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Abstract: This paper is devoted to introduce the notion of crossed modules of bicomplexes as a
suitable generalization of the notions of crossed modules of complexes and crossed modules of
bigroups, and the notion of bicomplexes as a suitable generalization of the notion of complexes.
This is done by embedding the categories of crossed modules of complexes and crossed modules
of bigroups in the category of crossed modules of bicomplexes, and the category of complexes in
the category of bicomplexes(via isomorphism of categories). The notion of bichain complex and
bichain map had also been introduced in the beginning of this paper. Finally, two adjoint pair of
functors had been given between the category of crossed modules of bicomplexes and the
category of bicomplexes.
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1. Introduction

Crossed modules of groups were introduced by Whitehead through his investigation of the
algebraic structure of the second relative homotopy groups [3]. The notion of crossed modules
of groups play an important role in homotopy theory, group presentations [7], algebraic K-
theory [5] and homological algebra [1,4]. Recall that a crossed module of groups (C, G, d,0) is a
group homomorphism d: C — G together with an action 8:G x C - C of G on C (usually
written by (g, ¢) = g. ) satisfying the following two conditions:

(CM1) a is a precrossed module, i.e., d(g.) = gd(c)g~t, forallc € C, g €G.
(CM2) The Pieffer subgroup is trivial, i.e., d(c,)¢, = czc1¢;7 " forall ¢y, ¢, € C.

When the action is unambiguous, we may write the crossed module of groups (C,G,d,6)
simply as (C, G, d). A morphism of crossed modules of groups (u,1): (C,G,3) - (D,H,6) isa
pair of group homomorphisms u:C — D and n:G — H, such that Su =nd and u(g.) =
Crossed modules of groups and morphisms as defined above 7(g),), forall c € C, g € G.
form a category, CModGrps. For more details, we refer the reader to Brown [7] and Baues [2].
Vasantha Kandasamy in [10] defined the bigroup (G, +,") that is a set with two binary operation
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‘4’ and '-' such that there exist two proper subsets G; and G, of G satisfied the following
conditions: (i) G = G; U G,. (ii) (G1,+ ) is a group. (iii) (G,,-) is a group. He also defined a
bigroup homomorphism 9: C — G is a map from bigroupC = C,UC,t0G = G, U G, such
that d,: C; — G, and d,: C, — G, are group homomorphisms where d; and d, are restriction of
d on C, and C, respectively, i.e. 9, =09/C; and d, = d/C,. Kamil in [6] defined a crossed
module of bigroups (C, G, d) is bigroup homomorphism d : C — G of bigroups C = C; UC,
and = G, U G, such that (Cy,G,,04,0,) and (C,, G,, 35, 0,) are a crossed modules of groups,
where d; = d /C; and d, = @ / C,. is also defined a morphism (u,n): (C,G,d) — (H,D, §) of
bigroups is a pair of bigroup homomorphisms such that crossed modules of
(u1,1m1): (Cy, Gy, 01) = (Hy, Dy, 81) and (pz,m2): (Cy, Gy, 0) — (Hy, Dy, 8,) are a morphism of
crossed modules of groups where u;, =pu/Ci, u,=u/Cyymy=n/G,andn, =9 /G,.

crossed modules of bigroups and morphisms as defined above form a category ,CModBiGrps.

2. Bicomplexes

PROPOSITION 2.1. For any complex of groups (C,, 1), the sequence of the inners of the
groups C,, for all n € Z and morhpisms between them;

v = I (Cra1) =5 Inn(Cp) B Inn(Cpey) = -, where @y () = fu ey Tor all ¢, € G, , is @
complex and denoted by (Inn(C),, i) .

Proof: forall f. . € Inn(Cpiq),

ﬁn ﬁn"‘l (an+1) :ﬁn (ﬁn*'l(fcnﬂ)) = ﬁn(fﬂn+1(cn+1)) = f#n#n+1(5n+1) = fO ' u

According to proposition 2.3 in [6], each group C can be viewed as extended group C — Inn(C)
and vice-versa, thereby it could be exists a concept of complex of extended groups(or simply,
extended complex of groups) which we will in next definition, for any complex and which is
given an isomorphic between the category, Comp, of complexes and the category, Comp —
InnComp, of extended complexes.

DEFINITION 2.2. A sequence of extended groups and extended group homomorphisms

Bn Bn .
between them ... - Cpiq — INN(Cpyq) — C, — Inn(Cy) = Cpyq — Inn(Cp_y) — - is called

complex of extended groups by inner of the groups C, for all n € Z, which is denoted by

Hn+1 Fn+a

(€ — Inn(C),,B.) if i = Cpy1 — Cy, s Chq— -+ and .- Inn(C,y,) — Inn(C,)

& Inn(C,_,) — --- are complexes of groups, where u,, = ,, / C,, and f,, = 3,, / Inn(C,,) for
all n € Z. (For shortening in this paper, we will called it extended complex).
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DEFINITION 2.3. Amap p = (4,4) = ({#,.}, {£.}): (C — Inn(C)., B.) = (G — Inn(G).,8.) is
called an extended chain map if a pair p ={g,}:C. > G. and p ={d,}: Inn(C).) -
(Inn(G),) are chain maps such that p,, / C, = ¢, and p,, / Inn(C,) = ¢,, foralln € Z.

PROPOSITION 2.4. The category of complexes of groups, Comp, and the category of
extended complexes, Comp — InnComp, are isomorphic.

Proof:- define a functor F: Comp — Comp — InnComp as follows:

() F((Cop) = (€~ Inn(C) ) Where fy = /Gy and iy = in/Inn(C,) for all
n € Z and (C,, u,) € obComp, and
(i) F(0 =1{0,}) = (p,p) = {pn}, {Fn}) for all 9 € MorComp((C*’ ), (G, 77*)), where

p =0:(C,,u.) -~ (G,n,) and p: (Inn(C),, i) = (Inn(G),,7,) where p, = ad,, for
alln € Z. Since 0 is a chain map, then for all f € Inn(C,) ;

a_n—lﬁn(fcn) = On-1 (ﬁn(fcn)) = 5n—1(fun(cn)) = fan_l(un(cn)) = fon-runlen) =
fnnan(cn) = ﬁn(fan(cn)) = ﬁn (an(f;:n)) = 7771671(f;:n)

i.e. 0,,_1fl, = 71,0, for alln € Z, and hence p = {p,}: Inn(C),, i.) - (Inn(G),,7.) is a
chain map (which is can be seen in this paper as extended chain map).

Also, define a functor T: Comp — InnComp — Compas follows:

Q) T(C — Inn(C),) = C, forall C — Inn(C), € obComp — InnComp , and

i) T(p=(pp))=p for all p=(pp)EMOTcomprmncomp (€ —Inn(C).,G -
Inn(G),).

Therefore , itis easy to see that TF = Iy, and FT = Icomp—imncomp- Thus Comp ~ Comp —
InmnComp. =m

The concept of extended complexes in the previous definition can be extend to a complexes
of bigroups as we shall show that in the beginning of the next definition.

DEFINITION 2.5.

A complex of bigroups (C., i) is a sequence of bigroups and bigroup homomorphisms between

HUn HUn . z ,
them ... > Cpyq —> Cp — Cp_q — -+, Where C,, = C, UC, for all n € Z, Such that ... > Cpyq

fns+1 - bn . z H +1 72 Hn 2 ,
¢, 3C - and ... o Cpyqg — C,, = C,_q — - are complexes of groups, where fi, =

tn/C, and i, = .un/én for all n € Z (in this paper can be seen as bicomplexes of groups).

YoV



Journal of College of Education for pure sciences Vol.5 No.2 2015

DEFINITION 2.6. Amap p = (4,4) = ({6}, {Pn}): (C., 1t.) = (G.,n.) is called a bichain map if a pair

p={pn}:C. > G.and p={pp} ¢, — ¢, are chain maps such that g, = p, / C,, and g, = p,, / C,, for
alln e Z.

Taking objects and morphisms as defined above, we obtain the category, BiComp, of bicomplexes of
groups. Note that, Comp — InnComp S BiComp, and since Comp = Comp — InnComp, we deduce
that Comp < BiComp , i.e. the category of complexes of groups is embedding (as a subcategory) in the
category of bicomplexes of groups (via isomorphisms of categories).

3. Crossed Modules of Bicomplexes

According to proposition 2.3, we can there is an isomorphic between the category of crossed
modules of complexes, CModComp, and the category of (which we shall call in this paper) crossed
modules of extended complexes, CModComp — InnComp, which we will give in the next proposition.

PROPOSITION 3.1. The category of crossed modules of complexes, CModComp, and the category of
crossed modules of extended complexes, CModComp — InnComp, are isomorphic.

Proof:- define a functor F: CModComp — CModComp — InnComp as follows:

(i) F((C.,G.,8)) = (€ — mn(C)., G — Inn(G).,p = {4, 4}) for all (C.,G.,d) € obCModComp, where
p=0:C. - G,and p = p: Inn(C), = C — Inn(G)..

Note that, 5 = p:Inn(C,) — Inn(G,) with the action of Inn(G,) on Inn(C,) via the action of G, on
Cy, (fgf = fg. for all f; € Inn(G) and f; € Inn(C)) is a crossed modules of groups for all n € Z, from

[6]. And

Forany f. € Inn(Cy), fy, € Inn(Gy);

.L;ln (fgnfc )

= .un (fgncn) = fﬂn(gncn)

= fnn(gn)un(cn) = fnn(‘gn)fy.n(Cn)
=100 1)

This implies that p = p: Inn(C), = C — Inn(G), is a crossed modules of complexes and hence
(€ — mn(C).,G — Inn(G).,p = {p,p}) is a crossed modules of extended complexes i.e.
F((C*, G., 6)) = (C — Inn(C),,G — Inn(G),,p = {/3, p}) € obCModComp — InnComp .
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(i) F(a,0) = ((¢,d),(6,6)) for all (a,0) € Morcuoacomp-imncomp((Cer Gs ), (H., D., )

where¢ =a,6 =0, d=aandé =4.

Note that; from proof above; d, (fg"fcn) = a’n(fgn)ozn o) for any f, € Inn(C,,), f,, € Inn(G,)

and this shows that (&, 6): (Inn(C)., Inn(G)., p) = (Inn(H), Inn(D),y) is morphism of crossed
modules of complexes.

Therefore ((u, ), (m, ﬁ)) is morphism of crossed modules of extended complexes, i.e.

F(a,0) = ((d: gx), (0,': 0")) € Morcyodcomp—Imncomp ((C — Inn(C)., G — Inn(G).,p =
(6,6)), (H — Inn(H),, D — Inn(D),,d = {1919}))
Also, define a functor T: CModComp — InnComp — CModComp as follows:

i) T((€c-1mn(C)..6-mnG)p=1{pp})) = (C.G.p) for all (C=In(C).G—
nn(G),,p = {,é, p}) € obCModComp — InnComp, and

(i) 7 ((6.4).(6,6)) = (@.6) forall ((¢.).(6.4)) € Moremoacomp-mncomp ( (€ -

Inn(C).,G — Inn(G).,p = {p, A}), (H — Inn(H),, D — Inn(D),,d = {1919}))

Therefore, it is easy to see that TF = Icyoacomp aNd FT = Icyoacomp—imncomp- THUS
CModComp =~ CModComp — InnComp. =

The concept of crossed module of extended complexes in the previous preposition can be seen as
extended crossed module of complexes , and which we can extend to a crossed module of bicomplexs as
we shall show that in the beginning of the next definition.

DEFINITION 3.2. Let (C.,1t.) and (G.,n.) be a bicomplexes, where C,, = €, U €, and G, = G, U G,
for all n € Z. A bichain map @ = (é = {an}a = {an}) : (C,, 1) = (G,,m,) is called a crossed
modules of bicomplexes denoted by (C.,G.,d,8) (or simply as (C.,G.,d)), if (C.G.9,0) and
((i, é‘*, a 9) are a crossed modules of complexes, where d,, = d,, / €, and d, = 8,, / €, foralln € Z. If
in the above definition, (C,,G.,d) and (C ¢, a) are a precrossed module of complexes, we call

(C.,G,,0) aprecrossed module of bicomplexes.
PROPOSITION 3.3. A bichainmap 9 = (é = {én},é = {an}) : (C,,u.) = (G,,1m,) is called a crossed
modules of bicomplexes iff

1- (C,, Gy, d,) is a crossed modules of bigroups for all n € Z.
yoq
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2- .un(gncn) = 7]n(gn)#n(cn) ) where Un / C"n = .u’n vl / C,‘n = .&n’ M/ Gn = 77'11 and M/
G, =1n,foralln € Z.

Proof:-Clearly.

DEFINITION 3.4. A morphism (&, o) = ((c’r, &), (6, é)): (C.,G.,d) = (H.,,D,,&) of crossed modules
of bicomplexes is a pair of bichain maps such that (4,6):(C.,G.d) - (H.D.$8) and
(&,6): (C ¢., 5) - (HD 5) are a morphism of crossed modules of complexes where o, = a,, / C,,

d,=0,/G, d,=d,/C,andé, =0,/G, foralln € Z.

Taking objects and morphisms as defined above, we obtain the category CModBiComp of crossed
modules of bicomplexes. Note that, CModComp — Inn(Comp) € CModBiComp , and since
CModComp ~ CModComp — Inn(Comp), we deduce that CModComp S CModBiComp , i.e., the
category of crossed modules of complexes is embedding (as a subcategory) in the category of crossed
modules of bicomplexes (via isomorphisms of categories).

EXAMPLES 3.5. (1) Let (1’(*,7*) be a normal subbicomplex of (C,, u,) such that C,, has an action on K,,
by conjugations for all n € Z. This together with the inclusion bichain map ix = {ig }: (K..7.) <
(C., ) is a crossed module of bicomplexes (K., C., ié*). Accordingly, any bicomplex (C,, u,) may be
regarded as a crossed module of bicomplexes in two ways via the identity bichain map or the inclusion

bichain map, i.e., (C*, C*,IC*) and (1C*, C., i1c*) respectively, where 1. _denotes the trivial bicomplex.

(2) Any bichain map of abelian bicomplexes d = {d,,}: (C.,u,) = (G,,n,) is a crossed module of
bicomplexes with respect to the trivial action of G,, on C,, forall n € Z.

The generalization of crossed module of bicomplexes for crossed modules of bigroups starts as
follow. It is plain that each bigroup C can be viewed as a length zero bicomplex and vice-versa. This
shows that the category BiGrps of bigroups is isomorphic to the category BiComp‘® of length zero
bicomplexes, i.e., BiGrps ~ BiComp®, and since BiComp‘® is a subcategory of BiComp, therefore
BiGrps can be embedded in BiComp as a subcategory. Accordingly, each crossed module of bigroups
(C,G,0) canalso be viewed as a chain map d, of length zero bicomplexes C, and G,

G, +—»0—» C—>»0—>
P 1
G, voo—O0— C—»O0—--

which we shall call it in this paper a crossed module of length zero bicomplexes (Cy, Gy, do) (in the
sense that each vertical homomorphism of () is a crossed module of bigroups and each pair of parallel
horizontal homomorphisms of () represents a morphism of crossed modules of bigroups, i.e., all
crossed module information are encoded in the above diagram). In this case the category of crossed
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modules of bigroups CModBiGrps and the category CModBiComp® of crossed modules of length
zero bicomplexes are isomorphic, i.e.,CModBiGrps ~ CModBiComp®. Note that, CModBiComp©® <
CModBiComp, and since CModBiGrps ~ CModBiComp® , we deduce that CModBiGrps S
CModBiComp , i.e., the category of crossed modules of bigroups is embedding (as a subcategory) in the
category of crossed modules of bicomplexes (via isomorphisms of categories).

4. Adjoint Pair of Functors
LEMMA 4.1. There are two covariant functors;
(1) The forgetful functor F: CModBiComp — BiComp derfined by:

(i) F((C.,G.,9)) = C,, forall (C,,G.,8) € ObCModBiComp.

(il Fl@o)=((€d).(6.6))=a=(@d) . for al (@o)=((&d)(¢)e
MOTCModBiComp((C*J G, a)' (H*' D,, 8))

(2) L: BiComp — CModBiComp defined by:

(i) L(C.) = (C.,C.,I¢,) forall C, € ObBiComp.

(i) L (a=(44d)) = (@a)=((d4d),(4d))forall @ = (& &) € Morpicomp(C., G.).

THEOREM 4.2. L: BiComp - CModBiComp is a left adjoint functor of F:CModBiComp —
BiComp.

Proof. We shall show that there is a natural isomorphism — @: Morgicmoacomp(L— —) =
Motgicomp(— F —), where

Morgicmoacomp (L= —) » MoTgicomp(— F —): BiComp®P? X CModBiComp — S are bifunctors, the
notation BiComp®? denotes the opposite (or dual) category of BiComp, and S the category of sets,
defined respectively by the following compositions;

LoPXICModBiComp EcModBicomp
S

BiComp®°P x CModBiComp —— > CModBiComp®°P X CModBiComp S

IBiComp"p xF BiComp
S

E
and BiComp®°P x CModBiComp BiComp®P x BiComp S.
Define a function @: Morcyeagicomp (L— =) = MoTgicomp(—, F —) as follows;

forall A = (C,°?, (G., H.,0)) € Ob(BiComp°? x CModBiComp),

AR
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D (A): MoTcrsoapicomp (€ Corle, ), (Goy Hey 0)) = MOTpicomp(C., G.) , s defined by (4) ((a, o) =

((4.6).(6.9))) = a = (4.4) , for all (@,0) = ((¢,6),(6.,6)) €
MoTcumoasicomp ((C C.lc) (G, H., a)). We first show that @ is a natural transformation. To do this,

let (°7 , (r, £)) € MoTexoupicomy (4, B), where A = ((C.°7, (G, H.,9))) and B = (D,*", (E., K., 1)).
It is enough to show the commutativity of the following diagram

A Morcuoasicomp ((Cor Culc.), (G Ho,8))  ®(4)  MoTgicomy(C., G.)

(QOp ’ (T, t)) ECModBiComp((QOp' QOP): (T: t)) EBiComp (QOp' T)

v
v

v

B Motcpmoasicomp ((D*;D*ID*)'(E*'K*;A)) @(B) MorBiComp(D*:E*)

Let(a, 0) € MoTcymoapicomyp ((C*, C.lc), (G*,H*,a)). Therefore
(EBiComp(Qop'r) ‘P(A)) (@,0) = Eicomp(0°?,1)(a) = UL = O(U)(LUL, DO0)

= (DO M) = (0 Do (077, 079,(0,0)) (0,0,

Also, define a function [: U000 00(— 0 =)= 000000000000 (0=, =) as follows; for all
0 =(0.°%,(0.,0,0)) € 00(000000°° x 0000000000),

0(0): 000g00000(0."%, 0.) = 0000000000000 (O 0v 00,), (0., 0., 0))

is defined by (1()() = (0,00 forall (e 00000 (0, ", 10,). Note that (I(()([) =
(0,0 (0, 1y, 00,) = (U, 1, 1) is indeed a morphism of crossed modules of complexes since [
and (17 are chain maps, (700, =00, and O (770)= "0 (o) for all
O, €05 and all (1€ 1. We turn now to show that [ is a natural transformation. , let
(07,0 m) € 00T (0,0 where 0 = (0,7, (7,0, 1) Jand 0=

(\ .79, (0, O, | \)). It is enough to show the commutativity of the following diagram.

Yy



Journal of College of Education for pure sciences Vol.5 No.2 2015

0 000 0,.0,) 0(0) 000 (D*,D*,] , [*,[*,D)
JJJUUL( ) ( ) gooooooooo ( U*)( )

(D J,(j'j)) jjjjmm[(jLL;j) D[[[[[[DDDD((] u,[LL),([;D))

N DDD[[[[]DQJ*; 0,) 0(0) 000gggooooooo ((]*, 0w 0g, ), (04, O, [))

Let U € DU 000 (s, U,). Therefore

(P0000000 ((0°%.09%).(0,0)) D) () = Dongonons (077, 0°7). (0.0)) (0. 00)

= (0,0, 00,0 =@00,00mo) = @00,(O0mon) =000, (00n) =
S o0y =00 (Do (E8E)) = (00 Do (07, ).

To proceed the proof, we need only to show that (101 = [1 (1--)and

Let (] = ((D*,D*)JJ (0,00, (0,00, j)) € 00(000000% X 00 = Opgn,, (a0
ooooooood [). We need to prove the commutativity of the following diagram

000000000 0,0 0() jjjrrrrrrrmﬂT((j*'j*'[r*):(m*'[*:[))

Dooo - mI))

v

HHHUUUUUU(H*' T*)

Let 0 € OO0 00 (U, U,). Therefore
(OOED) () =000 = 0 =0 Cooonay ()

= (]777—————7(—,7—)(D)) 2

Likewise, (10 = O~ (1—,—)- Hence [ is a left adjoint functor of [1. [

A



Journal of College of Education for pure sciences Vol.5 No.2 2015

References

[1] A.S.-T. Lue, Cohomology of Groups Relative to a Variety, J. Algebra, t.69, (1981), 15-174.
[2] H.J. Baues, Combinatorial Homotopy and 4-Dimensional Complexes, DeGruyter, (1991).

[3] J.H.C. Whitehead, Combinatorial Homotopy II, Bulletin. American Mathematical Society
t.55 (1949) 453-496.

[4] J. Huebschmann, Crossed n-Fold Extensions of Groups and Cohomology, Comment. Math.
Helvetica, t.55, (1980), 302-314.

[5] J.-L. Loday, Chomologie et Goupes de Steinberg Relatifs, J. Algebra, t.54, (1978), 178-202.

[6] M.M.Kamil, Crossed modules of Bigroups and BiCrossed modules of Bigroups; Scientific
Journal of Thi-Qar University, Accepted for publication.

[7] R. Brown, Groupoids and Crossed Objects in Algebraic Topology, Homology, Homotopy
and Applications 1 (1999), 1-78.

[8] R. Brown and J. Huebschmann, Identities among Relations, in Law Dimensional Topology,
London Math. Soc. Lect. Notes, t.48, Cambridge University Press, (1982), 153-202.

[9] R.S. Mahdi and M. M. Kamil, Crossed Modules of Complexes, International
journal of Contemporary mathematical Science, Hikari, Accepted for publication.

[10] W.B.Vasantha Kandasamy, Bialgebraic Structures and Smarandache Bialgebraic Structures,
Department of Mathematics Indian Institute of Technology, Madras Chennai — 600036, India,
American research press Rehoboth 2003

AL



