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ABSTRACT

This paper concentrates on the application of genetic algorithm optimization technique to find the gear
teeth numbers for six-velocity Lepelletier automatic transmission with given approximate velocity
ratios and a set of design constraints. MATLAB is employed to find the gear teeth numbers and the
velocity ratios satisfying the design and geometric constraints.
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INTRODUCTION

To achieve a set of desired velocity ratios, most automatic transmission mechanisms employ epicyclic
gear trains (EGTSs). The velocity ratio can define as the ratio of the velocity of the input link to the
output link of a transmission mechanism. An epicyclic gear mechanism (EGM) employing a ten-link
Lepelleter gear train as an automatic transmission is shown in Figure (1).

Depending on the clutching condition, seven drives called first under-drive, second under-drive, third
under-drive, fourth under-drive, first over-drive, second over-drive and reverse-drive are feasible.
These seven clutching conditions are shown in Table 1, where an X indicates that the corresponding
clutch C; or brake B; is activated on the i link of the gear train.
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Lepelletier EGT can be analyzed as a compound of two FGEs. One FGE is a single-planet simple gear
train and the second FGE is a double-planet Ravigneaux gear train. Figures 2 shows a schematic
drawing of these gear trains.

Simionescu et al. [2] proposed an optimization method to synthesis the gear-teeth number for a two
under drive Ravigneaux type automatic transmission with a direct drive and a reverse. All possible
assembly and interference avoidance requirements were considered as constraints to form an
optimization problem. It was then solved with the aid of an estimation of distribution algorithm.
Esmail [3-5] proposed an optimization technique to synthesis gear-teeth numbers of epicyclic gear
trains. Conventionally available automatic transmissions are used to demonstrate the methodology.
The proposed technique enables the designer to synthesize the number of teeth of all gears and
satisfying all the design constraints in a single run. Hwang and Huang [6] proposed a methodology for
the design of six-speed automatic transmissions. Six configurations of six-speed automatic
transmissions were synthesized from the eight-link two-DOF Ravigneaux gear mechanism.
Unfortunately, they did not include the included angle of planet gears into their consideration, resulting
in an impractical and infeasible design. Hsu [7] presented an analytic method for the synthesis of the
number of teeth of gears for an epicyclic gear mechanism with the clutching sequence table and the
speed ratios. This approach is far more successful with simple gear trains having no design constraints.
Hsu and Huang [8] synthesized the number of teeth of all gears of six speed Ravigneaux-type
automatic transmissions by assigning three (out of seven) desired speed ratios in the analytic method
proposed by Hsu [7]. Hsu‘s method becomes a trial and error method when applied to the six-speed
Ravigneaux-type automatic transmission; a method of reaching satisfactory results by trying out
certain desired speed ratios until other speed ratios and the design constraints are satisfied. It is lengthy
and tedious. Hsu and Huang [8] concluded that the Ravigneaux gear mechanism could reach six
forward speeds at most. An artificial neural network and a genetic algorithm are used by Shamekhi et
al. [9] for the optimization of the gear ratios and gear teeth numbers of Simpson gear train with an
error less than +0.3%.

DESIGN CONSTRAINTS
For the design to be feasible, the following requirements must be met:

1. Considering the driving performance of an automatic transmission, the absolute value of the
velocity ratio of the reverse velocity Rgp should be at least between the first and the second
under drive velocity ratios.

RUDZ < |RRD| < RUDl (1)

2. The velocity ratio steps for forward velocities should be greater than 1.275.

1.275 < 2k )

k+1

3. The difference in adjacent velocity ratio steps should be less than (+0.25).

<0.25 ©)

|& — Rita
Rig+1  Ri+2
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4. The highest overdrive velocity ratio must equal to or greater than 0.5.

05 =< ROD highest (4)

5. In order to facilitate load sharing and to make sure that there are four sets of combinations of
planet gears arranged 90° apart from one another, the included angle of planet gears should be
at least less than 84°. A space (S) of 6° is left to avoid contact between neighboring planet gear
sets. Obviously, since the number of sets of combinations of planet gears (PGS) depend on the

included angle, it can be written as
360

-3 +5<0 ®)

and

6. A practical gear train can’t have too large or too small gear sizes. To avoid undercut, the
minimum number of teeth on the planet gears is limited to 15. Considering the geometry
relations of the Lepelletier gear mechanism, gear teeth number of ring gear-teeth should be 85
or less.

15<Z, forp=1,...8<85 (6)

OPTIMIZATION OF GEAR RATIOS FOR EGTs

The optimization of gear teeth numbers of automotive automatic transmissions is a multi-objective
task. Due to conflicts among objectives, it is impossible to obtain a single design that corresponds to
optima of all the objectives. The optimization of gear teeth numbers can be solved using single-
objective GA optimization method if all but one objective are converted into constraints. A genetic
algorithm (GA) is a search and optimization method which works by mimicking the evolutionary
principles and chromosomal processing in natural genetics.

To achieve a specific set of velocity ratios the designer has to choose a gear train, a set of clutches that
are to be operated in a chosen sequence, and a set of gears that have a specific number of teeth. In
practice, one wants to choose a set of gears to achieve a set of velocity ratios, i.e., the design variables
are the gear teeth numbers. In the particular case of Lepelletier gear train, the design variables are eight
(21, Z5,Z3 Z4 Z5 Zs Z7 and Zg) and can only take integer values.

In what follows, a genetic algorithm MATLAB optimization method is proposed to complete this
design problem. By assigning numerical values to the approximate velocity ratios, using the
mechanism kinematic and geometric constraints and based on a set of design variables, MATLAB
optimization can generate the possible gear ratios and their associated gear-teeth numbers in a single
run (see Appendix).

FORMULATION OF THE OPTIMIZATION

Traditionally, the velocity ratio R%,, is used to study the velocity between links x and y with reference
to link z where x, y and z are any three links in the EGT [10]. A methodology for expressing the overall
velocity ratio of an EGM in terms of its FGEs was recently developed by Esmail [10]. In his approach,
the concept of virtual planet gear ratio is applied for the kinematic analysis of EGMs. The EGM is
decomposed into several EGTEs; one of them is considered as the primary EGTE. Then the virtual
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planet gear ratios associated with various EGTEs are investigated. They are found in terms of the
planet gear of the basic EGTE. This way, the velocity ratio of an EGM can be symbolically expressed
in terms of the teeth number of each gear. The velocity ratio is written in terms of the planet gear ratios
as

z _ Npx—Npz
RYy = NN, (7

The term "planet gear ratio™” refers to the ratio of the number of teeth on two meshing gears. It is
defined by the ratio of a planet gear p with respect to a sun or ring gear x, where Zp and Zx denote the
numbers of teeth on the planet and the sun or ring gear, respectively, and the positive or negative sign
depends on whether x is a ring or sun gear.

Ny =+2,/Z, (7a)

The virtual planet gear ratio is defined as the planet gear ratio measured, with respect to the primary
epicyclic gear train entity (EGTE), in an epicyclic gear mechanism.

Npw = Npp, + Ryt - (N, = Ny, ) (7b)

where Npp1 and Ny are associated with the basic EGTE and Rﬁsz is associated with the secondary

EGTE. Therefore, a link may have more than one virtual planet gear ratio depending on the connecting
links that connect the primary EGTE to the EGTE to which the virtual link belongs. The virtual planet
gear ratio is written in bold to differentiate it from the actual planet gear ratio which is written in italic.

The velocity ratio between links x and y with respect to a third link z may have more than one value
depending on the connecting links that connect the primary EGTE to the EGTE to which a virtual link
belongs.

OPTIMIZATION TECHNIQUE AND PROBLEM

A fitness function F(Z) is defined in terms of the velocity ratios, Ry, for the gear train. The fitness
function is the sum of squared residuals, a residual being the difference between the desired velocity
ratio and the actual velocity ratio. The fitness function also ensures that a best set of gear teeth
numbers is achieved that would give the desired velocity ratios without violating any of the design and
geometric constraints. For minimizing the error between desired and optimized velocity ratios, the
fitness function is written as

F(Z) = ¥i=1(Rx — Kia)? (8)

Where F(Z) is the fitness function, Z is the vector of design variables (Zi, Z........ Zm), nis the
number of velocity ratios, Ry is the k™ optimized velocity ratio, K4 is the k™ desired velocity ratio. The
velocity ratios R;,R; . . . R, depend on the topology of the gear train and the clutching sequence. The
constraints under which the function is minimized will depend on the gear train being considered. The
fitness function is subjected to the following constraints
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9:(Z)<0 for i=1,..v 9)
hi(Z)=0 for j=1,..w (10)
with Z, € [lp,up] forp=1,.m (12)

Where g; and h; represent inequality and equality constraints, [, and u, are the upper and lower
bounds on the m™ design variable respectively.

FORMULATION FOR LEPELLETIER GEAR TRAIN

Lepelletier EGT can be analyzed as a compound of two FGEs. One FGE is a single-planet simple gear
train and the second FGE is a double-planet Ravigneaux gear train. The clutching sequence, which
includes the brake clutches, is assumed to be the same as those mentioned in Table 1. To relate the
velocity ratios to the gear teeth numbers, the system of Egs. (7) was solved seven times, each time for a
different clutching condition. Some velocity ratios also have the same labeling, are different in value,
depending on the common links between the EGTEs. Under certain clutching condition the
Ravigneaux part of the gear train may act as a rigid body, in such a case the overall velocity ratio will
be equal to the velocity ratio of the simple part of the transmission. The under-drives can be written as
follows:

Rypr = R§1’4for common linksié’z = %(1 + ZZ—81> (12)
3

Z
Rypz = R;l JJor common linkslzg2 = R (13)
’ (7+z)
Ryps = R3: 1 for common link 21,1,2 = (1 + ZZ—S) (14)
’ 31
Rypa = R inks? 2 = —
upa = Ry ,for common links3'y = —zz2;— (15)
Z4(Z,1+25)
The over-drives are written as follows:
Ropy = R® inks2 k= ——
op1 = R31 ,for common links;,’; = T 7% (16)
74(241+25)
Ropz = R}, for common links’, = ( Zs ) (17)
0OD2 3,4 31‘3 Z1+Z,
The reverse-drive is written as
Ron = R3 . 211 _ 7y Zg
rp = R31,for common links; g~ = Z 1 to (18)
3
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It should be realized that for an arbitrary combination of desired velocity ratios K, there may not be a
set of solutions for the gear teeth numbers Z,, that satisfy Eqgs. (12) to (18). In other words, the ideal
minimum value of the fitness function(F(Z) — 0) may or may not be achievable. The constraints
under which the function F(Z) is minimized for the Lepelletier gear train are now described.

Design constraints for Lepelletier gear train

As previously stated, Rpp and  Ryp; are the reverse- and first under drive velocity ratios,
respectively. Examining the first design constraint, it is convenient to rewrite it in the form

|RRD| < RUDl (19)

Substituting equation (12) and (18) into equation (19) and dividing through by Z, (1 + ZZ—) yields
3

1 1

Z < Z (20)

This implies that for |Ryp,| to be greater than |Ryp| as required by the first design constraint, Z,
must be smaller than Z; or

Z,— 72, <0 (21)

For the Lepelletier gear train, the velocity ratio steps for forward velocities should be greater than
1.275. Thus, the second design constraint can be written as

1.275 — 2up1 (22)
Ryp2

1.275 — Rupz (23)
Ryps

1.275 — Rubs (24)
Rupa

1.275 — Rubs (25)
Rop1

1.275 — Rept < (26)
Rop2

The third design constraint is

<0.25 (27)

| Rk Rg4a
Rig+1  Rik+2
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As required by the fourth design constraint, the highest overdrive ratio is equal to or greater than 0.5.
Rewriting the third design constraint in terms of the variables used in the governing equations,

05 S RODZ = ( Za

) and Z, <Z, (28)

Prove

Z, <7,
Zi+Z,<Z,+2Z,
Zi+ 7, <2XZ,

Zy
Zi1+7Z,

1
=<
2

Zy
<0
Zy+Z,

0.5 —
Since the ring gear is always larger than the sun gear, then equation (28) implies that the second over
drive velocity ratio Ropy is always greater than the 0.5 value required by the third design constraint.

GEOMETRIC CONSTRAINTS

We can get the geometric constraints for the Lepelletier gear train from Figs. 1 and 2. The sum of the
number of teeth of the sun gear and twice the number of teeth on the planet gear should equal the
number of teeth on the ring gear.

Let dn, be the diameter of a gear element m, then d4 +2dg = d;. If the diameteral pitch P of all the gears
is the same, thend, = P. Zy, and Z4+2Zs= Z;

Also d; + 2d; =dg or Z3 + 2Z7= Zs.

By taking account of the presence of the planet gears between the sun and ring gears, it is obvious that
dsun should be smaller than dying, Which can be represented equivalently as Z;-Z, < 0. Similarly, Zg-Z3<
0.

For planet gear 5 to be out of line with planet gear 6, the diameter of planet gear 5 should be at least as
large as the difference between the radii of the large and small sun gears, which can be equivalently
represented as

In order to facilitate load sharing and to make sure that there are four sets of combinations of planet
gears arranged 90° apart from one another, the included angle of planet gears should be smaller than

90°. The included angle of planet gears 5 and 6, shown in Fig. 3, is used as a design constraint in the
optimization problem for its value to lie within the limit.
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By applying the cosine law for triangle BAC and using the sine for triangles BAE and CAD, we get:

Z Z
+sinTl——— 4sin"t——2 (30)

0 = cos-1 (Zy + Z5)* + (Zy + Z6)* — (Zs + Zg)?
Z, + Zs 7, + Zg

2X(Zy+Zs)(Z1+ Zg)

The first term in equation (30) must satisfy the following condition to give reliable values

(31)

(Zy+Zs)* + (Z1 + Ze)* — (Zs + Zg)? <1
[ 2X (Zy +Zs)(Zy + Zg) ] -

Obviously, since the number of sets of combinations of planet gears (PGS) depend on the included
angle, it would be advantageous to select an angle that would place all the sets in the range
between 6,,;, and 6,4

9°—¥F+6°so (32)

360°

87— 6°< 0 (33)

OPTIMIZATION RESULTS

The designer specifies the gear train, the clutching sequence and the design constraints on the velocity
ratios to be achieved. The optimization problem starts at an arbitrary velocity ratios and at the end of
its execution displays the optimized gear teeth numbers. Analytical or trial and error approaches for
finding the gear teeth numbers of an automotive automatic transmission to satisfy the design
constraints has been eliminated by formulating the problem as a GA optimization problem. The
implementation of genetic algorithm was performed in MATLAB. The stopping condition is the
number of generations. Starting with a population size of 200, number of generations as 1000,
probability of crossover as 0.8 and probability of mutation as 0.2, the code was executed.

The optimization procedure was successfully applied to find those teeth numbers of the gear train for
which the constraint are satisfying the original specification. The Optimized gear teeth numbers shown
in Table 2 satisfy the geometric and kinematic constraints given by Egs. (19) to (33).

Carrying out a search to obtain the sets of optimized gear teeth numbers, yields the values shown in
Table 2. In fact, GA provided different results from run to run with the same objective value of
1.89528x10”. The fundamental constraints regarding the included angle, reverse velocity ratio,
velocity ratio steps, and the difference in velocity ratio steps are all satisfied. For example, the values
for the velocity ratio steps are 1.7500, 1.5668, 1.3229, 1.3254, and 1.2751 and for the difference in
velocity ratio steps are 0.1832, 0.2440, 0.0026, and 0.0503. The solutions found by the genetic
algorithm are as good as the best solution in the literature.

Figure 4 shows a MATLAB plot to the optimization results for the gear teeth numbers given in the
fifth row of Table 2.

By applying explicit enumeration of all possible (85-15)® =576480.1x10° gear teeth combinations, the
GA solutions are found to be globally optimal. A single globally optimal solution is not always
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sufficient when multiple global optima exist. One reason is that the design at this stage is far from
complete and further steps in the design’s analysis are needed to determine the teeth numbers based on
the transmitted power. The existence of multiple global optima gives the designer the ability to
quickly select a gear teeth combination, depending on how the gear train is intended to react to both
the power requirements of the gear train and the velocity response of the planetary train.

The gear teeth combination shown in the ninth row of Table 2 is identical to that reported in
Lepelletier patent [1]. However, it seems that the included angle of planet gears is not considered in
that work. Since the associated included angle is 90.0634°, then three sets of combinations of planet
gears arranged 120° apart from one another are used.

It can be seen that the effect of gear teeth numbers on the included angle is always through planet gear
5. Obviously, the designer could select a high included angle, but this would fail the fifth design
constraint, requiring that the included angle is only slightly smaller than 84°. Selecting any one of the
gear teeth combination shown in the first to the fifth rows of Table 2, ensures that there will be four
planet gear sets arranged 90° apart from one another.

The approach used to find the gear teeth numbers must be weighed against the changes that may have
to be made in the velocity ratios during the optimization process. Approximate velocity ratios that are
assumed in the beginning of the optimization process, may have to be modified with respect to the
optimized values of the gear teeth numbers. The modification depends on how the gear train is
intended to react to the fundamental constraints regarding the included angle, reverse velocity ratio,
velocity ratio steps, and the difference in velocity ratio steps. Hence, an iterative procedure between
the values achieved by the optimization process and those required to satisfy the design constraints
may have to be done.
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Table (1): Clutching sequence for Six-velocity Lepelletier automatic transmission [1].

clclc B, |Bs Vf;‘:i%”y
UD, X X | 4135
UD, X X 2.363
UD,s | X | X 1.508
UD; X | X 1.140
oD, | X X 0.860
oD, X | X 0.675
RD | X X | -3.127

Table (2): Gear teeth-numbers of the six-velocity Lepelletier gear train for different values of included
angle with the same objective value of 1.89528x10™..

Included

Achieved gear-teeth numbers X
angle (in degrees)

22z [z 22 |2 | 2

4131618515 221531 75.0147
4131618516 221531 77.2695
4131|6185 |17 221531 79.3944
4131|6185 |18 221531 81.4034
41 |31 | 61|85 (19|22 15|31 83.3083
4131618520 22]15]31 85.1188
4131|6185 2122|1531 86.8435
4131|6185 | 2222|1531 88.4896
41 |31 61|85 |23|22]|15]|31 90.0634
41 31| 61|85 | 2422|1531 91.5704
41 31| 61|85 |25 221531 93.0157
4131|6185 |26 221531 94.4036
41316185 |33|22]15]|31 102.7958°
41316185 |35|22]15]|31 104.8470
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41131618 |51)22|15]31 117.6214

41|31 61|85 53| 22| 15|31 |  118.8818

41|31 61| 85 |54 22| 15|31 |  119.4906

41 31| 61| 85 | 55| 22| 15|31 |  120.0860
—r =l e )
217 G ¢, 6 |3

s Gy | ﬁ;'

0 0
=9 \— W 21| |E==
B
Figure (1): Six-velocity Lepelletier automatic transmission [1].

0
==

Lt
———
==

(b)
Figure (2): The functional schematics of (a) simple gear train, and (b) Ravigneaux gear train.
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Figure (3): The included angle & of planet gears 5 and 6 shown in Fig. 1

u Genetic Algerithm = | = XS
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Best: 1.89528e-07 Mean: 0.0629861 Current Best Individual
3

Y
(=3
o

+ Best penalty value
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Penalty value

‘e
.

»'v»“\‘:;'.

(L WS, =W
0 50 100 1.2 530 4 S5 80T 8
Generation Number of variables (8)

Stopping Criteria

L
Current best individual
o
o

o
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Stall (G)
Time
Generation

0 50 100
[ stop | % of criteria met

\

Figure (4): A MATLAB plot to the optimization results for the gear teeth numbers given in the fifth
row of Table 2.

Appendix :
(1) MATLAB objective function m.file (Lepelletier.m)

function f=Lepelletier(z)

R1=z (3)*(1+(z(7)/2(8)))/z(2);

R2=((z(7)/z(8))+1)* ((1/z(1))+1/2(2))/ ((1/z(3))+1/z(1));
R3=1+(z(7)/z(8));

R4=(1/z(2)) *(1+2(8)/z (7)) / ((1/z(2)) * (1 8)/z(7))-1/2(3));
R5=(1/z (1)) *(1+2(8)/z (7)) /((1/z (1)) *(1+z(8)/z(7))+1/z(3));
R6=z(3)/(z(1)+z(3));

R7=-(z(3) /z(1))*(1+z(7)/z(8));
K1=4.135;K2=2.363;K3=1.508;K4=1.1401;K5=0.86019;K6=0.6746;K7=-3.1267;
f=((K1-R1) "2+ (K2-R2) "2+ (K3-R3) "2+ (K4-R4) "2+ (K5-R5) "2+ (K6-R6) "2+ (K7-R7) "2) ;

(2) MATLAB Nonlinear constraints m.file (Lepelletier_confune_GA.m)

function [c, ceqg] =Lepelletier confune GA(z)
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Thetaupper=84;
Thetalower=82;
Theta=acosd(((z (2)+z(4)) "2+ (z(5)+z (1)) "2~
(z(5)+z(4))"2)/(2*(z(5)+z (1)) *(z(2)+z(4))))+asind(z(5)/(z(1)+z(5)))+asind((z(4)/(z(4)+z(2))
)) i
Rl=z (3)* (1+(z(7)/2z(8)))/z(2);
R2=((z(7)/z(8))+1)* ((1/2z(1))+1/2(2))/ ((1/z( +1/z ;
R3 1+(z(7)/2(8));

=(1/2(2))*(1+2(8) /z (7)) / ((1/2(2))* (1+2(8) /z(7))-1/2(3));

=(1/2 (1)) *(1+2(8) /2 (7)) / ((1/z (1)) *(1+z(8)/z(7))+1/2(3));
R6 Z( )/( (1)+z(3));
R7=-( )/z (1)) *(1+z(7) /2 (8));

Kl= 4.135 K2=2.363;K3=1.508;K4=1.1401;K5=0.86019;K6=0.6746;K7=-3.1267;
=(R1/R2) ;E2=(R2/R3) ;E3=(R3/R4) ;E4=(R4/R5) ;E5=(R5/R6) ;

Sl=abs (E1-E2);S2=abs (E2-E3) ;S3=abs (E3-E4) ;S4=abs (E4-E5) ;

OPTIMAL INCLUDED ANGLE C=[Theta]

Velocity Ratio steps=[El E2 E3 E4 E5]

Difference in velocity ratio steps=[S1 S2 S3 S4]

Velocity Ratios=[R1 R2 R3 R4 R5 R6 R7]

Velocity Ratios d=[Kl K2 K3 K4 K5 K6 K7]

c = [2*z2(6)+2(7)-2(8);-2%z(6)-2(7)+2(8);2*2(5)+2(1)-2(3);-2*z(5)-2z(1)+z(3);
z(1)-2(2)-2*z(4);2z(7)-z(8);2(2)-2(3);2(1)-2z(3);2z(2)-z (1) ;R2-abs (R7);

1.275-(R1/R2);1.275-(R2/R3);1.275-(R3/R4) ;1.275-(R4/R5) ;1.275-(R5/R6) ;

abs (E1-E2)-0.25;abs (E2-E3)-0.25;abs (E3-E4)-0.25;abs (E4-E5)-0.25;
Theta-Thetaupper;

-Theta+Thetalower;
abs (((z(2)+z(4))/z(5)) "2+ (1+(z(1)/z(5)))"2-(1+(z(4)/z(5)))"2)-
abs (2% ((1+(z(1)/z(5))*((z(2)+2(4))/z(5)))))]1;
ceq =[1;

(3) MATLAB optimization m.file (Lepelletier GA.m)

function [x,fval,exitflag,output,population,score] =
Lepelletier GA(nvars, lb,ub,intcon,Generations Data,StallGenLimit Data)
nvars=8;
1b=[15 15 85 15 15 15 15 15];

=[85 85 85 85 85 15 85 85];
intcon=[1 2 3 4 5 6 7 8];
Generations Data=100;
StallGenLimit Data=100;
options = gaoptimset;
options = gaoptimset
options = gaoptimset
options = gaoptimset
options = gaoptimset
})

[x,fval,exitflag, output,population,score] = ..

options, 'Generations', Generations Data);
options, 'StallGenLimit', StallGenLimit Data);
options, 'Display', 'final');

options, 'PlotFcns', { (@gaplotbestf @gaplotbestindiv @gaplotstopping

ga(@Lepelletier,nvars, [1,[1,[]1,[],1b,ub, @Lepelletler confune GA, intcon,options);
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