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Abstract 

 In this present paper, we introduced and defined properties of a subclass of  meromorphic 

univalent Functions defined by multiplier transformation in  the  puncture  unit  disk ∆* = {z 

∈ ℂ: 0 < |𝑧| < 1}. We obtain some properties, like, theorem of coefficient inequality, linear 

combination, extreme points and convex set. 

Key words: coefficient inequality, linear combination, extreme points and convex set. 

 خواص الاصناف الجزئية للدوال الميرومورفية احادية التكافوء  باستخدام  التحويلات المضاعفة

 ** ليث عبد الطيف مجيد          *ثامر خليل محمد صالح

 *الجامعة المستنصرية كلية التربية قسم الرياضيات 

 **ديالة كلية العلوم قسم الرياضياتجامعة 

 لخلاصة ا

في البحث نحن قدمنا وعرفنا خواص الاصناف الجزئية للدوال الميرومورفية احادية التكافوء المعرفة بواسطة التحويلات 

  المضاعفة في قرص الوحدة المثقوب

∈ ℂ: 0 < |𝑧| < 1}= {z  *∆  حصلنا على بعض الخواص مثل متراجحة المعاملات التركيب الخطي النقاط الحرجة

 والمجموعة المحدبة 

 . والمجموعة المحدبة،النقاط الحرجة  ،التركيب الخطي ،متراجحة المعاملات الكلمات المفتاحية : 
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Introduction 

Let MϜ denote the class of meromorphic functions 𝑓 of the form 

ℎ(𝑧) =
1

𝑧
+ ∑ 𝑎𝑚𝑧𝑚 

∞

𝑚=1

,                                        (1) 

defined on the punctured unit disk  ∆* = {z ∈ ℂ: 0 < |z| < 1}.  

Also, denote by  Ω the subclass of MϜ consisting of functions of the from   

ℎ(𝑧) =
1

𝑧
+ ∑ 𝑎𝑚𝑧𝑚 

∞

𝑚=1

,       (𝑎𝑚  ≥ 0 ).                            (2) 

Now, we define on Ω multiplier transformation, we define the operator 𝐿1(𝑟, 𝛾) by the 

following infinite series when 

ℎ(𝑧) =
1

𝑧
+ ∑ 𝑎𝑚𝑧𝑚 

∞

𝑚=1

 

then  

𝐿1(𝑟, 𝛾)ℎ(𝑧) =
1

𝑧
+ ∑ (

𝑚 + 𝛾

1 + 𝛾
)

𝑟

𝑎𝑚𝑧𝑚

∞

𝑚=1

 (𝛾 ≥ 0 ).                     (3) 

The operator 𝐿1(𝑟, 𝛾) was considered by Cho and Srivastava [3] and Cho and Kim [2].  

Definition (1): The function 𝑘 ∈ Ω be of the form (2) is said to be in the new class 

𝐿1(𝜏, 𝛼, 𝜇, 𝑟, 𝛾)  if it satisfies the following condition:   

|

|

𝑧2𝜏
2 (𝐿1(𝑟, 𝛾)(ℎ)(𝑧))ˊ´

(𝐿1(𝑟, 𝛾)(ℎ)(𝑧))
− 𝜏

𝛼 −

𝑧2𝛼𝜇
2 (𝐿1(𝑟, 𝛾)(ℎ)(𝑧))ˊ´

(𝐿1(𝑟, 𝛾)(ℎ)(𝑧))

|

|
< 1,                                   (4) 

for 0 < 𝜇 ≤
1

2
, 0 < 𝜏 < 1, 0 < 𝛼 < 1𝑎𝑛𝑑 𝑟 ∈ 𝑧 = {… , −1,0,1, … }. 
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The following interesting geometric properties of this function subclass were studied by 

several authors for another classes, like, Darus [2], Atshan [1].                                                                                                 

Now, we obtain the necessary and sufficient condition for a function ℎ to be in the class 

𝐿1(𝜏, 𝛼, 𝜇, 𝑟, 𝛾).  

Theorem (1): Let  ℎ ∈ Ω. Then  ℎ ∈ 𝐿1(𝜏, 𝛼, 𝜇, 𝑟, 𝛾) if and only if   

 ∑ (
𝑚 + 𝛾

1 + 𝛾
)

𝑟

(
𝜏

2
(𝑚2 − 𝑚) − 𝜏 − 𝛼 +

𝛼𝛾𝑚

2
(𝑚 − 1))𝑎𝑚

∞

𝑚=1

≤ 𝛼(1 − 𝜇)         (5) 

where 0 < 𝜇 ≤
1

2
, 0 < 𝜏 < 1, 𝑎𝑛𝑑 0 < 𝛼 < 1.            

The result is sharp for the fumctiom 

ℎ(𝑧) =
1

𝑧
 +

𝛼(1 − 𝜇)

(
𝑚 + 𝛾
1 + 𝛾 )

𝑟

(
𝜏
2 𝑚(𝑚 − 1) − 𝜏 − 𝛼 +

𝛼𝛾𝑚
2

(𝑚 − 1))
𝑧𝑚, 𝑚 ∈ ℕ. 

Proof: For |𝑧| = 1, we have  

|
𝑧2𝜏

2
(𝐿1(𝑟, 𝛾)(ℎ)(𝑧))ˊ´ − 𝜏(𝐿1(𝑟, 𝛾)(ℎ)(𝑧))|

− |𝛼(𝐿1(𝑟, 𝛾)(ℎ)(𝑧)) −
𝑧2𝛼𝜇

2
(𝐿1(𝑟, 𝛾)(ℎ)(𝑧))´ˊ| 

= | ∑ (
𝜏

2
(𝑚2 − 𝑚) − 𝜏) (

𝑚 + 𝛾

1 + 𝛾
)

𝑟

𝑎𝑚𝑧𝑚

∞

𝑚=1

| 

− |𝛼(𝑧−1 + ∑ (
𝑚 + 𝛾

1 + 𝛾
)

𝑟

𝑎𝑚𝑧𝑚)

∞

𝑚=1

−
𝑧2𝛼𝜇

2
 (2𝑧−3 + ∑ (

𝑚 + 𝛾

1 + 𝛾
)

𝑟

𝑎𝑛𝑚(𝑚 − 1)𝑧𝑚−2)

∞

𝑚=1

| 

= | ∑ (
𝜏

2
𝑚(𝑛 − 1) − 𝜏) (

𝑚 + 𝛾

1 + 𝛾
)

𝑟

𝑎𝑚𝑧𝑚

∞

𝑚=1

| 



 

   

            Properties of a Subclass of Meromorphic Univalent Functions By Using 

                                                         Multiplier transformation 

Thamer Khalil            Lieth A. Majed 

 

 
154 

Vol: 13 No:1 , January 2017      P-ISSN: 2222-8373 
     E-ISSN: 2518-9255   

− |𝛼𝑧−1 + 𝛼 ∑ (
𝑚 + 𝛾

1 + 𝛾
)

𝑟

𝑎𝑚𝑧𝑚 − 𝛼𝜇𝑧−1 − ∑
𝛼

2
𝜇𝑚 (

𝑚 + 𝛾

1 + 𝛾
)

𝑟

𝑎𝑚𝑧𝑚

∞

𝑚=1

∞

𝑚=1

| 

= | ∑ (
𝜏

2
𝑚(𝑚 − 1) − 𝜏) (

𝑚 + 𝛾

1 + 𝛾
)

𝑟

𝑎𝑚𝑧𝑚

∞

𝑚=1

|

− |(𝛼 − 𝛼𝜇)𝑧−1 − ∑ (−𝛼 +
𝛼𝜇𝑚

2
(𝑚 − 1)) (

𝑚 + 𝛾

1 + 𝛾
)

𝑟

𝑎𝑚𝑧𝑚

∞

𝑚=1

|  

≤ ∑ (
𝜏

2
𝑚(𝑚 − 1) − 𝜏) (

𝑚 + 𝛾

1 + 𝛾
)

𝑟

𝑎𝑚 − (𝛼 − 𝛼𝛾)

∞

𝑚=1

+ ∑ (−𝛼 +
𝛼𝜇𝑚

2
(𝑚 − 1)) (

𝑚 + 𝛾

1 + 𝛾
)

𝑟

𝑎𝑚

∞

𝑚=1

 

= ∑ (
𝑚 + 𝛾

1 + 𝛾
)

𝑟

(
𝜏

2
𝑚(𝑚 − 1) − 𝜏−𝛼 +

𝛼𝛾𝑚

2
(𝑚 − 1))𝑎𝑚

∞

𝑚=1

− 𝛼(1 − 𝜇) ≤ 0. 

by hypothesis. Hence, ℎ ∈ 𝐿1(𝜏, 𝛼, 𝜇, 𝑟, 𝛾). 

Conversely, assume that ℎ ∈ 𝐿1(𝜏, 𝛼, 𝜇, 𝑟, 𝛾), then from (4), we have  

|

|

𝑧2𝜏
2 (𝐿1(𝑟, 𝛾)(ℎ)(𝑧))ˊ´

(𝐿1(𝑟, 𝛾)(ℎ)(𝑧))
− 𝜏

𝛼 −

𝑧2𝛼𝜇
2 (𝐿1(𝑟, 𝛾)(ℎ)(𝑧))ˊ´

(𝐿1(𝑟, 𝛾)(ℎ)(𝑧))

|

|
 

= |
∑∞

𝑚=1 (
𝜏
2

(𝑚2 − 𝑚) − 𝜏) (
𝑚 + 𝛾
1 + 𝛾 )

𝑟

𝑎𝑚𝑧𝑚

(𝛼 − 𝛼𝜇)𝑧−1 − ∑∞
𝑚=1 (−𝛼 +

𝛼𝜇𝑚
2

(𝑚 − 1)) (
𝑚 + 𝛾
1 + 𝛾 )

𝑟

𝑎𝑚𝑧𝑚

| < 1. 

         Since Re (z) ≤ |𝑧| ∀ z (z ∈ ∆∗), we get   

Re {
∑∞

𝑚=1 (
𝜏
2

(𝑚2 − 𝑚) − 𝜏) (
𝑚 + 𝛾
1 + 𝛾 )

𝑟

𝑎𝑚𝑧𝑚

(𝛼 − 𝛼𝜇)𝑧−1 − ∑∞
𝑚=1 (−𝛼 +

𝛼𝜇𝑚
2

(𝑚 − 1)) (
𝑚 + 𝛾
1 + 𝛾 )

𝑟

𝑎𝑚𝑧𝑚

 } ≤ 1.    (6) 
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We can choose value of z on the real axis 
𝑧2(𝐿1(𝑟,𝛾)(ℎ)(𝑧))ˊ´

(𝐿1(𝑟,𝛾)(ℎ)(𝑧))
  ∈ Re. 

∑ (
𝜏

2
(𝑚2 − 𝑚) − 𝜏) (

𝑚 + 𝛾

1 + 𝛾
)

𝑟

𝑎𝑚𝑧𝑚

∞

𝑚=1

≤ (𝛼 − 𝛼𝜇)𝑧−1 − ∑ (−𝛼 +
𝛼𝜇𝑚

2
(−1 + 𝑚)) (

𝑚 + 𝛾

1 + 𝛾
)

𝑟∞

𝑚=1

𝑎𝑚𝑧𝑚 

Let Re z → 1−   

∑ (
𝜏

2
(𝑚2 − 𝑚) − 𝜏) (

𝑚 + 𝛾

1 + 𝛾
)

𝑟

𝑎𝑚

∞

𝑚=1

≤ − ∑ (
𝑛 + 𝛾

1 + 𝛾
)

𝑟

(
𝜏

2
(𝑚2 − 𝑚) − 𝜏 − 𝛼 +

𝛼𝛾𝑚

2
(−1 + 𝑚))𝑎𝑚

∞

𝑚=1

+ 𝛼(1 − 𝜇). 

we can write (6) as 

∑ (
𝑚 + 𝛾

1 + 𝛾
)

𝑟

(
𝜏

2
(𝑚2 − 𝑚) − 𝜏−𝛼 +

𝛼𝛾𝑚

2
(−1 + 𝑚))𝑎𝑚 ≤

∞

𝑚=1

𝛼(1 − 𝜇). 

Finally,  

ℎ𝑚(𝑧) =  𝑧−1  +
𝛼(1 − 𝜇)

(
𝑚 + 𝛾
1 + 𝛾 )

𝑟

(
𝜏
2

(𝑚2 − 𝑚) − 𝜏 − 𝛼 +
𝛼𝛾𝑚

2
(𝑛 − 1))

𝑧𝑛, 𝑚 = 1,2, …  (7) 

Corollary (1): Let ℎ ∈  𝐿1(𝜏, 𝛼, 𝜇, 𝑟, 𝛾)  Then                               

𝑎m ≤
𝛼(1 − 𝜇)

(
𝑚 + 𝛾
1 + 𝛾 )

𝑟

(
𝜏
2

(𝑚2 − 𝑚) − 𝜏 − 𝛼 +
𝛼𝛾𝑚

2
(𝑚 − 1))

, 𝑚 = 1,2, …  .     (8) 

In the following theorem, we will show the class 𝐿1(𝜏, 𝛼, 𝜇, 𝑟, 𝛾)  is linear combination 
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Theorem (2): Let 

ℎ𝑖(𝑧) = 𝑧−1 + ∑ 𝑎𝑚,𝑖 𝑧
𝑚 

∞

𝑚=1

∈ 𝐿1(𝜏, 𝛼, 𝜇, 𝑟, 𝛾)  𝑖 ∈ {1,2, … , ℓ} and  

0 < 𝑐𝑖 < 1, 

such that  

∑ 𝑐𝑖 = 1

ℓ

𝑖=1

. 

Then  

𝐻 = ∑ 𝑐𝑖ℎ𝑖(𝑧)

ℓ

𝑖=1

 

is also in the class 𝐿1(𝜏, 𝛼, 𝜇, 𝑟, 𝛾). 

Proof: By Theorem (1) for every 𝑖 ∈ {1,2, … , ℓ}  we have  

∑

∞

𝑚=1

(
𝑚 + 𝛾
1 + 𝛾 )

𝑟

(
𝜏
2

(𝑚2 − 𝑚) − 𝜏 − 𝛼 +
𝛼𝛾𝑚

2
(−1 + 𝑚))

𝛼(1 − 𝜇)
𝑎𝑚,𝑖 ≤ 1.  

Since  

𝐻(𝑧) = ∑ 𝑐𝑖ℎ𝑖(𝑧)

ℓ

𝑖=1

= ∑ 𝑐𝑖 (z−1 + ∑ 𝑎m,i  z
m

∞

m=1

)

ℓ

𝑖=1

 

=
1

𝑧
+ ∑ (∑ 𝑐𝑖𝑎𝑚,𝑖  

ℓ

𝑖=1

)

∞

m=1

zm . 
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Therefore  

∑
(

𝑚 + 𝛾
1 + 𝛾 )

𝑟

(
𝜏
2

(𝑚2 − 𝑚) − 𝜏 − 𝛼 +
𝛼𝛾𝑚

2
(𝑚 − 1))

𝛼(1 − 𝜇)
(∑ 𝑐𝑖

ℓ

𝑖=1

∞

𝑚=1

𝑎𝑚,𝑖 ) 

= ∑ 𝑐𝑖

ℓ

𝑖=1

  ( ∑
(

𝑛 + 𝛾
1 + 𝛾)

𝑟

(
𝜏
2

(𝑚2 − 𝑚) − 𝜏 − 𝛼 +
𝛼𝛾𝑛

2
(−1 + 𝑚))

𝛼(1 − 𝜇)

∞

𝑚=1

𝑎𝑚,𝑖 ) 

≤ ∑ 𝑐𝑖 = 1

ℓ

𝑖=1

. 

Hence 𝐻 ∈ 𝐿1(𝜏, 𝛼, 𝜇, 𝑟, 𝛾) and the proof is complete. 

In the following theorem, we obtain the extreme points of the class  𝐿1(𝜏, 𝛼, 𝜇, 𝑟, 𝛾). 

Theorem (3): Let ℎ0(𝑧) =
1

𝑧
  and  

ℎ𝑚(𝑧) = 𝑧−1  +
𝛼(1 − 𝜇)

(
𝑚 + 𝛾
1 + 𝛾 )

𝑟

(
𝜏
2

(𝑚2 − 𝑚) − 𝜏 − 𝛼 +
𝛼𝛾𝑚

2
(−1 + 𝑚))

𝑧𝑚, (𝑚 ≥ 1). 

Then ℎ ∈ 𝐿1(𝜏, 𝛼, 𝜇, 𝑟, 𝛾), if and only if  

ℎ(𝑧) = 𝑤0 ℎ0(𝑧) + ∑ 𝑤𝑛 ℎ𝑛

∞

𝑚=1

(𝑧),     (𝑤𝑚  ≥ 0,  𝑤0 +  ∑ 𝑤𝑚 = 1)

∞

𝑚=1

.   

Proof: Suppose that 

ℎ(𝑧) = 𝑤0ℎ0(𝑧) + ∑ 𝑤𝑚 ℎ𝑚

∞

𝑚=1

(𝑧)   
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 ℎ(𝑧) =
1

𝑧
+ ∑

𝛼(1 − 𝜇)

(
𝑚 + 𝛾
1 + 𝛾 )

𝑟

(
𝜏
2

(𝑚2 − 𝑚) − 𝜏 − 𝛼 +
𝛼𝛾𝑚

2
(−1 + 𝑚))

𝑧𝑚

∞

𝑚=1

 

then 

∑
(

𝑚 + 𝛾
1 + 𝛾

)
𝑟

(
𝜏
2

(𝑚2 − 𝑚) − 𝜏 − 𝛼 +
𝛼𝛾𝑚

2
(𝑚 − 1))

𝛼(1 − 𝜇)

∞

𝑚=1

 

× 𝑤𝑛

𝛼(1 − 𝜇)

(
𝑚 + 𝛾
1 + 𝛾 )

𝑟

(
𝜏
2

(𝑚2 − 𝑚) − 𝜏 − 𝛼 +
𝛼𝛾𝑚

2
(𝑚 − 1))

 

= ∑ 𝑤𝑚 = 1 − 𝑤0

∞

𝑚=1

≤ 1. 

So by Theorem (1), ℎ ∈ 𝐿1(𝜏, 𝛼, 𝜇, 𝑟, 𝛾). Conversly, we suppose 

 ℎ ∈ 𝐿1(𝜏, 𝛼, 𝜇, 𝑟, 𝛾). By (8), we have 

𝑎m ≤  
𝛼(1 − 𝜇)

(
𝑚 + 𝛾
1 + 𝛾 )

𝑟

(
𝜏
2

(𝑚2 − 𝑚) − 𝜏 − 𝛼 +
𝛼𝛾𝑚

2
(𝑚 − 1))

, 𝑚 ≥ 1.    

Setting  

𝑤𝑚 =
(

𝑚 + 𝛾
1 + 𝛾 )

𝑟

(
𝜏
2

(𝑚2 − 𝑚) − 𝜏 − 𝛼 +
𝛼𝛾𝑚

2
(𝑛 − 1))

𝛼(1 − 𝜇)
𝑎𝑚,     𝑚 ≥ 1, 

and  

𝑤0 = 1 − ∑ 𝑤𝑚.

∞

𝑚=1
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Then  

ℎ(𝑧) = 𝑤0ℎ0(𝑧) + ∑ 𝑤𝑚 ℎ𝑚

∞

𝑚=1

(𝑧)   

Then 

ℎ(𝑧) =
1

𝑧
+ ∑ 𝑎𝑚𝑧𝑚 

∞

𝑚=1

 

ℎ(𝑧) =
1

𝑧
+ ∑

𝛼(1 − 𝜇)𝑤𝑛

(
𝑚 + 𝛾
1 + 𝛾 )

𝑟

(
𝜏
2

(𝑚2 − 𝑚) − 𝜏 − 𝛼 +
𝛼𝛾𝑚

2
(−1 + 𝑚))

∞

𝑚=1

𝑧𝑚 

=
1

𝑧
+ ∑

∞

𝑚=1

(ℎ𝑚 − 𝑧−1)𝑤𝑚 

=
1

𝑧
(1 − ∑ 𝑤𝑚

∞

𝑚=1

) + ∑

∞

𝑚=1

𝑤𝑚ℎ𝑚 

= 𝑧−1𝑤0 + ∑

∞

𝑚=1

𝑤𝑚ℎ𝑚 

ℎ(𝑧) = 𝑤0ℎ0(𝑧) + ∑ 𝑤𝑚 ℎ𝑚

∞

𝑚=1

(𝑧). 

In the following theorem, we will prove the class  𝐿1(𝜏, 𝛼, 𝜇, 𝑟, 𝛾),  is a convex set. 

Theorem (4): The class 𝐿1(𝜏, 𝛼, 𝜇, 𝑟, 𝛾) is convex set. 

Proof: Let 𝑓1 and 𝑓2 be the arbitrary elements of the class  𝐿1(𝜏, 𝛼, 𝜇, 𝑟, 𝛾). Then for every k 

(0 < 𝑘 < 1), we will show that       

(1 − 𝑄)ℎ1 + 𝑄ℎ2 ∈ 𝐿1(𝜏, 𝛼, 𝜇, 𝑟, 𝛾). 
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Thus, we have  

(1 − 𝑄)ℎ1 + 𝑄ℎ2 =
1

𝑧
− ∑ [(1 − 𝑄)𝑎𝑚 + 𝑄𝑏𝑚]𝑧𝑚

∞

𝑚=1

.         

Hence, 

∑ (
𝑚 + 𝛾

1 + 𝛾
)

𝑟

(
𝜏

2
(𝑚2 − 𝑚) − 𝜏 − 𝛼 +

𝛼𝛾𝑚

2
(𝑚 − 1))

∞

𝑚=1

 [(1 − 𝑄)𝑎𝑚 + 𝑄𝑏𝑚] 

= (1 − 𝑄) ∑ (
𝑚 + 𝛾

1 + 𝛾
)

𝑟

(
𝜏

2
(𝑚2 − 𝑚) − 𝜏 − 𝛼 +

𝛼𝛾𝑚

2
(𝑚 − 1))𝑎𝑚

∞

𝑚=1

 

+𝑄 ∑ (
𝑚 + 𝛾

1 + 𝛾
)

𝑟

(
𝜏

2
(𝑚2 − 𝑚) − 𝜏 − 𝛼 +

𝛼𝛾𝑚

2
(𝑚 − 1))𝑏𝑚

∞

𝑚=1

 

≤ (1 − 𝑄)𝛼(1 − 𝜇) + 𝛼(1 − 𝜇)𝑄 = 𝛼(1 − 𝜇). 
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