symmetric Group: Representations, Combinatorial
Algorithms, and Symmetric Functions. New York: Springer- Verlag.

W.Fulton: Young Taleaux ,(1997). With Applications to Representation

Theory and Geometry. Cambridge University Press.

G. James & M.Liebeck,(2001). Representation and Characters of Groups, Second
Edition,Cambridge University Press,

William Fulton and Joe Harris,(2004). Representation theory: A first course, Springer.
Yufei Zhao, (2008).Young tableau and representations of the symmetric group .The
Harvard College Mathematics Review.



