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Abstract

The linear filtering got the great attention of statisticians and applied mathematician; therefore
the present study aims at finding the linear filtering of stationary stochastic process and that is
when we know the values of the sum of two stochastic processes at all moments of the time and
when t > 0, and this requires us to know the spectral density function fyy(A) for the stochastic
processes. In this paper, we opted to take two cases after giving the necessary definitions for all
important terms and finding the spectral density function for each stochastic processes (Poisson
process and Wide Sense Markov process) ; in the first case we supposed that both of the
stochastic processes are stationary Poisson processes and after finding the linear filtering we
compute the mean square filtering error ;and in second case we suppose one of the stochastic
process is Poisson process and the other is wide sense Markov process also in this case we find
the mean square filtering error .

Keywords: linear Filtering; Stochastic Process; Wide Sense; stationary Markov process

\[;OOI:I _1&?'9:2 , April 2017 _ 116 P-ISSN: 2222-8373
: p://dx.doi.org/10.24237/djps.1302.176 A E-ISSN: 2518-9255



http://www.djps.uodiyala.edu.iq/pages?id=109

]
T
==a

DIYALA JOURNAL FOR PURE SCIENCES

Linear Filtering of the Sum of Two Known Stochastic Processes

Sayran Hmza Raheem

Oath g ra il gdie (pales £ ganal dukadl) 3 Al
a8 e ()
ALY sl 5 AT A e S s

DAl

Gongdl o Aaadaill ol ) lale 5 cppiboan V) (5 Al guall Cilleall Zudadl 5 il Ly Cunimn 30 e DU 11
abaal JS 8 (0l sde Galeal panl) 0l dadl L jeay o 138 5 ¢ 400 sdall Cilleall dpdasl) o i) g Candl 138 (e
330 ) Canll 13 3G i) 5 ) ge Alee SO Cadall 400 48 yra g o L bl 134 5 Jifiasall Alls 35 (g0 30 (0
JS Cadal) A3 e elac ) 5 Candly U S5 35 (il Fageal Clalanaall 4y 5 juiall oy el eacia i slhac ) da (il
Liad Adaal 3 _ilal) 2000 ol dmys () a0 llae (o (yibanll WIS ) L b 1 oW1 ANaY): Lealaiiinl o3 0 e lac
gl stall Cllaal) an ) L 53 A8 ANAY 3 5 il ) amall (po el Jlanial Aplal) 5 5001 Ul s e i ilisny
Glua (oY) Allal) LS g Liag) dadadl) 3 Al s g Lgran 2205 (sl 30 Aglee (5 AV 5 o sS Jle Clilae ) 53l s
Aalaall 3 il Uadl) oy ye dasd

o sS e Clland asl s il ¢ () sul oo lilae ¢430) gulial) Clplaall ¢dylaal) 5 ikl - 4alidal) cilalsl)

Introduction

Filtering of stochastic process has attracted a lot of attention. One of examples is target tracking,
when the target is observed over a discrete time grid, corresponding to the successive passes of
radar [5]. Any real data or signal measuring process includes some degree of noise from various
possible sours. The desired signal may have added noise due to thermal or other physical effects
related to the signal generation system, or it may be introduced noise due the measuring system
or digital data sampling process. [11] the filtering problem in this paper is applied to two well-
known stochastic process (Poisson process and wide senses stationary Markova process) .we
have to know that a filter is said to be linear if a set of it's inputs is linear and the filter operator
is linear therefore we are dealing with linear filter operation. A linear filter is an operation that
takes a function X(t), the input and transform it into another function X(t)- @(t) the output,
such that the transform of a linear combination of functions is equal to same linear combination

of transforms of individual function of future values and for identification of interesting features
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or removal of noise,[3]. It is fare to say that the spectral theory of stationary process is most
useful in connection with linear filters so we have to find her the spectral representation of the
stationary process to be able finding their filters since that the method of linear filtering is based
on expression determining the spectral representation of the stochastic process ate the input and
output of linear filtering Our work here should be interest to the applied mathematician. The
paper Is organized as follows. In Section 2 we collect some important definitions for Markov
process, Poisson process and Spectral density function. In Section 3 we find the spectral density
function of wide sense Markov Process. In Section 4 we discuss our problem by taking two
cases and we show that how can we find linear filtering of the sum of two known stochastic

processes with the mean square filtering error for each case.

Basic definitions

1. Wide sense Markov process

The random process {X (t): t € t}is said to be a Markov process in the wide sense if

E{IX(t)I*} < o0 (2.1)
and

EX(),X(),...Xt—-D}=EX®IXt-1} (2.2
See [4]

2 .The Stochastic Poisson process

A Poisson process with rate( A) is a counting process (a stochastic process) {N(t),t = 0} for

which

e N(t) =0;

e The process has independent increments;

e The number of events in any interval of length t the Poisson
distribution with rate (At):

_ ()e=@0

n!

P(N(s+t)—N(s) =n)

\[;OOI:I _1&?'9:2 , April 2017 _ 118 P-ISSN: 2222-8373
: p://dx.doi.org/10.24237/djps.1302.176 A E-ISSN: 2518-9255



http://www.djps.uodiyala.edu.iq/pages?id=109

DIYALA JOURNAL FOR PURE SCIENCES

v

Linear Filtering of the Sum of Two Known Stochastic Processes

Sayran Hmza Raheem

foranys>0and t >0 (2.3)
[8] The first tow condition show the stationary of Poison process
The correlation function for Poisson process is
Byy(t) = At (2.4)
and the spectral density function for By (t) is

fun = é ,C = w and m is finite (2.5)

[7]

3. The spectral density function
Every covariance function for stationary process has a Fourier transform (or rather an inverse

Fourier transform) called the spectral density function [3];

i.e. if Byy(7) is the correlation function(cov.function) for the stochastic process X (t)then the
spectral density function of X (t) can be represented in the following equation

frx@) == [ e Byy(v)de (2.6)
See [2]

The spectral density function of wide sense Markov Process

The auto-covariance function (the correlation function) of wide sense Markov process is
exponential type

Let Byy () =02 e ** a>0,02>0,0<7 < (3.1
Which can easily be Fourier transformed to find the spectral density function [1]

So by using eq. (2.6) we get

fix@) = = 7 e me=eltl dr (3.2)
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- ifoo e—altl-idt 4
2w Y —®©

_2m { f_Ooo o@Dt s + f0°° e—(a+i/1)‘rdT}

2

_2m( 1 1

T oom {oc—i)l + oc+i)l}

_m {a+i)l+a—i)l} _  ma
21 a?+A? m(a?+A?)

=—2_ Whered =2% (3.3)
a?+A? 7

The statement of the problem

Let X (t) be a stochastic process and suppose that it is represent a "signal”(telephone message,
radio broadcast, etc). But in our daily life and because of the existence of noise (which will
also assume as a stochastic process Y (t)) that cams from the new technology or even our voice;
X (t) will become spoiled and which is mean that we got a new function which came from the
sum of these stochastic processes (signal and noise) :

M(t) = X(t) +Y(t) (4.1)

In this paper we'll consider the problem of reconstruction of the value of a known stochastic
process (noise) at the time (t + t), wheret = 0, we'll refer to the problem of linear filtering of

stochastic process

1. Linear Filtering of the Sum of Two stationary Poisson processes

If both stochastic processes are stationary Poisson process(signal N, (t) and noiseN,(t)) we
will consider the case where the value of the sum N (t) = N;(t) + N,(t) (which is also Poisson
process) are known at all moments of time, and by (2.4) the correlation function for N,(t) &
N,(t) that are

By,n,(¥) =AT  and By,n, (T) = AT

The signal and noise are not correlated with each other, i.e.
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EN,(t)N,(s) (4.2)

For any t and s the correlation function of stationary Poisson process fall of fast enough to have
spectral density then because of (4.2)

By, n, () = Byy (1) — Bu,n, (1) (4.3)
and fuon, (0 = fun (@ — fu,n, (0 (4.4)
5 m(5+4mq)—2

Then % = fun — % wher c; ,

2

(5+4my,)-2 .
and c, = % ,m is constant.

SO fIVIV = % Where C3 = + Co (45)
The linear filtering problem is equivalent to geometric problem of dropping a perpendicular

from the point N, (t + 7) of Hilbert space H onto the linear subspace HY (t) spanned by the set
of all vectors N(t — s) , s = 0 [10] so we have to find the vector L. (t) in HZ(t) such that:

(N,(t+71)—L(t),N(t—s))=0 fors=>=0 (4.6)

L, (t) satisfied this condition is uniquely defined therefore the random variable L, (t) is the
best approximation to N,(t + t) which depends linearly on N(t—s),s=0
since L,(t) belong to HY (t) that means there is a sequence converges in the mean square to

L.(t) and it can be written as the following:

ng

Zal(f)N(t ))Z DN —sP), ...
k=1

N - ™), (4.7)

Since we can write any formula of a stochastic process by another useful form in Fourier

integral:
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X(@t)=[" e dz(2) (4.8)

and z(A)is a random function with uncorrelated increment satisfying the relation

/1+AA

EIZ(A+Ad) — Z(D)|? = £ (DdA (4.9)

By the same way we can rewrite every element of the sequence (4.7) also we can write

Nm =
zaz(cm)N(t—S;Em)) 3 j e, (N)dZy(A)  where @y,
k=1 =

_ (m) —Ls(m))l

Zk 1 % (4.10)
So
2
E|zpm alN(E — s™) — T e PN (E - )
2
= E|[” e [®r 1 (D) — [@rmap D]dZy (D] (4.11) -

o]

E[J_ o eX [@rm (D) — Prmip (D]dZy (D]

[fjooo et [(pr,m (A) - (p‘r,m+p (A)]dZY (A)]
=% |2 () = Pom )| fun (1) dA (4.12)
= ffooo|q§T(/1) @Tm(/l)|2 41 =0 wherecs =c, + ¢,

(4.13)

This implies that we can represent L, (t) as an integral of the form

L.(t) = [* e, (D)dZy (D) (4.14)

and  1im [%|0,(2) = @D frzDdA =0  (4.15)
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. o) 2
or lim 2@ (D) = @, (D) %dl =0 (4.16)

2
lim %ffmwdl =0
m-oo

We can rewrite the form (4.6) according to the formula
N(t) = N,(t) + N,(t) and(4.2)as
(N1 (t+ 1), N (t —s) = (L, (), N(t—5)) =0 fors=>0 (4.17)
In the previous equation we have a scalar product substitute (4.14) in to (4.17) and since
N(t —s) = N,(t —s) + N,(t —s) So we can rewrite (4.17) as
Byx(t —s) — @, (D)Bz(t —s) =0 (4.18)
or [2,e* [e™ fyy (1) — @ (D fzz(D) = 0 (4.19)

Also we can obtain equation (4.19) by substituting (4.14) and the spectral representation of the
processes N;(t) and N(t) into (4.17) thus the solution of linear filtering problem reduces to
finding the spectral characteristic for filtering ®,(2) and the following conditions are sufficient

for a function @,(1) to be the spectral characteristic for filtering [10]:

1. The function @,(A1) is analytic in the lower half-plane, and as in
|A| = oo inthe lower half-plane, @,(A) grows no faster than some
power of |A]

2. The function ¥,(1) = ei’“f,\,w1 (1) — &, (D fyn (1) is analytic
in the upper half-plane, and as |A| — oo in the upper half-plane,
. (A) falls off faster than |A|~17¢ ,where e > 0

3. The integral along the real axis of the function

I 1@ 1% fyun (A)dA is bounded. i.e.,
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J2 10,12 fun(A)dA < oo (4.20)

Now since we said in our assumption that we know the value of the sum of the noise and signal
at all the moments of time so in this case, the spectral characteristic function @, (1) for filtering
must satisfy the condition

[ ei52 [ f (D) — 2 (D) fyy (D] = 0 for —o0 < 5 < 0 (4.21)

It is clear that eq. (4.21) is a Fourier transform and since the function [fy, y, (1) — @;(1) fyn (1]

is an absolutely integral function on R whose Fourier transform is identically equal to zero then

[9]

fin, () = 2D fyn (1) =0 (4.22)
_ (D) _ c/mh
*:(A) = fNaN, (D) 2/ (4.23)
c1 n(5+4mq,)—2 m(5+4m;,)—2 .
&, (1) = p bL=% , 2= 7ih (4.23)

We have to find now the mean square filtering error, since that the random variable L (t) is the

best approximation to the signal N, (t + t) which depends linearly on the N(t — s),s = 0 so:
of = EIN;(t +7) — L. (O (4.24)

And the difference X (t + t) — L.(t) is orthogonal to the vector L.(t) , since L.(t) belong to
Hilbert subspace HZ(t) we find that [10]:
02 =E|N,(t + 1) — L. (t)|X(t + 1) (4.25)

=E|N;(t + DI* — EL(t) [(X(t + 7) — L (t) + L. (¢)]
= E|N,(t + D|* — EIL.(®)]?

= E(N,(t + ©)N,(t + 1)) — E|L.(®)|?
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=Byn, ((t+7) — (¢ + 7)) — EIL,(D)]?
=By, , (0) — E|L(£)?| (4.26)
= 00 i, WdA = [7 1912 funy ()dA (4.27)

fNin, A
fnn )

=7 funy, (DdA— ff;( )2 fun dA

_(® (™ A
= o fuun, WA — [ == dA

(o) . A &
= [ fupe, DA = [T @D gy

© fN Ny D+ NN, (1)

_foo leNl(l)szNz(A)

(4.28)

_OofN1N1 (/‘L)+fN2N2(A)

=f°° Mdﬂ

e Cl/m’[ +Cz/7t/1

= [ O

e C3/7r/1

dA ,wherec; =c; + ¢, (4.29)

I
AN
N
—
8
U
Q...
S

o2 =221 (4.30)

This shows that complete suppression of the noise is possible only when the spectra of the
signal and the noise do not overlap [10]

2. Linear Filtering of the Sum of wide sense Markov Process and Poisson process

_We'll consider the case where the signal {X(t);t > 0} is stationary process of Markov type

(wide sense Markov process) and the noiseN (t); t = 0} is Poisson process then by(5)&(3)
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= D=
K(t) =X(t) + N(t) (4.1)
fxx (@ = fun (©) — fxx () (44)
fix@) = i + £ = i) (4.31)

According to condition (b), the function

LA eiMfXX D) — 2, (Dfzz (D) =

AmA+C(A%+a?)

it A

e + @, (1) ARt (4.32)
irT_ 2 4a?

Amiett —d (D) [AmA+C (A% +a?)] (4.33)

nA(A2+a?)

must be analytic in the upper half-plane. This implies that the zeros of the denominator of ¥,(A1)

at the point A=0 and A = ia must be canceled by zeros of the numerator at the same points, so

that
o) =
& (ia) =e*, @(0)=0 (4.34)

Since the function @,(A) must be analytic in the lower half-plane and the function ¥, (1) must
be analytic in the upper half-plane it follows that ¥, (1) and &,(1) can have no singularities in
common and because of the form (4.33)this implies that &,(1) can have no singularities in any

point so that
&, (1) = e** (4.35)

We have to find now the mean square filtering error by using eq. (4.27)
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= I fix Wda— 7 @2 fie ()dA (4.27)
Substitute (3.3) and (2.5) in (4.27)

i dr— [ |etr | AU 5y (4.36)

- f°°/12+a2 TA(A2+a?2)

— AfOO di d _ fOOoo 2ilT AT[A‘FC(AZ‘F(ZZ)

—0 )2 42 nA(A2+a?)

= A-tan™() — [ 207 (2 4+ S)da (4.37)

a a - (A% +a?) :

then

U + A= AT =i+ 2 (4.38)
e2iAT
To find f m
Let
u = e du = 2ite?trd)
3 1,2

dv = f_ m , U= ;tan 1(;)

o e2idT
So f_wm
— o2t (Lo 1 ANY Z 9in (P (lian-10dy) o2id

e ”(atan (a)) erf_oo(atan () e¥rda

= e?M (itan‘l(g)) + ii(—ez‘”Ei(Zr(a +id) + e?"tan? (g))
(4.39)

. © e
Tofind [_ —
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© e
[ (4.40)
Substitute (4.39) and (4.40) in (4.38)
- 2iA _
f_oo ' T(()12+a2) + )dl
Ae?itt (itan‘l(g)) + ii(—ez‘”Ei (ZT(a +il) + e2ittgn—1 (g)) +

~Ei(2iA1) (4.41)

Substitute (4.41) in (4.27)

1 A | 1 A
0?2 = Aatan‘l(a) — Ae?iM (Etan‘l(a)) +

. . . o} P,
i i(—e?¥Ei (21’(0{ +i1) + tan™! (;)) + %EI (2iA7)

(4.42)

Where Ei is called an exponential integral and The standard definition of the exponential

integral is [6]

E,(x) = L g x>0, n=0,1,. (4.43)

tn

It is also defined by the principal value of the integral
Ei=—[" —dt = e—dt (4.44)

We see that the mean square filtering error takes its minimum values
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Conclusion and Numerical Results

From our present study of the filtering problem for a known stationary process and finding
the mean square filtering error the following could be seen

e In order to find the linear filtering of any stationary stochastic
process we have to find first the spectral density function for the
process and for Wide sense Markov process

A ma
(fxxQ) = —z WhereA=— m con.)
And the spectral density function for the sum of stationary Poisson process and wide sense
Markov process is:

AmA+C(A%+a?)
A (A2 +a?)

fKK ()1) =

,wher A&C are con.

e The solution of linear filtering problem reduces to finding the

spectral characteristic for filtering @, (1) in two cases :

In the first case when both of noise and signal are stationary Poisson process

c n(5+ 4m,) — 2 (54 4m,) — 2
(DT(A)::C_:-, C1: 21 1C2: 22 y

where my myare finit

and the second case when the noise assumed to be wide sense Markov process and we take

thetimet > o

Cbr(ﬂ.) — ei/’l‘r
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e After finding the value of &,(4) it was necessary for our study to
find the mean square filtering error, which we find that In the first
case when both of noise and signal are stationary Poisson process

cic
02 = 22InA
C3T

And in the second case
0% = Aitan‘l(g) — Ae?t (itan‘l(g)) + ii(—ez‘”Ei (ZT(a +id) +

2itA —1(2 S i
e“"tan (a)>+ 7TEI(ZLA‘E)
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