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In this study, we present a generalization of the well-
known Bernstein operators based on an odd positive 

integer r denoted by K_(n,r) (f;x), first, we begin by 

studying the simultaneous approximation where we prove 
that the operator K_(n,r)^((s) ) (f;x) convergence to the 

function f^((s) ) (x) then we introduce and prove the 

Voronovskaja-type asymptotic formula  when (r=3) 
giving us the order of approximation O(n^(-2) )  which is 

better than the order of the classical Bernstein operators 

O(n^(-1) ) followed  by the error theorem and at the end, 

we give a numerical example to show the error of a test 
function and its first derivative taking different values of 

𝑟. 

K e y w o r d s :  

Bernstein operators, simultaneous, 

approximation, Voronovskaja-type, 

asymptotic formula, Modulus of 
continuity. 

 

1. Introduction 
 

The classical Bernstein polynomials are defined as [1]. 

                                                          𝐵𝑛(𝑓; 𝑥) = ∑ 𝑝𝑛,𝑘(𝑥)𝑓 (
𝑘

𝑛
),                                                             (1)

𝑛

𝑘=0

 

where 𝑝𝑛,𝑘(𝑥) = (𝑛
𝑘

)𝑥𝑘(1 − 𝑥)𝑛−𝑘 ,  𝑓 ∈ 𝐶[0,1]  𝑎𝑛𝑑 𝑥 ∈ [0,1]. 

Several generalizations and modifications was presented by many researchers [2,2,3, and 5] some 

researchers studied other operators [6,7,8,9, and 10]. In 2005 Pallini [11] defined a new modified 

Bernstein operators involving the parameter > −
1

2
 , 𝑓 ∈ 𝐶[0,1], 𝑥 ∈ [0,1].  

                                  𝐵𝑛,𝑠(𝑓; 𝑥) = ∑ 𝑝𝑛,𝑘(𝑥)𝑓 (𝑥 +
1

𝑛𝑠
(

𝑘

𝑛
− 𝑥)) ,

𝑛

𝑘=0

                                                         (2) 

Recently, Mohammad and Hassan [12] gave a new sequence of integral types based on two parameters, 

for  𝑓 ∈ 𝐶𝛼[0, ∞), 𝑛, 𝑟, 𝑠 ∈ 𝑁 and 𝑦 ∈ [0, 𝑦). 
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                             𝑀𝑛,𝑟,𝑠(𝑓; 𝑦) =
1

𝐴𝑟(𝑛𝑦)
∫ 𝐴′

𝑟(𝑛𝜏)𝑓(𝑦 + (𝜏 − 𝑦)𝑠)𝑑𝜏,                                              (3)
𝑦

0

 

 where 𝐴𝑟,𝑖(𝑦) = ∑
𝑦𝑟𝑙+𝑖

(𝑟𝑙+𝑖)!
, 𝑖 ∈ 𝑁0∞

𝑙=0  . In our study, we present the following generalization for 𝑓 ∈

𝐶𝛾[0,1], 𝑥 ∈ [0,1] and 𝑟 = {1,3, … }, we have 

                        𝐾𝑛,𝑟(𝑓; 𝑥) = ∑ 𝑝𝑛.𝑘(𝑥)𝑓 (𝑥 + (
𝑘

𝑛
− 𝑥)

𝑟

)

𝑛

𝑘=0

.                                                              (4) 

 Where 𝐶𝛾[0,1] = {𝑓 ∈ 𝑐[0,1], |𝑓| ≤ 𝑀|𝑡|𝛾  𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝛾 > 0, 𝑀 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡}  after introducing some 

preliminaries, we investigate three main theorem starting with the simultaneous approximation moving to 

Voronovskaja-type asymptotic formula proving that the approximation order is improved, followed by 

the error estimation and support this by providing numerical example showing the behavior of the error 

curve for 𝑟 = 1, 𝑟 = 3.  

  

2. Preliminary Results 

 

The following preliminaries are used in the main results of the next sections. 

Lemma 2.1. [13] For 𝑥 ∈ [0,1] and 𝑚 ∈ {0,1,2, … } the moment function For 𝐵𝑛(𝑓; 𝑥) is defined as. 

𝑇𝑛.𝑚(𝑥) = 𝐵𝑛((𝑡 − 𝑥)𝑚; 𝑥) = ∑ 𝑝𝑛,𝑘(𝑥) (
𝑘

𝑛
− 𝑥)

𝑚

.

𝑛

𝑘=0

 

then, 

(𝑖)           𝑇𝑛,0(𝑥) = 1, 𝑇𝑛,3(𝑥) =
𝑥 − 3𝑥2 + 2𝑥3

𝑛2
. 

(𝑖𝑖)         𝑇𝑛,𝑚+1(𝑥) =
𝑥(1 − 𝑥)

𝑛
(𝑇𝑛,𝑚

′ (𝑥) + 𝑚𝑇𝑛,𝑚−1(𝑥)) , for 𝑚 ≥ 1 

(𝑖𝑖𝑖)       𝑇𝑛,𝑚(𝑥) = 𝑂 (𝑛−[
𝑚+1

2
]). 

Lemma 2.2. For 𝑥 ∈ [0,1] and ∈ {0,1,2, … } , 𝑟 = {1,3,5,7, … }, 

𝑌𝑛,𝑚,𝑟(𝑥) = 𝐾𝑛,𝑟((𝑡 − 𝑥)𝑚; 𝑥) = ∑ 𝑝𝑛,𝑘(𝑥) (𝑥 + (
𝑘

𝑛
− 𝑥)

𝑟

− 𝑥)

𝑚

.

𝑛

𝑘=0

 

Then, 

(𝑖)      𝑌𝑛,0,𝑟(𝑥) = 𝑇𝑛,0(𝑥), 𝑌𝑛,3,𝑟(𝑥) = 𝑇𝑛,3𝑟(𝑥). 

(𝑖𝑖)     𝑌𝑛,𝑚,𝑟(𝑥) = 𝑂 (𝑛−[
𝑚𝑟+1

2
]). 

Proof.   

𝑌𝑛,𝑚,𝑟(𝑥) = ∑ 𝑝𝑛,𝑘(𝑥) (𝑥 + (
𝑘

𝑛
− 𝑥)

𝑟

− 𝑥)

𝑚𝑛

𝑘=0

 

 = ∑ 𝑝𝑛,𝑘(𝑥) ((
𝑘

𝑛
− 𝑥)

𝑟

)

𝑚𝑛

𝑘=0

, 

𝑌𝑛,𝑚,𝑟(𝑥) = 𝑇𝑛,𝑚𝑟(𝑥), 

As a consequences of the above formulas (𝑖), (𝑖𝑖) hold. 

Lemma 𝟐. 𝟑. [13] For 𝑐 ∈ 𝑁 and 𝑥 ∈ [0,1], then there is a polynomial 𝑅𝑎,𝑒,𝑐(𝑥) that is independent of 𝑛 

and 𝑘,then. 

(𝑝𝑛,𝑘(𝑥))
(𝑐)

=
1

𝑥𝑐 (1 − 𝑥)𝑐
∑ 𝑛𝑎(𝑘 − 𝑛𝑥)𝑒

2𝑎+𝑒≤𝑐
𝑎,𝑒≥0

𝑅𝑎,𝑒,𝑐(𝑥) 𝑝𝑛,𝑘(𝑥) 
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Lemma 2.4. For 𝑞 ∈ 𝑁0, we have 

𝐾𝑛,𝑟(𝑡𝑞 ; 𝑥) = 𝑥𝑞𝑇𝑛,0(𝑥) + 𝑞𝑥𝑞−1𝑇𝑛,𝑟(𝑥) + 𝑂(𝑛−𝑟). 

And lim
𝑛→∞

𝐾𝑛,𝑟(𝑡𝑞 ; 𝑥) = 𝑥𝑞 

Proof. 

𝐾𝑛,𝑟(𝑡𝑞 ; 𝑥) = ∑ 𝑝𝑛,𝑘(𝑥) (𝑥 + (
𝑘

𝑛
− 𝑥)

𝑟

)

𝑞𝑛

𝑘=0

, 

𝐾𝑛,𝑟(𝑡𝑞 ; 𝑥) = ∑ 𝑝𝑛,𝑘(𝑥) ∑ (
𝑞

𝑗
) 𝑥𝑞−𝑗

𝑞

𝑗=0

(
𝑘

𝑛
− 𝑥)

𝑗𝑟

,

𝑛

𝑘=0

 

By simplification of the above formula, we get  

𝐾𝑛,𝑟(𝑡𝑞 ; 𝑥) = 𝑥𝑞𝑇𝑛,0(𝑥) + 𝑞𝑥𝑞−1𝑇𝑛,𝑟(𝑥) + 𝑂(𝑛−𝑟). 

 

3. Main Text 

 

This section includes the three main theorems for the operators 𝐾𝑛,𝑟
(𝑠)

(𝑓; 𝑥) . 

Theorem 3.1 

Let 𝑓 ∈ 𝐶𝛾[0,1], 𝑠 ∈ 𝑁0 and 𝑓(𝑠)(𝑥) exists for 𝑥 ∈ (0,1)  the following relation holds. 

                                                        lim
𝑛→∞

𝐾𝑛,𝑟
(𝑠)(𝑓(𝑡); 𝑥) = 𝑓(𝑠)(𝑥),                                                                         (5) 

Proof.  We have The Taylor expansion of the function 𝑓(𝑡) is 

𝑓(𝑡) = ∑
𝑓(𝑝)(𝑥)

𝑝!
(𝑡 − 𝑥)𝑝 +

𝑠

𝑝=0

(𝑡 − 𝑥)𝑠𝜀(𝑡, 𝑥), 

as 𝑡 → 𝑥 the terms 𝜀(𝑡, 𝑥) goes to zero 

𝐾𝑛,𝑟
(𝑠)(𝑓(𝑡); 𝑥) = ∑

𝑓(𝑝)(𝑥)

𝑝!
𝐾𝑛,𝑟

(𝑠)((𝑡 − 𝑥)𝑝; 𝑥) +

𝑠

𝑝=0

𝐾𝑛,𝑟
(𝑠)((𝑡 − 𝑥)𝑠𝜀(𝑡, 𝑥); 𝑥): = 𝑀1 + 𝑀2 

𝑀1 = ∑
𝑓(𝑝)(𝑥)

𝑝!
𝐾𝑛,𝑟

(𝑠)((𝑡 − 𝑥)𝑝; 𝑥)

𝑠

𝑝=0

 

     = ∑
𝑓(𝑝)(𝑥)

𝑝!

𝑠

𝑝=0

∑ (
𝑝

𝑗
)

𝑝

𝑗=0

(−𝑥)𝑝−𝑗𝐾𝑛,𝑟
(𝑠)(𝑡𝑗; 𝑥),      

By using lemma 2.4 

= ∑
𝑓(𝑝)(𝑥)

𝑝!

𝑠

𝑝=0

∑ (
𝑝

𝑗
)

𝑝

𝑗=0

(−𝑥)𝑝−𝑗
𝑑𝑠

𝑑𝑥𝑠
(𝑥𝑗 𝑇𝑛,0(𝑥) + 𝑗𝑥𝑗−1𝑇𝑛,𝑟(𝑥) + 𝑂(𝑛−𝑟)) 

= ∑
𝑓(𝑝)(𝑥)

𝑝!

𝑠

𝑝=0

∑ (
𝑝

𝑗
)

𝑝

𝑗=0

(−𝑥)𝑝−𝑗
𝑑𝑠

𝑑𝑥𝑠
(𝑥𝑗 ) + ∑

𝑓(𝑝)(𝑥)

𝑝!

𝑠

𝑝=0

∑ (
𝑝

𝑗
)

𝑝

𝑗=0

(−𝑥)𝑝−𝑗
𝑑𝑠

𝑑𝑥𝑠
(𝑗𝑥𝑗−1𝑇𝑛,𝑟(𝑥) + 𝑂(𝑛−𝑟)) 

: = 𝑊1 + 𝑊2, 

As for  𝑊1 if 𝑗 < 𝑠 then  
𝑑𝑠

𝑑𝑥𝑠
(𝑥𝑗) = 0 , then 

𝑊1 → 𝑓(𝑠)(𝑥) 𝑎𝑠 𝑛 → ∞ 

And the terms 𝑊2 → 0 as 𝑛 → ∞ 

Now we take,  
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𝑀2 = 𝐾𝑛,𝑟
(𝑠)((𝑡 − 𝑥)𝑠𝜀(𝑡, 𝑥); 𝑥) = ∑(𝑝𝑛,𝑘(𝑥))

(𝑠)
(

𝑘

𝑛
− 𝑥)

𝑟𝑠

𝜀 (
𝑘

𝑛
, 𝑥)

𝑛

𝑘=0

 

By lemma 2.3, 

𝑀2 = ∑
1

𝑥𝑠(1 − 𝑥)𝑠
∑ 𝑛𝑎(𝑘 − 𝑛𝑥)𝑒

2𝑎+𝑒≤𝑠
𝑎,𝑒≥0

𝑅𝑎,𝑒,𝑠(𝑥) 𝑝𝑛,𝑘(𝑥) (
𝑘

𝑛
− 𝑥)

𝑟𝑠

𝜀 (
𝑘

𝑛
, 𝑥)

𝑛

𝑘=0

 

|𝑀2| ≤ sup
2𝑎+𝑒≤𝑠

𝑎,𝑒≥0

|𝑅𝑎,𝑒,𝑠(𝑥)|

𝑥𝑠(1 − 𝑥)𝑠
∑ 𝑛𝑎

2𝑎+𝑒≤𝑠
𝑎,𝑒≥0

( ∑ 𝑝𝑛,𝑘(𝑥)|𝑘 − 𝑛𝑥|𝑒 |(
𝑘

𝑛
− 𝑥)

𝑟𝑠

𝜀 (
𝑘

𝑛
, 𝑥)|

|
𝑘
𝑛

−𝑥|<𝛿

)

+ ( ∑ 𝑝𝑛,𝑘(𝑥)|𝑘 − 𝑛𝑥|𝑒 |(
𝑘

𝑛
− 𝑥)

𝑟𝑠

𝜀 (
𝑘

𝑛
, 𝑥)|

|
𝑘
𝑛

−𝑥|≥𝛿

) 

|𝑀2| ≤ 𝜌 ∑ 𝑛𝑎+𝑒

2𝑎+𝑒≤𝑠
𝑎,𝑒≥0

( ∑ 𝑝𝑛,𝑘(𝑥) |
𝑘

𝑛
− 𝑥|

𝑟𝑠+𝑒

|𝜀 (
𝑘

𝑛
, 𝑥)|

|
𝑘
𝑛

−𝑥|<𝛿

)

+ ( ∑ 𝑝𝑛,𝑘(𝑥) |
𝑘

𝑛
− 𝑥|

𝑒

||
𝑘

𝑛
− 𝑥|

𝑟𝑠

𝜀 (
𝑘

𝑛
, 𝑥)|

|
𝑘
𝑛

−𝑥|≥𝛿

) : = 𝑍1 + 𝑍2 

where 𝜌 = sup
2𝑎+𝑒≤𝑠

𝑎,𝑒≥0

|𝑅𝑎,𝑒,𝑠(𝑥)|

𝑥𝑠(1−𝑥)𝑠  and then write 𝑍1as 

 𝑍1 = 𝜌 ∑ 𝑛𝑎+𝑒
2𝑎+𝑒≤𝑠

𝑎,𝑒≥0
(∑ (𝑝𝑛,𝑘(𝑥))

1

2
(𝑝𝑛,𝑘(𝑥))

1

2
|

𝑘

𝑛
− 𝑥|

𝑟𝑠+𝑒
|𝜀 (

𝑘

𝑛
, 𝑥)|

|
𝑘

𝑛
−𝑥|<𝛿

) 

For 𝜖 > 0, ∃𝛿 > 0 such that |
𝑘

𝑛
− 𝑥| < 𝛿 → |𝜀 (

𝑘

𝑛
, 𝑥)| < 𝜖 and by applying Cauchy-Schwarz inequality,  

𝑍1 = 𝜌𝜖 ∑ 𝑛𝑎+𝑒

2𝑎+𝑒≤𝑠
𝑎,𝑒≥0

( ∑ 𝑝𝑛,𝑘(𝑥)

|
𝑘
𝑛

−𝑥|<𝛿

)

1
2

( ∑ 𝑝𝑛,𝑘(𝑥)

|
𝑘
𝑛

−𝑥|<𝛿

(
𝑘

𝑛
− 𝑥)

2(𝑟𝑠+𝑒)

)

1
2

 

𝑍1 ≤ 𝜌𝜖 ∑ 𝑛𝑎+𝑒

2𝑎+𝑒≤𝑠
𝑎,𝑒≥0

(𝑂(𝑛−(𝑟𝑠+𝑒)))

1
2
 

𝑍1 ≤ 𝜌𝜖 ∑ 𝑂 (𝑛
−𝑟𝑠+𝑒+2𝑎

2 )
2𝑎+𝑒≤𝑠

𝑎,𝑒≥0

 

As 𝑛 → ∞ then 𝑍1 → 0 

Finally, we have   

𝑍2 = 𝜌 ∑ 𝑛𝑎+𝑒

2𝑎+𝑒≤𝑠
𝑎,𝑒≥0

( ∑ 𝑝𝑛,𝑘(𝑥)|𝑘 − 𝑛𝑥|𝑒 |(
𝑘

𝑛
− 𝑥)

𝑟𝑠

𝜀 (
𝑘

𝑛
, 𝑥)|

|
𝑘
𝑛

−𝑥|≥𝛿

) 

For  |
𝑘

𝑛
− 𝑥| ≥ 𝛿 ,  ∃ 𝐿 > 0 such that |(

𝑘

𝑛
− 𝑥)

𝑟𝑠

𝜀 (
𝑘

𝑛
, 𝑥)| ≤ 𝐿 |

𝑘

𝑛
− 𝑥|

𝜆
 

𝑍2 ≤ 𝜌𝐿 ∑ 𝑛𝑎+𝑒
2𝑎+𝑒≤𝑠

𝑎,𝑒≥0
(∑ 𝑝𝑛,𝑘(𝑥) |

𝑘

𝑛
− 𝑥|

𝑒
|

𝑘

𝑛
− 𝑥|

𝜆

|
𝑘

𝑛
−𝑥|≥𝛿

). 
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Applying the same simplifications in 𝑍1, 

𝑍2 → 0  𝑎𝑠  𝑛 → ∞  

Hence 𝐾𝑛,𝑟
(𝑠)((𝑡 − 𝑥)𝑠𝜀(𝑡, 𝑥); 𝑥) → 0  𝑎𝑠  𝑛 → ∞,then (5) is obtained.  

Theorem 3.2 

Let 𝑓 ∈ 𝐶𝛾[0,1]. and 𝑓(𝑠+2)(𝑥) exists and continuous, where 𝑠 ∈ 𝑁0 , then 

lim
𝑛→∞

𝑛2 (𝐾𝑛,𝑟
(𝑠)(𝑓; 𝑥) − 𝑓(𝑠)(𝑥)) = 2𝑠(𝑠 − 2)(𝑠 − 1)𝑓(𝑠−2) + (3(𝑠 − 1)𝑠 − (2𝑠3𝑥 − 2𝑠2𝑥))𝑓(𝑠−1)(𝑥)

+ (𝑠 + 6𝑠𝑥 + 4𝑠3𝑥2 + 2𝑠𝑥2)𝑓(𝑠)(𝑥)

+ (𝑥 − 3 (
2𝑥2 + 𝑠𝑥2(3 − 2𝑠)

2
) + 2𝑥3) 𝑓(𝑠+1)(𝑥)                                                            (6) 

proof. As a result of the Taylor expansion of the function𝑓(𝑡), we get 

𝑓(𝑡) = ∑
𝑓(𝑣)(𝑥)

𝑣!
(𝑡 − 𝑥)𝑣 +

𝑠+2

𝑣=0

(𝑡 − 𝑥)𝑠+2𝜀(𝑡, 𝑥), 

where 𝜀(𝑡, 𝑥) → 0 𝑎𝑠 𝑡 → 𝑥. 𝑇ℎ𝑒𝑛, 

𝐾𝑛,𝑟
(𝑠)(𝑓(𝑡); 𝑥) = ∑

𝑓(𝑣)(𝑥)

𝑣!
𝐾𝑛,𝑟

(𝑠)((𝑡 − 𝑥)𝑣; 𝑥) +

𝑠+2

𝑣=0

𝐾𝑛,𝑟
(𝑠)((𝑡 − 𝑥)𝑠+2𝜀(𝑡, 𝑥); 𝑥): = 𝐸1 + 𝐸2 

𝐸1  = ∑
𝑓(𝑣)(𝑥)

𝑣!

𝑠+2

𝑣=0

∑ (
𝑣

𝑗
)

𝑣

𝑗=0

(−𝑥)𝑣−𝑗
𝑑𝑠

𝑑𝑥𝑠
(𝐾𝑛,𝑟(𝑡𝑗; 𝑥)). 

By lemma 2.3 

𝐸1 = ∑
𝑓(𝑣)(𝑥)

𝑣!

𝑠+2

𝑣=0

∑ (
𝑣

𝑗
)

𝑣

𝑗=0

(−𝑥)𝑣−𝑗
𝑑𝑠

𝑑𝑥𝑠
(𝑥𝑗 ) + ∑

𝑓(𝑣)(𝑥)

𝑣!

𝑠+2

𝑣=0

∑ (
ℎ

𝑗
)

𝑣

𝑗=0

(−𝑥)𝑣−𝑗
𝑑𝑠

𝑑𝑥𝑠
(𝑗𝑥𝑗−1𝑇𝑛,𝑟(𝑥) + 𝑂(𝑛−𝑟)). 

Now by taking 𝑟 = 3 and using lemma 2.1. 

𝐸1  = 𝑓(𝑠)(𝑥) + ∑
𝑓(𝑣)(𝑥)

𝑣!

𝑠+2

𝑣=0

∑ (
𝑣

𝑗
)

𝑣

𝑗=0

(−𝑥)𝑣−𝑗
𝑑𝑠

𝑑𝑥𝑠
(𝑗

𝑥𝑗 − 3𝑥𝑗+1 + 2𝑥𝑗+4

𝑛2
+ 𝑂(𝑛−3)). 

Doing some simplification, we get  

  

𝐴1 = 𝑓(𝑠)(𝑥) + 2𝑠(𝑠 − 2)(𝑠 − 1)𝑓(𝑠−2) + (3(𝑠 − 1)𝑠 − (2𝑠3𝑥 − 2𝑠2𝑥))𝑓(𝑠−1)(𝑥) + (𝑠 + 3𝑠2𝑥 +

4𝑠3𝑥2 + 2𝑠𝑥2)𝑓(𝑠)(𝑥) + (𝑥 − 3 (
2𝑥2+𝑠𝑥2(3−2𝑠)

2
) + 2𝑥3) 𝑓(𝑠+1)(𝑥) + 𝑂(𝑛−3). 

As for 𝐴2using the same technique used in theorem 1.3, we have 𝐴2 → 0 as 𝑡 → ∞ 

Hence we obtained equation (6) 

Theorem 3.3 

Let 𝑓 ∈ 𝐶𝛾[0,1] with γ > 0 and 𝑓  continuous and differentiable 𝜂-times on the interval (𝑎 − 𝛼, 𝑏 + 𝛼) ⊂

(0,1) , for some 𝛼 > 0 where 0 ≤ 𝜂 ≤ 𝑠 + 2 the following inequality holds, 

‖𝐾𝑛,𝑟
(𝑠)(𝑓; 𝑥) − 𝑓(𝑠)(𝑥)‖

𝑐[𝑎,𝑏]

≤ 𝑤1𝑛−[
𝑟+1

2
] ∑‖𝑓(𝑝)‖

𝑐[𝑎,𝑏]

𝜂

𝑝=0

+ 𝑤2𝑛
−𝑟𝜂

2 𝜔𝑓(𝑡) + 𝑂(𝑛−𝑟),                                                 (7)    

where 𝑤1 , 𝑤2 are two independent constants of 𝑓 and 𝑛 and 𝜔𝑓(𝛿) defined as the modulus of continuity of 𝑓. 

Proof. Using the finite Tylor’s expansion of (𝑡) , we get 𝑓(𝑡) = ∑
𝑓(𝑝)(𝑥)

𝑝!
(𝑡 − 𝑥)𝑝𝜂

𝑝=0 +
𝑓(𝜂)(𝜉)−𝑓(𝜂)(𝑥)

𝜂!
(𝑡 −

𝑥)𝜂𝐻(𝑡) + 𝑞(𝑡, 𝑥)(1 − 𝐻(𝑡)), 
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where ξ ∈ (𝑡, 𝑥)and 𝐻(𝑡) is The characteristic function of (𝑎 − 𝜎, 𝑏 + 𝜎), for 𝑥 ∈ (0,1) and 𝑡 ∈ (𝑎 − 𝜎, 𝑏 +

𝜎) , we have 

𝑓(𝑡) = ∑
𝑓(𝑝)(𝑥)

𝑝!
(𝑡 − 𝑥)𝑝

𝜂

𝑝=0

+
𝑓(𝜂)(𝜉) − 𝑓(𝜂)(𝑥)

𝜂!
(𝑡 − 𝑥)𝜂 , 

where 

𝑞(𝑡, 𝑥) = 𝑓(𝑡) − ∑
𝑓(𝑝)(𝑥)

𝑝!
(𝑡 − 𝑥)𝑝

𝜂

𝑝=0

. 

Then, 

𝐾𝑛,𝑟
(𝑠)(𝑓(𝑡); 𝑥) − 𝑓(𝑠)(𝑥)

= ∑
𝑓(𝑝)(𝑥)

𝑝!
𝐾𝑛,𝑟

(𝑐)((𝑡 − 𝑥)𝑝; 𝑥)

𝜂

𝑝=0

− 𝑓(𝑠)(𝑥) + 𝐾𝑛,𝑟
(𝑠)

(
𝑓(𝜂)(𝜉) − 𝑓(𝜂)(𝑥)

𝜂!
(𝑡 − 𝑥)𝜂𝐻(𝑡); 𝑥)

+ 𝐾𝑛,𝑟
(𝑠)

(𝑞(𝑡, 𝑥)(1 − 𝐻(𝑡)); 𝑥), 

≔ 𝛽1 + 𝛽2 + 𝛽3, 

Now, 

𝛽1 = ∑
𝑓(𝑝)(𝑥)

𝑝!
∑ (

𝑝

𝑗
)

𝑝

𝑗=0

(−𝑥)𝑝−𝑗𝐾𝑛,𝑟
(𝑠)(𝑡𝑗; 𝑥)

𝜂

𝑝=0

− 𝑓(𝑠)(𝑥) 

Using lemma 2.2 and lemma 2.4, we get 

‖𝛽1‖𝐶[𝑎,𝑏] ≤ 𝑤1𝑛−[
𝑟+1

2
] ∑‖𝑓(𝑝)‖

𝐶[𝑎,𝑏]

𝜂

𝑝=0

+ 𝑂(𝑛−𝑟) 

Next we estimate the term   

|𝛽2| ≤ |𝐾𝑛,𝑟
(𝑠)

(
𝑓(𝜂)(𝜉) − 𝑓(𝜂)(𝑥)

𝜂!
(𝑡 − 𝑥)𝜂𝐻(𝑡); 𝑥)| 

|𝛽2| ≤
𝜔𝑓(𝜂)(𝛿)

𝜂!
𝐾𝑛,𝑟

(𝑠) ((1 +
|𝑡 − 𝑥|

𝛿
) |𝑡 − 𝑥|𝜂; 𝑥) 

|𝛽2| ≤
𝜔𝑓(𝜂)(𝛿; )

𝜂!
[

𝑑𝑠

𝑑𝑥𝑠
(∑ 𝑝𝑛,𝑘(𝑥)

𝑛

𝑘=0

|
𝑘

𝑛
− 𝑥|

𝑟𝜂

+ 𝛿−1 ∑ 𝑝𝑛,𝑘(𝑥)

𝑛

𝑘=0

|
𝑘

𝑛
− 𝑥|

𝑟𝜂+1

)] 

Choosing 𝛿 = 𝑛−
1

2  and using Schwarz inequality We obtain,  

|𝛽2| ≤
𝜔𝑓(𝜂) (𝑛−

1
2)

𝜂!

𝑑𝑠

𝑑𝑥𝑠
[∑ (𝑝𝑛,𝑘(𝑥))

1
2

𝑛

𝑘=0

(𝑝𝑛,𝑘(𝑥) (
𝑘

𝑛
− 𝑥)

2𝑟𝜂

)

1
2

+ 𝑛−
1
2 ∑ (𝑝𝑛,𝑘(𝑥))

1
2

𝑛

𝑘=0

(𝑝𝑛,𝑘(𝑥) (
𝑘

𝑛
− 𝑥)

2𝑟𝜂+2

)

1
2

] 

|𝛽2| ≤
𝜔𝑓(𝜂) (𝑛−

1
2)

𝜂!
[𝑂 (𝑛

−𝑟𝜂
2 ) + 𝑛−

1
2𝑂 (𝑛

−(𝑟𝜂+1)
2 )] 

|𝛽2| ≤
𝜔𝑓(𝜂) (𝑛−

1
2)

𝜂!
𝑂 (𝑛

−𝑟𝜂
2 ) 

|𝛽2| ≤ 𝑤2𝑛
−𝑟𝜂

2 𝜔𝑓(𝜂) (𝑛−
1
2), 
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Finally, we have 

|𝛽3| ≤
𝑑𝑠

𝑑𝑥𝑠
(∑ 𝑝𝑛,𝑘(𝑥)

𝑛

𝑘=0

|𝑞 (
𝑘

𝑛
, 𝑥)|), 

Since 𝑡 ∈ [0,1] \ (𝑎 − 𝜎, 𝑏 + 𝜎) we choose 𝛿 > 0 in a way to have |𝑡 − 𝑥| ≥ 𝛿 therefore there is 𝑀 > 0 such 

that |𝑞(𝑡, 𝑥)| ≤ 𝐴|𝑡 − 𝑥|𝜏, and for all 𝑥 ∈ [𝑎, 𝑏], then 

|𝛽3| ≤
𝑑𝑠

𝑑𝑥𝑠
( ∑ 𝑝𝑛,𝑘(𝑥) |𝑞 (

𝑘

𝑛
, 𝑥)|

|𝑡−𝑥|≥𝛿

) 

|𝛽3| ≤
𝑑𝑠

𝑑𝑥𝑠
(∑ 𝑝𝑛,𝑘(𝑥)

𝑛

𝑘=0

𝐴 |
𝑘

𝑛
− 𝑥|

𝜏

), 

Using Cauchy-Schwartz inequality  again and lemma 2.3 , we conclude  

|𝛽3| = 𝑂(𝑛𝑒),        𝑒 > 0  

By combining  𝛽1, 𝛽2, 𝛽3 we get (7). 

 

4. numerical data 

 

In this section we gave some numerical example comparing the error carve of approximation two test functions 

by 𝐾𝑛,1(𝑓; 𝑥) and 𝐾𝑛,3. 

 

Example 4.1  

Suppose that 𝑓(𝑥) = cos(11𝜋𝑥) , 𝑥 ∈ [0,1], is the test function.   

 
 

Fig 4.1 The error curve |𝐾𝑛,1(𝑥) − 𝑓(𝑥)| and |𝐾𝑛,3(𝑥) − 𝑓(𝑥)|when 𝑛 = 5 in the left and 𝑛 = 10 on the 

right. 
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Fig 4.2  The error curve |𝐾𝑛,1
′ (𝑥) − 𝑓′(𝑥)| and |𝐾𝑛,3

′ (𝑥) − 𝑓′(𝑥)|when 𝑛 = 5 on the left and 𝑛 = 10 on the 

right. 

5. Conclusion 

      This paper gives a generalization of the well-known Bernstein operator with the goal of improving the 

order of approximation. also we provide two numerical example that shows the error function 

|𝐾𝑛,𝑟(𝑥) − 𝑓(𝑥)|  and |𝐾𝑛,𝑟
′ (𝑥) − 𝑓′(𝑥)|  when 𝑛 = 5, 𝑛 = 10  demonstrating that approximation become 

more accurate when 𝑟 = 3 the 𝑟 = 1.    
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  Bernstein تحسين رتبة التقارب لمؤثر من نوع

  *امل خليل ،مصطفى كامل شهاب  

.البصرة، العراق قسم الرياضيات، كلية العلوم، جامعة البصرة،  

   

 معلومات البحث الملخص 

المعروف بالاعتماد على  Bernstein في هذه الدراسة سوف نقدم تعميم لمؤثر

اولاً نبدى بدراسة التقريب المتزامن ثم نقدم ونثبت  . r عدد صحيح موجب فردي

وهي   O(n^(-2) ) لتعطينا رتبة تقارب  (r=3) عند Voronovskaja  صيغة

تتبعها مبرهنة الخطأ  O(n^(-1) ) الاعتياديافضل من رتبة تقارب موثر برنسين 

وفي النهاية نعطي مثالا عدديا لبيان دالة الخطأ لدالة اختبار مع مشتقتها الأولى 

 .r لقيم مختلفة من

            2022حزيران  16    الاستلام       

 2022آب  17القبول             

 2022كانون الاول  30النشر              

 المفتاحيةالكلمات  

صيغة ، التقريب المتزامن، موثر برنستين

 .مقياس الاستمرارية، فرونوفسكي
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