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Keywords In this paper, a reliability function was found for one of the stress-
Component, robustness models where the model consists of one component that has
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Simulation. the Rayleigh distribution. three methods of estimation (maximum

robustness expressed by the random variable X and is subjected to four

stresses expressed by random variables Y;, Y,,Y; and Y, that follow

likelihood method, least squares method, and weighted least squares
method), were used to estimate the parameters into the reliability function
of the model. A Monte Carlo simulation was also performed to
compare the results of the estimation methods using the mean squared
error criterion. The comparison showed that ML is the best estimator

of the reliability function.
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1. Introduction

Interest in the term stress-strength in industrial systems increased significantly before the
second half of the twentieth century. When dealing with the term stress-strength, there is a
relationship between two random variables, one represents stress, the other represents strength and
tries to find the probability that one will overcome the other. The development that has taken place
in the world in various branches, as scientific, medical and construction fields, has led to extension
and complexity in stress and strength models, and meanwhile, the dependency is basis for
measuring the performance of manufacturing models work ended time, so it has a major effect on
refining the performance of this systems and increases their efficiency. Reliability is defined as the
lifetime of a component where the component remains in a working state as long as it can resist
the stresses to which it is subjected, expressed by the random variable Y with its strength, and
expressed by the random variable X, where R = P(Y < X) and stops working (fails) if the stresses
exceed the strength of the component X <'Y.

Many papers included strength-stress, Haddad and Batah [1] studied the reliability of the
strength-stress model when the factors follow the (Rayl. — Par) distribution. Khaleel and Karam [2,3]
derived a special reliability model from the Cascade models (2+1), where the model contains two basic
components and an excess component with an active standby state. Khaleel [4] studied a special model of
reliability (3+1), which contains three basic components and a component with an active standby state.
Khaleel [5] derived a model of a single component that has strength and is subjected to several stresses when
the stress and strength factors follow the Lomax distribution. Salman and Hamad [6] studied the estimation
of the reliability function by several different estimation methods when the stress and durability factors
trace the Lomax distribution.

This paper aims to find a reliability function for a model consisting of one component, where
this component is subjected to four stresses, and these stresses have their own strength, assuming
that the stress and strength factors follow the Rayleigh distribution and are independent, as well as
estimating the reliability function in three estimation methods "maximum likelihood", "least
square” and "weighted least square” and working Monte Carlo simulation to compare the

estimation results.

2. Mathematical Model
It is known that the life of a component is determined in stress - strength models according to

its strength X, through which it can resist the stress Y to which the component is exposed, where
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(X >Y), butif (Y > X), the component fails and does not continue to work .The mathematical
formula for the reliability of a one-component model can be expressed as follows:
R=pr(Y<X)= f_oooo f(2)Fy (x)dx (1)
As for the case when the component is subjected to four stresses Y;,Y,, Y;and Y, and resists
these stresses with one strength X, the reliability of this model can be expressed:

R pr(Y; < X)pr(Y, < X)pr(Ys < X)pr(Yy < X)fy () dx

Assume that the random variables of stress and durability are independent and indexical, so the

mathematical formula for the reliability of the model is as follows:
R = pr(Max(Yl' YZ' Y3; Y4-) < X)

= fooo foyl foyz nyB f(;g‘} f (Y1, Y2, Yz, Y x) dY,dYsdY,dY,dx ...(3)
Then
R= [0 [V % [ R UDFYDF YY) FD)AY1dY5dY,dY, dx
R = [ Fyy, 00 Fay, Fay, (06 Fyy, (O f (X)dx (&)

Assuming that the random variables follow a Raleigh distribution where X~R (2,8) and
Y,~R(2,6,) ;r=1,2,3,4 then the pdf and CDF are:

2

flx)=3x e~ ...(5)
Flx)=1—e-F ..(6)
And

E(Y)=1- e‘g_: r=1,2,3,4 .7

Equations 5, 6 and 7 will be used in Equation 4 as follows:

2 2 2 2

R = j [[1 —e S| [1-e &) [1-e 5] [1-e 5] ZxeTdr
0

° 2 2 2 2 1,1 1,1 1,1
+ + +
:f [1—3_51—3_52 —e % —e % te (51 52)x +e 8178 4 e \& )"
0

+e_($+é)x2 n e—(;—2+;—4)x2 n e—(;—3+;—4)x2 _ e—(;—1+;—2+;—3)x2 _ e—(5—11+é+5—14)x2

—e_(151_1-|-51_3-|-%)x2 — e_(%-'-%-'-i)xz + e_(5_1+£ £+5—4)x2] % X e‘%dx
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1,1\ 2 1,1 .1\ 2 1.1 1 11,1\ 2
(00} — e co —_— =
2 _( + )x 00 2 _( +—+ )x 2 _( + )x 2 _( + )x
—J, e 07047 dx+ [ sxem\0 0162 dx+f0 xe \001783)" dxt[ " 5xe\8701784)" ay
1,11 1,1 ,1) 2 1.1 ,1) 2
oo e e co e
2 _(5+5 +3 ) (5+5 +3 )x 2 —<5+5 +3 )x
+f0 sxe 2 93 dx+f Sxe 2 94 dx+f0 zxe 3 94/ dx

1.1 .1 ,1)\ > 1,1,1 .1\ 2 1,1,1,1)\ 2
oo 4ttt [o2] Sttt (°9) 4ttt
. 2 _(5+6 +5-t% )x . 2 _(5+‘S t+5-t5 )x . 2 _(6+5 +5-t5 )x
fO zxe 1 92 93/ dx fO zxe 1 92 %4/ dx fO sxe 1 93 %4/ dx

1 1 1 1
oo —+—+—+—) 2 ( + ) 2
_ gxe—(s 5,783 84)F dx+f:°%xe_ 878178,783784)" 4

R e e [ ciees | e R e | e
+E@l+[%@l [ l l5+5—3+54l la*s—lga)l

l1 1 1 1
sS(ii L S(iy 1t 1\ (i r r 1y sty 11
(6+81+82+64) (8+61+63+64) 6 52 53 54 6+81+82+83+84)

Finally, the reliability model is:

Oolb—\

0‘7|P—"

R _ 1 _ 6162 6163 ]

[(8"‘81)] [(6+62):| [(6+63):| [(54—54)] [(881+882+8182)] [(551+553+5183)

8184 ] [ 8283 ] [ 8284 ] [ 8384 ]
(881+88,+6184) (88,+883+6,83) (88,+884+6254) (883+88,+6384)

B [ 518285 ] B [ 516254 ] B [ 518584 ]
(66155+86103+86,55+616263) (66165+8810,+86,8,+616,64) (86165+8810,+8658,+6,6364)

_ [ 526384 ] + [ 8162630, ] (8)
(68,03+86,84,+88384+825584) (8818,83+88185284+8815384+88,8584+81528384) "

3. Estimation

Three different estimation methods are used to estimate the parameters &, 81, 6,, 83 and J, then the

reliability function will be estimated.
3.1 Maximum likelihood function (ML):

To estimate the parameter § by the ML method, we can start by using equation (5) as follows[7]:

n 2
2:i=1‘7("i

L(xpxz: - xnﬂz 8) - ( ) Hl 1%Xi € B

The logarithm is taken for equation 9:

n 2
D=1 %i

InL=nln2-nlnd+ Y~ Inx; —

Equation (10) is partially derived for the parameter §:

dlnL _ —2+ i xi?
26 8 &2
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Then get as Sy

S Yici %
Saury = =57
With the same previous steps, 8; Ly, Saemi) 83(mw), Saui) are obtained:

ni g2
z:1'1=1yf1

Sl(ML) = T

5 DA

Oom1) = ]Zn—z]

S — 2733=1‘y133
3Ly = T

5 T Y
amL) =T

3.2 Least Square Method (LS) :

.(12)

(12)
.(13)
..(14)

...(15)

Using the least squares method [8], it is possible to estimate the parameters by the minimization

of the following equation:

S = ZL[F(a) — EFXw)]”
Where E(F(X)) = PiiPi=——; i=12,..,n

n+1

*W

Pi=1—e_ &

RO

1-P)=e &
Then

x%
In(1-P)+ —>=0

By substation equation (17) is used in equation (16):

2

x2
S=y7, [ln(l ~P)+ %]
Equation (18) is derived for the parameter §:

as xfy | (¢

2 _ .2
ta2[inc - ) + ) (Z0) = g

Then §(.s) is obtained:

6" — - Z?:H‘E}i)
(L) = ¥r 2% In(1-Py)

In the same way, 8;(.s), S82(s), 83(Ls) and S4.s) are obtained:
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_yN1 g4
Zji=1Y1y)

Sl(LS) = (21)
z:j11=1y%(j1) ln(l_Ph)
A -3 Y5
Syirs) = 2= 2U2) ..(22)
(LS) 2j22=1y22(j2) ln(l—sz)
R - i
631s) = crr—a——22 ..(23)
Zj33=1y32'(j3) ln(l_Pjs)
. - vk
Oa(Ls) = Ja= ) ...(24)

g .2
Z]-4=1'y4(].4) ln(l_PM)

3.3 Weighted Least Square Method (WLS) :

Using equations (17) and (18) to estimate of parameter § by the weighted least squares method as

follows [9]:
2 2
Sraw |ln(1-P)+ 2 =0 ..(25)
1
Where w; = VarF Gl

By deriving (25) with respect to §:
PN Wix(zl-) In(1-P) + %Z?=1 Wl-xfi) =0 ...(26)
SO, S(WLS) |S

-2 Wixgi)

Ky = ..(27
(WLS) fLawixfy In(1-Py) (27)
In similar way, 61(WLS)J 62(WLS)J 63(WLS') and 64(WLS') are:
A -3 wj vt .
S1wis) = sy ..(28)
E:j11=1wl'1y%(j1) ln(l_Ph)
~ -2 Wi U3,
Sawis) = cr—ty——2) ..(29)
Zj22=1v‘71'2y22(j2) ln(l_sz)
. -3 Wi s,
S3wis) = sy ...(30)
z:j;=1""1'3‘1/%(]'3) ln(l_PJ's)
_yha T
Sawis) = =m Siaz ) (31
>
z:j:=1V"J'zty‘*(j‘}) ln(l—Pj4)

4. Simulation
A Monte Carlo simulation is performed to compare the results of different methods of

estimation using MSE. It is also made to compare estimation methods for R using different sample
sizes[10].
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4.1 The Algorithm:
The MATLAB program is used in the simulation as shown in the steps below:

1. The random samples x4, %, ..., £n; Y11, Y125 s Y1nys Y21, Y220 - Yan,s Y31, Ysz, - Yzn, and
Ya1, Yazs .. Yan, of different sizes (n,ny, ny,n3,n,) = (20,20,20,20,20), (40,40,40,40,40),
(50,50,50,50,50), (70,70,70,70,70)and(90,90,90,90,90) are generated.

2. Let the values of the parameters &, 6;, 8,, 83, 8, be the reliability of the five experiments as

shown below:
Table 1: The parameter values and reliability
Excrement o 01 o, 03 04 R
1 0.7 0.7 0.7 0.7 0.7 0.2000
2 1.6 0.5 0.9 0.4 0.2 0.5337
3 0.9 1.3 1.1 1.1 1.4 0.1294
4 1.2 1.1 0.8 0.5 1.2 0.2996
5 2.6 0.3 0.6 0.3 0.5 0.7163

3. Parameters (8, 8;, 85, 63, 8,) were estimated in equations (11), (12), (13), (14), (15), (20), (21),
(22), (23), (24), (27),(28), (29), (30),(31).

4. Calculate the mean with the formula:
Sics Ry
L
5. By using the mean squares error, the results of the estimation methods are compared, the

Mean =

mathematical formula of which is:

~ 1 ~
MSE(R) = 13k, (R; — R)?

4.2 Results
The tables below represent the results obtained from the simulation procedure:

Table 2: Simulation results of experiment 1

S.S Criterion MLE LSE WLSE Best
(202020,2020) GG 0510 oors | 00138
(4040,40.40.40) |G| 00107 | 0o11s | oonss
(50.50,50,50.50) | —y1cE——0o0es | 005z | 00100 | MLE
(70.70,70.70.70) |8 50077 | 00081 | 00103
(90.90,90,90.90) | Ut 50074 | 00071 | 0ot0s
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Table 3: Simulation results of experiment 2

S.S Criterion MLE LSE WLSE Best
(2020,20.2020) | —yiee 50510065 | a0%er
(40.40,40.40.40) | ek —— (00— 60033 | 00770
(50.50,50,50.50) |Gt 05175 | ooies | oopk0 |
(70,70,70,70,70) 'I\\/l/lzag 8:31;8 8:3122 8:324218
(90.90,90,90.90) | 18— (0145|0155 | 00230

Table 4: Simulation results of experiment 3

S.S Criterion MLE LSE WLSE Best
(2020,20.2020) | 18— 00574 | 0077 | 000R0
(40.40,40.40.40) G| o060 | 0062 | 00066
(5050.5050.50) | ek | gonss | oooas | ooose |
(70.70,70,70.70) |G Gona | ooosz | 00053
(90.90,90.90.90) | UG o036 | o00i0 00061

Table 5: Simulation results of experiment 4

S.S Criterion MLE LSE WLSE Best
(2020.20.20.20) | st | 50930 | 000tz | 00256
(40,40.40,40.40) | \GE | 00013 | 00024 | 000ds
(5050.50,50.50) | st | go1es | qotsr | oopss | MLE
(70.70.70.70.70) | \6g o175 | oote1 | 00251
(90.90.90,90.99) |Vt | 5017 | 0017 | 0022
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Table 6: Simulation results of experiment 5

S.S Criterion MLE LSE WLSE Best
(2020,20.2020) |8 G400 | 00557
(40.40,40,40.40) |—EE—— (00— G080 | 00576
(5050.50.50,50) | ek | Gouss | ooser | 0osta | MLE
(70.70,70,70.79) |G Goips | ooass | nonas
(90.90,90,90.90) | UG (aits | 00425 00600

4. Conclusions
The conclusions were reached as follows:

e The reliability value of the model increases by increasing the value of the parameter § and
the reliability value decreases by increasing the values of the parameters &4, 85, 83, 84, this
is clear from Table 1 when comparing Experiment 2 with experiment 3, as well as when
comparing experiment 4 with experiment 5.

e The performance of the MLE estimator was the best for estimating R.

Table 7: Best estimator of model reliability
Values of parameters and sample size Best
Sizes of Sample (n, ny,n,,n3,n4) = (20,20,20,20,20), (40,40,40,40,40),

(50,50,50,50,50), (70,70,70,70,70)and(90,90,90,90,90) and values of
parameter are (6, 64,6,,63,6,) = (0.7,0.7,0.7,0.7,0.7), (1.6,0.5,0.9,0.4,0.2),
(0.9,1.3,1.1,1.1,1.4), (1.2,1.1,0.8,0.5,1.2) and (2.6,0.3,0.6,0.3,0.5),

MLE

e There is a convergence between the performance of MLE and LSE estimators.
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