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ABSTRACT
The main purpose of this paper is to study ERT and MERT
rings, in order to study the connection between such rings and 11-

regular rings.
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1- Introduction:

Throughout this paper, R denotes an associative ring with
identity, and all modules are unitary right R-module. Recall that;
1- An ideal | of the ring R is essentia if | has a non-zero
intersection with every non-zero ideal of R; 2- A ring Rissaid to
be O-regular if for every ain R there exist apositive integer n and
bin Rsuchthat a'=a" b a" 3- A right R-module M is said to be
GP- injectiveif, forany 0! al R, there exiss a positive integer
n such that a0 and any right R-homomorphism of a'R into M
extends to one of R into M. 4- For any element ain R, r(a), | (a)
denote the right annihilator of a and the left annihilator of a,
respectively.

2- ERT-RINGS:
Following [3J, a ring R is said to be ERT-ring if every
essential right ideal of Risatwo-sded idedl.

Definition 2-1:

A ring Ris said to be right weakly regular if for al ainR,
there exists b in RaR such that a = ab, or equivaently every right
ideal of R isidempotent.

We begin this section with the following main resuilt:

Theorem 2.2:
If R is ERT-ring with every essentia right idea is
idempotent, then R is weakly regular.

Pr oof:

For any al R, if RaR not essential, then there exists an
ideal I, suchthat K = RaRA I isessential then K = K2.

In order to prove that R is weakly regular, we need to prove
RaR = (RaR)>.
Foral K ,wehave al K? thatisal (RaRA 1)
Thusa= (rar +i)(sas +i') forsomer,r's s1 Randi,i'l I.
Thisimpliesthat a= (rar’+i)sas + (rar’+1i) i’
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=rar'sas +isas + (rar* +i) i’
butisas T IC RaR =0, d'so we have (rar' +i)i'T RaRC | = 0.
Therefore a = (rar')(sas) T (RaR)? , this implies that RaR
i (RaR)? Thus RaR = (RaR)? this proves that R is weakly regular
ring.
Following [2], the sngular submodule of Ris
Y(R) = {y1 R, r(y) isessential right ideal ofR}.

Theorem 2.3:

Let R be a semi-prime ERT right GP-injective ring. Then Risa
right non singular.

Proof:

Let E be an essential right ideal of R. Then E isatwo-sided
ideal, and hence I(E) isatwo-sided ideal ofR.
Now (I(E) C E)*i (E)E = 0.
Since R is semi-prime, then [(E) CE = 0 whence I(E) = 0. This
provesthat Risright non singular.

3- MERT-RINGS:
Following [3], a ring Ris said to be MERT-ring if every
maximal essential right ideal of/?isatwo-sided ideal.

Theorem 3.1:

Let R be an MERT-ring, if for any maximal right ideal
Alof R, and for any b e M, bR/bM is GP-injective, then R is
strongly Pi-regular ring.

Pr oof:

Let b beanon-zerodement inR, wedaimtha b'r+r(b")=R
If br +r(d") * R let M be amaxima right ideal containing b'r +
r(b"). Then M isessential right ideal of R.
If bR = bM, then b = bc, for some ¢ in M, this implies
(1) T r(b) 1 r@@) 1 M, therefore 1 T M, this contradics
Ml R
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Now, since R M @bR/bM. Then R/ M is GP-injective.

Now, definef: b"R® R/ M by f(b'r)=r + M, note that f isa
well-defined R-homomorphiam.

Since R/M is GP-injective, then thereexistsc1 R, such that:
1+M=f(b")=cb"+M and so (1-cb") T M, sinceb"T M, and R
IS MERT-ring, thisimpliesthat M isatwo-sided ideal, and hence
Tecbh'T M.

ThusIT M, acontradiction.

Thadoeld'R+r(0')=R.

In particular I=b" u+v;v1 r(b",ul R

Thus b"= b?"u and therefore R is strongly O-regular ring.

Theorem 3.2:
If Ris MERT-ring with every simple singular right ideal is
GP-injective, then Y(R)=0.

Pr oof:

If Y(R) 10, by Lemma (7) of [6], thereexists0* yT Y(R)
withy?=0. Let L beamaximal right ideal of R, set L =y R+ r(y),
we claim that L is essential right idea of R. Suppose thisis not
true, then there exists a non-zero ideal T of R such that
LCT =(. Then yRT I LT L C T =0 implies
Ti r(y)iL,so
L C T=(0). This contradiction proves that L is an essential right
idedl, that iIsR/L is
simple singular and hence R/L is GP-injective.

Now; Let f;yR — R/L be defined by f(yr)=r+L, then f is a
well-defined R-

homomorphism.

Since RIL is GP-injective, so $ ¢ R, such that [+L=f(y)=cy+L.
Hence |+L=cy+L, impliesthat 1-cyl L.

Since RisMERT, theneyeL and thus11 L, acontradiction.
Therefore Y(R)=[Q].

Following [1], aring Ris zero insertive ( briefly ZI) if for
a, b1 R, ab=0 impliesaRb=0.
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Theorem 3.3

Let R be a ZT ring. If every smple singular rights-
modules is GP-injective which is left sdf-injective, then R is
strongly H-regular ring.

Proaf:
Since R is dmple sngular GP-injective, then R is sami-
prime, by Lemma (4)
of [5].
Thusfor any leftidea I, L(I) C | = 0.
Since R is smple singular GP-injective and ZI, then R is
reduced and hencer(a)=I(a) for any dementainR.
Thusl(r(@) C l(@=I(I(a)) C I(a)=0.
Since Ris left self-injective ring, then aR is a right annihilator,
by Proposition (4)of[4].
Sincer(a) I r(@"), thena"R= r(@".
Now, since R= r(I(r(a)))+ r(l(a))s then we have R = r(I(r(a")) +
r((@") = r@" +a'rR
In particular, for somebinR, and dinr(a").
Thusa" = a™b.
Therefore Ris strongly O-regular.
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