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ABSTRACT
In this paper we will discuss and find the order of accuracy
for subsystems of ODE that obtained from partitioning the
successive Over relaxation(SOR) method and we will show that
the form of equation to
be solved after applying the waveform relaxation schemeis:
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0= " g, X i, w )
x40 =x, t1[0T] , 1£i£m

Where o ,the relaxation parameter ,should be chosen so that the
rate of convergence is maximized .

(0= 00" "o S Wi, wog o )

1-Introduction:

Waveform method were first proposed ([1],[2],[3]&[4]) in the
context VLSI circuit smulation where they were used to
solve differential-algebraic (DAEs) . We will examine in this
paper, the SOR waveform relaxation effectiveness for the
solution of ordinary differential equation (ODEs) which is
special case of DAEs. A waveform is a continuous
representation of a solution component on a window.

Consder the following system of ordinary differential
equations.

dx

p =F(t,x) or  k=F(X , X0 =% @
where xI R" and F:R"® R". .Usingwaveform
relaxation to solve (1) ,the system isfirst partitioned into m
coupled subsystems:

=100, KX)o, X, (0) =X,

! !

K, =100, %, K x) X, (0) =X,
where
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TR, x=(¢ % Kx)', ROR, F=(t], 1 K1)

m
AE£iE£m andér] =n
i=1
x' % K,x | are vectorsin R". Where
then each subsystem :

A =f00 % Xy X X X)) XO=X,  1EIEM
Is solved independently by using past values of X3,X»,... Xi.
L,Xi+1y - Xm.

Lemma (1):
In successive Over-Relaxation (SOR) method, consider the

equation for the ith component after partitioning

=00 % X X)) o XO0=X, ,IEIEN
Then the equation to be solved after applying the waveform
relaxation schemeis:

K[kwtl] (t) — fi (W X1[k+l] ’sz[k+l] ..... W )ﬁ-l[kﬂ] ’ )ﬁ[kﬂ] ’ (1_ W))ﬁ[k] ’ W)§+l[k] ,...,VVXm[k])....Q)
x“N0=x, t1[07 ., 1EiEm

Where o isthe relaxation parameter which should be chosen so
that the rate of convergence is maximized. Also, if =1, then eg.
(2) will be reduced to waveform Gauss-Seidel method.

Pr oof:
Consider the SOR iterative formula:

- é a, xj[k]] ............ (©))

j=i+l

[k+1]

[k+] _ k] . W ot
X =(1- w)x +a1_[b| - ad &)X
i i=1
now multiplying both sidesof (3) by &; and collect all [k+1]th
iterate term to give :

m
[k+1] 2 [K]
-a Xl

j=i+l

i1
aiixi[k+l] =(1- W)aiixi[k] +w[b, - é ; X,
i=1
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i-1 m

[k+1] [o] [k+1] _ [k] o] [K]
+wQ a;X; =1-w)a,x -waq a;X; +wb
j=1 j=i+l

w(gx ' +ax T HKEg ., ) g =
(- w)ax - w(g X" +HK+g, %) +wh

8%

k+

k41 k4] k4]
g HG, X1 +ay =

a-wiax-va; M-iewa o M

Now snce SOR method solved Ax=b ,s0 we have:

wax

X =g g g W, wog g )T

Also consder the following autonomous system of ODESs
k=F( , x0)=x

Where xI R® and F:R"® R"..Sincethissysemis

partitioned into m coupled subsystems

x=f(x) ,%x0)=%, 1Eifm
Thuswe obtain

[k+] _ [k+1]
£ =10 )
K[kwtl] (t) — fi (WXl[k+l] ’sz[k+l] ..... W )ﬁ-l[kﬂl ,)ﬁ[kﬂ],(l' W))ﬁ[k], W)§+l[k] ,...,VVXm[k])....@-)
x40 =x, t1[0T] , 1Eifm

Finaly if o =11in(4) we get the equation (5) bellow that can be
solved by waveform Gauss-Seidel method.

ﬁq[kﬂ](t):fi(xl“‘ﬂ],xz“”ll,...,)(i_l[kﬂ],)g[kﬂ], )gﬂlk],...,xm[k]) ...... 5
x"U(0) = %4 , t1[0,T] AEi£m
Hence the proof iscomplete.  #
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2-Accuracy for subsystem:
In this section, instead of discussing the convergence

property of waveform relaxation,we will discuss the order of
accuracy for subsystem of ODEs that is obtained from
partitioning the SOR method because all waveform relaxation
methods converge superlinearly on any finite inte-rval so it is not
possible to use as a measure like the order of accuracy . Thus
we will look at waveform relaxation from a different point of

view. Thiswill be shown in the following theorem:

Theorem (1):
In SOR method, consder the equation for the ith
component after partitioning,

= (X, % 0 X Xy ) %O =%, ,1EiEmM.....0)

The equation to be solved after applying the waveform
relaxation schemeis:
[k+1]

10 = 0w w7 W, wx w9,

x40 =x, ti[0T] , 1£ifm
Assume that
[K+] _ [k+1] _ Nj[k+1] . .
B =% - % =0(t) for J£i
............. )]
(K] _, [K _ N .
E/ =% - % =0() for | Fi

And al the E™'s & E"™'s are sufficiently smooth. Then
the order of accuracy denoted by N is given by:

N3 minge NN Y @a- w)NB wNL M w N Y L)
with equality unlessthereisanumerical cancellation .
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Pr oof:

According to lemma(l),we only need to prove that the
order of accuracy noted by N is given by eq.(9).
Let

M =ming N/ ,...wN_ 7, @- WN", wN, M, wN, "),
Then for r=0,1,...,M-1
dr

EEJ.[k”J(O):o for j=12..j-1,

g—trrEj[”(O):o for j=i+1...m

From (6)&(7) we have

EE = " o L - W, w9 )-
- 00X X X0)

L1 L]

=wQ f E Y +f EMY+@-w)f EM+g f EN...... @)
jpi jfi

By (7)& (10) we see that B,""(0) = 0 from (12).
Now differentiate (11) w.r.t. t to get :

B0 (BT BT g £EN 1 B

ii

o d + + o d
+wa{gt fii Ej[k U, éj[k g +W§{Et fii Ej[k] +HE (12
J

ipi
Since
g0 =" 0)=0 for j£i
g0 ="0)=0 for jFi

From (8) & &™) =0 wehave B (0)=0
Differentiate equation (11) r times, we get the following genera
form:
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dr+l o %OdI

[K+1] [k+1
= f E, t) +
dr+l () gdl II()drl ()
o %OdI [k]
+(1 W)aglgdl i j (t)+
o o %OdI d [k+1]
+W —f . t)—E T+
%Ig)glgdtl YJ()dtr—l J ()
o o %OdI dr_I [k]
+wW =—f . (t EX (0, 13
?ﬁ%gl,e,dt' "’()dtf" i 13
By induction we get

M
S—M E'Y0)=0.

M+1 . .
3M+1 E' (0  will not be zero if there existssome | * 1 such
that :

dM [k+l] L
d“" o0 for some jpi
or

dM [k] . .
puT E,/(0)0 for some | Fi

with the corresponding f;; * O,unlessthere is anumerical
cancellation.

Particular Case:

To illustrate Theorem (1) we can take a particular case as
follows:
In particular, we consider a system of three equations (which can
be considered as the general case of any example consists of a
system of three equations):
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[k+1] _ [k+1] [kl [K] [k]
X, = fowx, WX, T, X, (L - W)X )
[k+1] _ [k+1] [k+1] [k] [k]
X, = fowx, WX, T X, (0 - W)X )

[k+1] _ [k+1] [k+1] [k+1] [k]
A, = fo(wx, WX, » X3 (- w)x; )

WMk = o
[K]
Xz[k] - X, = 0(1)™

(K]
Xs[k] - Xy = O(t)"

Then from the previous theorem we have:
Nl[K+l] 3 min(Nz[K],N3[K]) +1
N, e ming NG Ny +1

This theorem assumes that all variables appear in al
equations. If variable j appears in the equation for variable i
only if j1 1, wherel, is a subset of [1,2,3], then equation (9)
can be replaced by:

Ni[K+1] 3 min(N.[K+H(i-j)])+l
it :
Where H (i-))=1if i ¥ ] and O otherwise.

3-Conclusion:

In this paper we discussed the accuracy increase property
for a gpecial approach , the SOR waveform relaxation method.
We obtained that the accuracy increase after one sweep of
SOR waveform relaxation isusually greater than one.
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