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Abstract 

        This research is devoted to the study the Lawley-Hotelling Test in One -Way 

Multivariate repeated measurements analysis of variance  model (MRM ANOVA), 

which contains one between-units factor (group with q levels) incorporating one 

random effect, one within-units factor (time with p levels). The test statistics of 

various hypotheses on between-unites factor, within-units factor and the interaction 

between them are given. An application research, a study has been taken to 

diagnostics and isolation for kinds of becteria which compain with tissue cultivation 

for the dates and the study of frustrate affection for three  kinds  of  extractor plant, 

which are called Rhus coriaria and cinnamomum zeylanicum, the excretes of 

adhesive for the Bswellia Sp plant and by using four kinds of solvent and three 

different condense. An experimental has been made for getting measurement for the 

best reacting extractor plant with the solvent by using different affection on frustrate 

core 

Keywords :One-Way Multivariate Repeated Measures Model, Lawley-Hotelling 

test, Wishart distribution,  MANOVA. 

 :الملخص

جحهٍم انحبٍان نهقٍاسات انمحكشسي انمحعذدي رات  ((Lawley-Hotellingٌزا انبحث مخصص نذساسة اخحباس 

 مه انمسحٌُات مع جأثٍش عشُائً qمجمُعً مه )الاججاي انُاحذ َانزي ٌححُي عهى عامم َاحذ بٍه انُحذات 

كما جمث دساسة الاحصائٍات الاخحباسًٌ نهفشضٍات . ( مسحٌُاتpَقث مه )َاحذ َمعامم َاحذ بٍه انُحذات 

َكذساسً جطبٍقًٍ جم اعحماد بٍاوات . انمحعذدي عهى معامم بٍه انُحذات َمعامم داخم انُحذات َانحفاعم بٍىٍما

 . جشخٍص َعزل اوُاع مه انبكحشٌا 

1. Introduction 

  Repeated measurements analysis is widely used in many fields, for example, in the 

health and life sciences, epidemiology, biomedical, agricultural, industrial, 

psychological, educational research and so on. Repeated measurements is a term 

used to describe data in which the response variable for each experimental unite is 

observed on multiple occasions and possibly under different experimental 

conditions [9]. Repeated measures designs involving two or more independent 

groups are among the most common experimental designs in a variety of research 

settings. Various statistical procedures have been suggested for analyzing data from 

split-plot designs when parametric model assumptions are violated[6]. Repeated 

measurements analysis of variance, often referred to as randomized block and split-

plot designs [5] and [8].  

  The focus of this paper is to study the one-way multivariate repeated 

measurements analysis of variance  model (MRM ANOVA) . The test statistics of 

various hypotheses on between-units factors which are called the multivariate 

Lawley-Hotelling  tests are given. The practical side of this paper is about  tissue 

agriculture of Date palm trees.  The most 
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important reasons that make us select the subject of Palm trees are the date fruit is 

considered as the most important commercial crops in the countries of the Middle East. 

And The dates contain high percentage of Antioxidants, which are important  and 

necessary for the body.  Among the wide horizon  of Phenolic  compounds, the dates 

contain PSinaPic acid, Coumaric Ferulic, as essential compounds.  Antioxidants are paid 

a great attention by the specialists of  nutrition science, and the researchers in the field of 

Medicine, because of its direct effect on the shorthand  of the danger of  chronic diseases, 

like cancer, heart diseases , aging and shocks[1]. The purpose of our study, having  

specified and separated three kinds of bacteria, is to examine the effect  of the 

transactions of distance inhibitory of bacteria, and to know the best interaction of 

transactions through the application of the statistical test Lawly-Hotelling. The results of 

application are obtained by MATLAB (R 2012) program .                                                   

 2- One –Way MRM Model                                                                                                                            

There is  a variety of possibilities for the between- units factors in a one-way design. In a 

randomized one-way MRM experiment, the experimental units are randomized to one  

between-units factor (groups with  q  levels),  one within-units factor(time with  p  levels) 

and random effect to experimental unit i with in trenatment group j, we define the 

following linear model and parameterization for the one-way repeated measurements 

design with one between- units factor :- 

𝐲𝐢𝐣𝐤 =  𝛍 + 𝛕𝐣 +𝛅𝐢(𝐣) + 𝛄𝐤 + (𝛕𝛄)𝐣𝐤 + 𝐞𝐢𝐣𝐤        … (2.1) 

Where  i = 1, ⋯ , nj is an index for experimental unit within group j,     

j = 1, ⋯ , q is an index for levels of the between-units factor (Group),                                                                                                              

k = 1, ⋯ , p  is an index for levels of the within-units factor  (Time),                                                                                                               

Yijk =  Yijk 1,⋯ , Yijkr  
´
 is the response measurement at time k for unit i within group j,                                                                     

μ =  μ
1

,⋯ , μ
r
 

´
  is the overall mean,                                                

τj =  τj1, ⋯ , τjr 
´
 is the added effect for treatment group j,                                              

δi j =  δi j 1, ⋯ , δi j r 
´
 is the random effect due to experimental unit i within treatment 

group j,                                                         

γk =  γk1,⋯ , γkr  
´ is the added effect for time k,                          

 τγ jk =   τγ jk1,⋯ ,  τγ jkr  
´
 is the added effect for the group j × time k interaction,          

and      eijk =  eijk 1, ⋯ , eijkr  
´
 is the random error on time k for unit i within group j.                                                                                         

For the parameterization to be of full rank,         we  imposed the following set of 

conditions                                                                  

  τj = 0
q
j=1           ,          γk = 0

p
k=1  ,        
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  τγ jk = 0
q
j=1      ,     for each k = 1, ⋯ , p ; 

  τγ jk = 0
p
k=1         for each j = 1, ⋯ , q,                   …(2.2)                                                            

we assume that the eijk ′s ,δi(j)′s are independent with 

eijk =  eijk 1,⋯ , eijkr  
´
  ~ i. i. d. Nr   0, Σe ,    

δi j =  δi j 1, ⋯ , δi j r 
´
  ~ i. i. d. Nr   0, Σδ ,                            …    (2.3) 

where  Σe , Σδ  are r × r positive definite matrices.                    

Let Yij =  Yij1, Yij2, ⋯ , Yijp  
´
,     

   that is Yij =  

Yij11 Yij21     ⋯ Yijp 1

Yij12 Yij22     ⋯ Yijp 2

⋮         ⋮    ⋱      ⋮
Yij1r Yij2r     ⋯ Yijpr

 .        …  𝟐. 𝟒    

 The variance- covariance matrix of Y   ij  is denoted as ∑, where 

Y   ij = Vec  Yij . The Vec  ∙   operator creates a column vector from a matrix Yij  by simply 

stacking the column vectors of Yij  below one another.The variance- covariance matrix  ∑ 

of the model (2.1) satisfies the assumption of compound symmetry, i.e. 

Σ = Ip ⊗ Σe + JP ⊗ Σδ                

= 

Σe + Σδ                          Σδ ⋯ Σδ

Σδ                       Σe + Σδ   ⋯ Σδ

⋮                                
Σδ                                        

⋮
Σδ

⋱
⋯

⋮
Σe + Σδ

  ,                     …(2.5) 

Where Ip  denotes the p × p identity matrix, Jp  denotes  p × p matrix of  one's and   ⊗ is 

the Kronecker product operation of two matrices.                                                                                                  

eij =  eij1, ⋯ , eijp  
´
~ i. i. d. Np×r 0, Ip⨂Σe .   . . .     𝟐. 𝟔  

 3- Transforming the One-Way Multivariate Repeated Measurements Analysis of 

variance (ANOVA) Mode                                                                                                                                         

In this section, we use an orthogonal matrix to transform the observations Yijk  for 

i = 1, ⋯ , nj  , j = 1, ⋯ , q , k = 1, ⋯ , p.             Let U∗ be any p × p orthogonal matrix. It 

is partitioned as follows:                                                                                     U∗ =

    p
−1

2  jp    U  ,               …   𝟑. 𝟏  

where jp  denotes the p × 1 vector of one's, U  is  p ×  p − 1  matrix,                                                  

U′ jp = 0 and U′U = Ip−1 . 
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Let Yij
∗ = Yij U

∗  

 Yij
∗ =  Yij1

∗ , Yij2
∗ , ⋯ , Yijp

∗  
´

=  Yij1, Yij2, ⋯ , Yijp  
´
U∗ 

 

Yij11
∗ ⋯ Yijp 1

∗

⋮ ⋱ ⋮
Yij1r

∗ ⋯ Yijpr
∗

 =   

Yij11 ⋯ Yijp 1

⋮ ⋱ ⋮
Yij1r ⋯ Yijpr

  p
−1
2  jp    U  .    …  𝟑. 𝟐  

So  

Cov  Y   ij
∗ = Cov (Yij U∗          ) = Cov   U∗´

⊗ Ir Y   ij  

  =  U∗′ ⨂Ir   Σ U∗⨂Ir      … (3.3)                                                                    =

 U∗′ ⨂Ir    Ip ⊗ Σe + Jp ⊗ Σδ  U∗ ⊗ Ir . 

                     = Ip ⊗ Σe + U∗′ JpU∗⨂IrΣδIr    

We can write the above in the following matrix form: 

Cov Y   ij
∗ =  

Σe + p Σδ           0 ⋯ 0
0                              Σe ⋯ 0
⋮
0

                              
⋮
0

⋱
⋯

⋮
Σe

                             … (3.4) 

4-Analysis of variance (ANOVA) for the One-Way Multivariate  Repeated 

Measurements  Model 

    In this section, we study the ANCOVA for the effects of between-units factor and 

within-units factor for the one-way RM model (2.1). Also, we give the null hypotheses 

which are concerned with these effects and the interaction between them, and the test 

statistics for them.                                                                                            

Now 

Yij
∗ = Yij U

∗    

Yij1
∗ = Yij  p

−1
2jp  

∴ Yij1
∗ =

 
 
 
 
 
Yij11

∗

Yij12
∗

⋮
Yij1r

∗
 
 
 
 
 

 =

 
 
 
 
 
 

1

 p
 Yijk 1

p
k=1

1

 p
 Yijk 2

p
k=1

⋮
1

 p
 Yijkr

p
k=1  

 
 
 
 
 

 ,  

From (2.1), we obtain 
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Yij1
∗ = p

−1

2  Yijk
p
k=1   

  =p
−1

2  (
p
k=1 µ + τj + δi(j) + γk + (τγ)jk + eijk  ) 

= p
1
2μ + p

1
2τj + p

1
2δi(j) +  p

−1
2  eijk

p
k=1   

Yij1
∗ = μ∗ + τj

∗ + δi(j)
∗ + eij1

∗      Then the set of vectors 

 𝐘𝟏𝟏𝟏
∗ , ⋯ , 𝐘𝐧𝟏𝟏𝟏

∗  
′
,  𝐘𝟏𝟐𝟏

∗ , ⋯ , 𝐘𝐧𝟐𝟐𝟏
∗  

′
, ⋯ ,  𝐘𝟏𝐪𝟏

∗ , ⋯𝐘𝐧𝐪𝐪𝟏
∗  

′

 

have mean vectors 

X1 =  pμ +  pτ1 

X2 =  pμ +  pτ2 

⋮ 

Xq =  pμ +  pτq  

respectively, and each of them has covariance matrix  Σe + pΣδ  .                                                                                            

So, the null hypothesis of the same treatment effects is: 

H01: τ1
∗ = ⋯ = τq

∗ = 0 

and are equivalent to the null hypothesis for the same average vector 

H01 = X1 = X2 = ⋯ = Xq = 0 .      

    The ANOVA based on the set of transformed observations above, the Yij1
∗ ′s provides 

the ANOVA for the between-units effects. This leads to the following form for the sum 

squares terms:                                                        

SSG , SSu(G) , where  

.

,))((

))((

111

1 1

1)(

111

1

1







 













jijj

q

j

n

i

ijGu

j

q

j

jjG

YYYYSS

YYYYnSS

j where 

Y j1
∗ =

 Y ij 1
∗n j

i=1

n j
       ,Y 1

∗ =
  Y ij 1

∗n j
i=1

q
j=1

n
 .      

Thus      ),1(~ erG pqWSS     

),(~)( erGu pqnWSS   , 
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where Wr  denotes the multivariate-Wishart distribution. 

The ANOVA based on the kth  set of transformed observations, the Yijk
∗ ′s for each  

k = 2, … , p , i.e.  Yijk
∗ =

 
 
 
 
 
 
 
 
 
 
 
 
 

Y112
∗ Y113

∗ ⋯ Y11P
∗

Y212
∗ Y213

∗ ⋯ Y21P
∗

⋮
Yn112

∗

Y122
∗

Y222
∗

⋮
Yn222

∗

⋮
Y1q2

∗

⋮
Ynq q2

∗

⋮
Yn113

∗

Y123
∗

Y223
∗

⋮
Yn223

∗

⋮
Y1q3

∗

⋮
Ynq q3

∗

⋯
⋯
⋯
⋯
⋯
⋯
⋮
⋯
⋯
⋯

⋮
Yn11p

∗

Y12p
∗

Y22p
∗

⋮
Yn22p

∗

⋮
Y1qp

∗

⋮
Ynq qp

∗
 
 
 
 
 
 
 
 
 
 
 
 
 

 

has the model  Yijk
∗ =  ukk ′ Yijk′  

p
k ′ =1  

=  ukk ′   μ + τj + δi j + γk ′ +  τγ jk ′ + eijk ′  .                                           … (𝟒. 𝟏)

p

k ′

 

Because the components of  𝐔𝐤𝟏, ⋯ , 𝐔𝐤𝐩  sum to zero for each k=1,…,p     the kth  model  

in (2.12) is equivalent to Yijk
∗ = γk

∗ + (τγ)jk
∗ + eijk

∗  ,             …  (𝟒. 𝟐) 

where [γ2
∗  , … , γp

∗ ] =  γ1, … , γp U.  

It is clear that when γ1 = ⋯ = γp = 0  

then γ2
∗ =  … =  γp

∗ = 0  

In another way, while      γk = 0 
p
k=1    

[0, γ2
∗  , … , γp

∗ ] = [γ1 , … , γp ]U∗  

Then   γ1, … , γp =  0, γ2
∗  , … , γp

∗  U∗′  

which implies γ2
∗ =  … = γp

∗ = 0   

Therefore, the hypothesis H02 : γ1 = ⋯ = γp = 0   

is equivalent to the hypothesis 

H02: γ2
∗ =  … =  γp

∗ = 0.  

 Similarly for each j  

  τγ j2
∗ , … ,  τγ jp

∗   = [ τγ j1, … ,  τγ jp ]U  

And the hypothesis H03 :  τγ j1 = ⋯ =  τγ jp = 0  
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be equivalent to the hypothesis 

  

H03:  τγ j2
∗ = ⋯ =  τγ jp

∗ = 0.                         The ANOVA based on the set of 

transformed observations above ,   Yij2
∗  , ⋯ , Yijp

∗   provides the ANOVA for within-units 

effects. This leads to the following forms for the sum squares terms :                 

where  ,
1

jn

jn

i ijkY

jkY







                   

 

 

where pk
n

q

j jkYjn

KY ,...,2,
1











 

 

 

 

 

 

 

5 - Lawly-Hotelling Test 

The Lawly-Hotelling statistic is defined as  U(s) = tr ( E−1H) and is also known as Lawly-

Hotelling's table gives upper percentage points of  the  test statistic    
VE

VH
 U(s)  where : 

 E= sum squares matrix of the error, 

 H= sum squares matrix of the hypothesis , 

VE = degrees of freedom for error, 

VH = degrees of freedom for  hypothesis. We  reject hypothesis If    
VE

VH
 U(s)  ˃   table 

value.          

  

 

)eq),1)(n((prW~SSE

)jkYijk)(YjkY
p

2k

q

1j

jn

1i
ijk(YSSE1)














)),1)(1((~

)
k

Y
jk

Y)(
k

Y
jk

Y(
p

2k

q

1j
j

n
TG

SS2)

eqprWTGSS 





















)e1),((prW~TimeSS

))kY(
p

2k kYn(TimeSS)3











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  The One-way MRM ANOVA are given in the  

following table(1) . 

 

 

 

 

 

 

 

 

 

6 – The Experiment                                                                                                                             

The data of the experiment  was taken from  Date palm research center, Basrah university 

– which represent  for isolation and identification of bacterial types that contaminated 

date palm tissue culture., and studied the inhibiting activities of three types of plant 

extracts on fruit of Rhus coriaria , bark of Cinnamomum zeylanicum and gummy 

extraction of Bswellia sp., using four types of solvent water , methyl alcohol , normal 

hexane and ethyl acetate , in two concentrations (0.5 , 1) % . The results of isolation and 

identification of bacteria appeared contanmination of callus tissue of date palm tissue 

culture by three genera of bacteria Staphylloccus aurwus , Bacillus subtillus and proteus 

spp .  

7-  The results and discussion                                    

According to the mathematical formula of the model study (2.1) and by applying the 

model to the experiment, we get the sum squares matrices , of the effects between-units 

factors,  within-units factors, effect to interaction between-unit factor (group ) and within-

units factors(time), of the experiment as table(2)   We  reject hypotheses H01 , H02  and 

 H03  ,that by using Lawly-Hotelling test at 0.05 level of significance,  because of  the 

calculated Lawly-Hotelling greater then table values.  In  rejection  our hypothesis   H01  

,we  mean that  the group factor  has active effect, and each one of   Rhus coriaria ,  

Cinnamomum zeylanicum , Bswellia sp has different affection on frustrate core of 

bacteria. In point of  hypothesis H02 , mean  our rejection  that for each one of  bacteria 

kinds (time factor) will be  touching effectually. H03  is rejected because we can find 

affection for the interaction between group factor and time factor, and we can say that, 

the results showed that ethyl acetate extracts 1% of each Rhus coriaria and Bswellia sp. 

appeared  the highest inhibition zone of about (23.00 , 24.00)mm respectively against 

S.aurwus while the inhibition zone of ethyl acetate acetate extract 1%  of Bswellia 

sp.against B.subtillus was 18.33 mm , the results showed that  alcohol and ethyl for 

 Source D.F SS Lawley-Hotelling 

Criterion   

Between Group 

 

Unit(Group) 

q-1 

 

             

n-q 

SS G  

SS  

trace    

(SSG    SSu(G)
−1 )    

Within Time 

GroupTime 

 

(p-1 ) 

(q-    

1) (p-

1) 

SS
T

 

SS
G×T

 

trace (SST  SSE
−1)    

Error (p-

1)(n-

q) 

SSE trace 

(SSG×T  SSE
−1)    

)(Gu
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acetate Rhus coriaria extract were the best extracts that gave the highest inhibition zone 

(16.76,16.33) mm respectively against Proteus sp.        

Table(2) 

 hypotheses 

 

Calculated 

value of 
Lawly-

Hotelling 

Table value 

of Lawly-
Hotelling 

The comparison The decision 

Between H01 : τ1
∗ = τ2

∗ = τ3
∗ = 0 31.32 7.91 31.32 ˃ 7.91 Rejection H01 

Within H02 : γ2
∗ =  γ3

∗ = 0 22.95 6.19 22.95 ˃ 6.19 Rejection H02  

Interacti-on 

between and 

within 

  H03 :  τγ j2
∗ =  τγ j3

∗ = 0 112.5 5.21 112.5 ˃ 5.21 Rejection H03  
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