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Abstract : In this paper , the concepts of order-continuity , pseudometric
generating property , autocontinuity and null-subtractive of an intuitionistic
fuzzy measure on an intuitionistic fuzzy o — algebra of intuitionistic fuzzy sets
will be introduced , and we proved Egoroff's Theorem and three forms of

Egoroff's Theorem for a sequence of measurable functions on an intuitionistic

fuzzy o —algebra .

1-Introduction :

The concept of fuzzy measure defined on a classical o —algebra ,
were first proposed by Sugeno in [5] . Some structural characteristics
of fuzzy measure were introduced and discussed by Wang [7] . A
generalization of fuzzy measure were established on fuzzy sets by
Qiao[9] , and the Lebesgu's theorem and Riesz's theorem for a
sequence of measurable functions had been proved on fuzzy o-
algebra of fuzzy set . In 1996, L.Jun and M. Yasuda[4] show that the
Egoroff's theorem for a sequence of fuzzy measurable functions also
holds on fuzzy o-algebra by using the concepts of order continuity
and the pseudometric generating property of fuzzy measures.

Many authors defined new types of measures , Adrain [. Ban [2]

one of the authors who defined an intuitionistic fuzzy measure on an

intuitionistic fuzzy o — algebra A on an intuitionistic fuzzy sets . The

notion of intuitionistic fuzzy sets introduced by Atanassove [1] in
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1983 , as a generalization of the notion of fuzzy sets which
introduced by Zadeh [8] in 1965 .

In this paper, we will prove Egoroff's theorem and three forms
of this theorem for a sequence of intuitionistic fuzzy measurable
functions on an intuitionistic fuzzy o-algebra by using the concepts of
order-continuity , pseudometric generating property, autocontinuity

and null-subtractive of an intuitionistic fuzzy measure.

2- Intuitionistic fuzzy measure
In this section , we recall some definitions which will be used for

this work.

Definition(2.1)[8]:

Let X be a non-empty set and let I be the closed interval [0,1] of
the real line . A fuzzy set u in X is characterized by membership
function p: X — I , which associates with each point x € X its grade

or degree of membership p(x) € [0,1] .

Definition(2.2)[1]:

Let X be a non-empty fixed set. An intuitionistic fuzzy set (IFS) A
is an object having the form:
A={(x, uA(x), UA(JC», x € X} ,where the functions p,:X — 1 and
v,4: X — I denote the degree of membership and the degree of non-
membership of each element x € X to the set A ,respectively , and

0 < py(x) + va(x) < 1foreach x € X.

Definition(2.3)[3]: 0 ={(x, 0,1),x € X}
1=gx 1,0),x € X}
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are the intuitionistic fuzzy sets corresponding to empty set and the

entire universe respectively .

Note : Every fuzzy set A on a non-empty set X is obviously an IFS

having the form {(x, fi4(x), 1 — pa(x)), x € X3.

Definition(2.4):
Let A be a subset of a set , we define the intuitionistic

characteristic function of A as follows:

1, ifxeA
Ixs=1-=
Xa {0, ifxegA
Definition(2.5)[1,6]:

Let X be a non-empty set and let A and B are IFSs in the form
A={ x,uA(x),vA(x) X X},B={ x,uB(x),vB(x) x X},
Then:
1) A Bifandonlyif g, (x) < pg(x) and vy(x) = vg(x) forallx X
2)A=BifandonlyifA BandB A.
3) A® = { x,v4(X), Ha(X) . X  X}.
4) A n B={ x, min{i,(x), U (X)} max{v,(x), vg(x)} ,x X}.
5) A B = { x, max{is(X), Up(X)} Min{va(X), V() x X }.
6) A-B = A n B°.

Definition(2.6)[3]:

Let{A; i J}beanarbitrary family of IFSs in X, then
D ni A = {0 Al (%) Viva, ()  x X}
2) UiAi = {{x vita, (%) AV, () x o X
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Definition(2.7)[2]:
An intuitionistic fuzzy o-algebra (o-field) on X # isafamily A
of IFSs in X satisfying the properties :
DI A;
2)IfA A thisimpliesthat A A ;
NIf (A4)n v A.theny, v4, A.

The pair (X, A) is called an intuitionistic fuzzy measurable space.

Example(2.8)[2]:

Let A={<x,ps(X),va(x)>x X} IFSs . Let us denote
Qp={x X, pa(x) >0},44,={x X, vu(x) > 0}yand
N={A [IFS(X);Qqor A, isa finite or countable} , then the

family N of IFSs is an intuitionistic fuzzy o-algebra .

Definition(2.9)[2]:

Let A be an IF o-algebra in X . A function #ii: A — [0, 007 is said
to be an intuitionistic fuzzy measure if it satisfies the following
conditions :
1)A(0)=0;
2)ForanyA,B AandA B thisimplies that mi(4) < m(B) .

The intuitionistic fuzzy measure m is called o-additive if
M(Un NAn) = Yo nM(4,) for every sequence (4,), y of pairwise
disjoint IFSsin A.

The triple (X , A, ) is called intuitionistic fuzzy measure space .

Definition(2.10):
The intuitionistic fuzzy measure m is called :

1) Finite if M (1)<oo, and iniri te if 7(1)=c0.
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2) Finitely additive if (A B)=m(A)+#Ai(B) .

Example(2.11)[2]:
The function i: A — [0, co] defined by
m(A) = %Ex x(pa(x) + 1 —v,(x))
for A={<x, uu(x), va(x)>x X} A,is ac-additive intuitionistic

fuzzy measure .

Definition(2.12):

Let (X, A ) be an intuitionistic fuzzy measurable space . An
intuitionistic fuzzy measure m: A - [0, oo] is said to be :
1) Order-continuous if #(4,) — 0 ,whenever 4, Aand4, 0.
2) Auto-continuous from above if lim, ym A By)=m(4) ,
whenever A, B, A , AnB,=0 for every n N and
lim,, y 71 (B,)=0.
3) Auto-continuous from below if lim, M (A~B,)=m(4) ,
whenever AB, A ,B, S A, foreveryn N andlim, N (Br)=0 .
4) Auto-continuous if it is auto-continuous from above and auto-
continuous from below.
5) Null-subtractive if 7i(A n B¢) = m(A) , whenever A, B A and
m(B)=0.
6) Have pseudometric generating property if for any e >0 , there
exists >0 such that m(E)Vm(F) < & thisimpliesthat m(E  F) <e.
7) Weakly-null-countable additive if m(y;2;4;) =0 , whenever
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3-The convergence sequence of an intuitionistic fuzzy measurable
functions
In this section , we introduced the definitions of the convergence
almost everywhere and the convergence almost uniformly and we

proved some relationships between them .

Definition(3.1):

Let (X, A ,71 ) be an intuitionistic fuzzy measure space and
f X - [0,0] be a function , we say that f is an intuitionistic fuzzy
real-valued measurable function on an IF g-algebra A if Ixr, A,
where F, = {x: f(x) = a} and

Ie. =1 1, ifx F,
Fe = )3 .
0, if x Fg
Let M denoted the collection of all intuitionistic fuzzy real-valued

measurable functionson (X, A , 7).

Definition(3.2):

letf M ,A Aand{f,,n=1} M wesaythat:
1) {f»} converges to f everywhere on A and denote it by f, i fonA
if there exists asubset D X with Iy, A such that {fn} CONverges
tofonDandA Iyp.

2) {fu} converges to f almost everywhere on Aand denote it by

ﬁlﬁf on A if there exists a subset D X with Iy, A and
m(Ixp) =0 such that {f;} converges to f everywhere on A n Iy, .

3) {fu} converges to f pseudo-almost everywhere on A and denote it

by f, ——f on A if there exists D X with Iy, < and

m(A n Ixp, )=ni(A) and {f,,} converges to f everywhere on A n Ixp,
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Definition(3.3):

letf M ,A Aand{f,,n=1} M wesaythat:
1) {f} converges to f uniformly on A and denote it by f, i fonA if
there exists asubset D X with Iy, A such that {fn} converges to

funiformlyonDand A Iy,.

2) {f»} converges to f almost uniformly on A and denote it by

5 =3 fonAifforany § > Othereexists E A with m(E) < d,such
that {f,,} converges to f uniformly on A n E€.

3) {f»} converges to f pseudo almost uniformly on A and denote it by

Tt il f on A if there exists a sequence {En} of IFSs in A such that

lim,, .., M(A n Ef) =m(A) and {f;} converges to f uniformly on
An Ef.

Theorem(3.4):
Let {f,,f . n=1}y M,A A and 7 is weakly-null-countable

additive ,

1- If fnﬁf and fnﬁg onA,then f=g a.e.onA .

2- If f, Eif onAand g is an intuitionistic fuzzy real-valued
measurable function suchthat f =g a.e. on A, then f, Eig on A.

3- If f, Eif on A and {g,} is a sequence of an intuitionistic fuzzy

real-valued measurable functions such that f,, = g,, a.e.on A, then

gnﬁgonA.

Proof:
1- Since f, Eif on A, there existsasubsetD X with Iy, A

and m(lxp) = 0 such that f; i'f on Anly§ .
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= thereexists H X withly, A such that f, convergesto f on

Hand A n Iyf Iyy .
Since f;, Eig on A, thenthere existsasubset N X with Iyy A

and fii(Iyy) = 0 suchthat f, - g on An Ix§ .

= thereexists M X withIy, A suchthat f, convergesto g on
Mand A n Iyg Ixy .

LetE=1Iy, Ixn=1Ixp n =>E A.

Since 71 is weakly-null-countable additive = Ai(E) = 0.

Since f, convergesto fonH= f,,(x) — f(x), x H

and f,, converges to gon M :fn(jx) — g(x), ,x M

= x HoM, fxy=g(x)=f=gonHnM

Since Anlyp, IyyandAnlyy Ixy

= Anlxp)yn (Anlyy) Ixynlxu

= An(lxp Ixn)*=AnE® IXyam

Therefore, f = g e.on A n E€.

SinceD N X, m{xp n)=0.

So,=g a.e onA.

2- Since f, Eif on A, there existsasubset D X with Iy, A
and m(lxp) = 0 such that f; i'f on Anly§ .

= thereexists H X withly, A such that f, convergesto f on
Hand A n Iyf Iyy .

Since f = ga.e. onA, thenthereexistsasubset N X with
Ixy A andfi(lyy) =0 suchthatf =ge. on Anlyg .

= thereexists M X withly,, A suchthat f=gonM and
Anlyy Ixy .

LetE=1Iyp, Iyxy=Ixp n=E A.

Since 71 is weakly-null-countable additive = Ay(E) = 0.
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Since f,, convergesto fonH= f,,(x) — f(x), x H

and f=gonM= f(x) =g(x),, x M

= x HoM, fo,(x)—>g(x)=f,—>gonHnM .

Since A n Iyp Iyy and A n Iyy Ixy

= Anlxp)yn (Anlyy) Ixynlxu

= Anxp Ixn)*=AnE® Ixynm

Therefore, f, i gonAnkE® .

Sincee. N X, mxp n)=0 .

So, f, Eig onA.

3- Since f, — fon A thereexistsasubsetD X with Iy, A
and #i(Iyp) = 0 suchthat f, - f on A n Ixf .

= thereexists H X withly, A such that f, convergesto f on
Hand A n Iyj Ixy .

Since f, = g, a.e. on , then there exists a sequence {E,} X with
Ixg, A andm(lyg )=0 foralln=1 suchthatf, = g,e. on
Anlxy

= thereexist M,, X withlyy A foralln=1 such that

fo = Gn ON =1 M, and A n I;(Gﬁ.oﬂ& Ixnﬁ”=1Mn :

Let C=1Ixp Ix,=, 5, =Ix 2,0 5y =C A andsinceis
weakly-null-countable additive = 7(C) = 0.

Since f, convergesto fonH= f,(x) — f(x) x H ,

and f, = g, 0N Np=g My = f(X) = gu(x)  x  Op=1 My

= gn(¥) = f(x) x Hno(nn=1My)=nn=1(H n M)

Thus, g, — fon nu=1(H n M,).

Since Anlyp Ixyand Anlyje o IXpe, u,

= Anlx5)n (A mﬂfﬁ:"nsn) < Ixy n IXn2, m,
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= An (Ix§ n IXG%"::LEn) =AnC Ixn= oMy -
Therefore, g, i gonAncCe .
Since Y (D En) X, f(lxye o £,y) =0andg, - gonAn CE

So gnﬁgonA.

Theorem(3.5):
Let{f,.f n=1}y M,A A andinisweakly-null-countable

additive,fnfifonA and gnﬁg onA ,c R then
1)c-an>'r:-f.

2) fut G —f+g.

3) 1ful = If].

Proof:
1- Since f, 25 fonA, thereexistsasubset D X with Ixp A

and #i(Iyp) = 0 suchthat f, - f on A n Ixf .

= thereexists H X withly, A such that f, convergesto f on
Hand A n Iyf Iyy .

Since f, convergesto fonH= f,,(x) — f(x), x H

= f,(x) = c-f(x), x H=c-f, —=c-fonH.

Therefore, -f, .y iaf .
2- Since f;, Eif on A, thereexistsasubset D X with Iy, A

and #i(Iyp) = 0 suchthat f, - f on A n Ixf .
= thereexists H X withly, A such that f, convergesto f on

Hand A n Iyf Iyy .
Since g, 25 gonA thereexistsasubset N X with Ixy A and

Ai(lxy) =0 suchthat g, _ g on AnlIxg .
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= thereexists M X withly, A suchthat g, converges to
gonMand Anlyy Iyxy.

Let E=Iy, Iyy, sincem isweakly-null-countable additive =
m(E) = 0.

Since f, convergesto fonH= x H and f,,(x) — f(x)and
gy convergestogonM = x M, g,(x) — g(x)

= x HnoM, f(X) + gn(¥) — f(X) + g(x).

Thus, f,, + g, convergesto f+ gonH n M.

SinceAnlyy IyyandAnlyy Ixy

= AnlxpynAnlxy ) Ixy nlxy =Ixpam

=An(xp Ixn)*=AnE® IXyom-

Therefore, f,, + g, i'f+g onAnE°.
Since N X, m(lxp N):Oandfn+gni'f+g onAn E€ so

fu+gn—f+gonA

AN

3- Since f, Eif on A, there existsasubset D X with Iy

and #i(Iyp) = 0 suchthat f, _ f on A n Ixf .
= thereexists H X withly, A such that f, convergesto f on
Hand A n Iyj Ixy .

Since f, convergesto fonH= f,(x) — f(x), x H
= )| = |fX)|, x H=|f(x)]— |f(x)|onH.
Therefore,|fn|f>'[f].

Theorem(3.6):
Let{f,,f n=1}y M,A A if#iisp.gp.andweakly-null-

countable additive, then:
If fnﬂfand fnﬂgonA,thenf:g a.e.onA .
2) If fnﬂfonAand f=g aeonA ,thenfnﬂgonA.
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3) Iffnﬂifand fn =90, a.e.0NA ,thengnﬂifonfl.

Proof:

1) since f, =5 fonA, thenforany § > 0, thereexists E A with
m(E) < & such that f; converges to f uniformly on 4 n E€
= there existsasubset D X withly, <A and f, convergesto f

uniformlyonD and n E¢  Iyp.

Since f, = g onAthenforany > 0, thereexists F A with

m(F) < & such that f, converges to g uniformly on 4 n F¢

= there existsasubset H X withIy,; A and f, convergesto g
uniformlyon Hand n F¢ Iy .

Since fiisp.g.p. = M(E F) <e€,since e arbitrarysom(E  F) =0
Since f,, convergesto f uniformlyonD= x D, f,(x) - f(x) and
f converges to g uniformlyon H = x H, f,(x) - g(x)

= x DnH,f(x)y=gkx),sof =gonDnH.

SinceAnE¢ Iypand AnF°¢ Iyy

=AnE F  IXpan -

SinceE F A and M(E F)=0.

Therefore, f =g a.e. .

2) since f, =3 fonA, thenforany § > 0, thereexists E A with
Mm(E) < & such that f; converges to f uniformly on A n E€

= there existsasubset D X withly, <A and f, convergesto f
uniformlyonDand n E€ Iy .

Since f =g a.e.onA ,thenthereexists F X withIy: A and
m(Ixr) = 0 suchthat f = g everywhereon A n Iyx;

=there existsasubset H X withlyy A andf = gonH and
nlxr  Ixy.

Since M(Ixr) =0<§6 andisp.gp. ,thenm(E Ixp) <e€.
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Since f,(x) - f(x) uniformly x Dandf(x)=g(x) x H
= f,(x) - g(x) uniformly x DnH,so

f = g uniformlyon D nH.

Since AnE® IypandAnlyr Iyy thisimpliesthat

An(E Ixp)* IXpan -

SinceE  Iyr A andf(E Iyxp)<e.

So f, = g onA.

3) since f, Eif onA, thenforany § > 0,thereexists E A with
m(E) < & such that f; converges to f uniformly on 4 n E€

= there existsasubset D X withIy, A and f, convergesto f
uniformlyonD and n E€  Iyp,.

Since f, = g, a.e.on A, then there exists a sequence {F;,} X with
Ixr, A andmi(lyg )= 0foralln=1suchthatf, = g,e. on
Anlxg .

= thereexistM,, X withly, A foralln = 1such that
fo=Gn ONOp=aMpand AnTyie o IXpe o, -

Since fi(ly; ) =0 vn=1 andiis weakly-null-countable additive
= m(U Iyg,) = fi(lxyr,) = 0 < & andsince i is p.g.p.

= M(EVUly ) <Ee.

Since f, converges to f uniformly on D= f; (x) - f(x) uniformly

x Dand f, =g, on Oy Mp=[(%) = gn(¥) * Nne1Mn.
This implies that g, (x) - f(x) uniformly x D n (=1 M,) S0

gn ~ fonn(n=1My).
AnES IxjandAnlyie p  IXgo,m,

= An(EVUIX ) € IXpnqe,my andSince E Iy p,

and M(E Uly r ) < e = Therefore, g, Eif on A.
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Theorem(3.7):
Let{f,,f . n=1} M,A Aandmispgp..c R,f,— f,
gngg,onA,then:
1)Cfn(2>cf
Dfutgn—f+g.
3 1l = If]

Proof:

We only prove (2) and the proofs of (1) and (3) are similarly .

2) since f, =3 fonA , thenforany § >0, thereexists E A with
m(E) < & such that f; converges to f uniformly on A4 n E€.
= there existsasubset D X withly, <A and f, convergesto f

uniformlyonD and n E€  Iyp,.

since g, =3 gonA thenforany § >0, thereexists F A with
ﬁi(F) < ¢ such that g, converges to g uniformlyon A n F¢.

= there existsasubset M X withIy,, A and g, convergesto g
uniformlyonMand A n F¢ Iy, .

Since A isp.g.p thenAy(E F)<e, fore>0.

Since f,, converges to f uniformly on D

= x D, f,(x) — f(x),and g, converges to g uniformly on M
= x M, gy(x) — g(x)

= x DnM,f(x)+ gn(x) — f(x) + g(x), then f, + g,
converges to f + g uniformlyonD n M .

SinceAnE® IypandAnF¢ Iyy =n((E F)F¢ Ixpam-:
SinceE F Aand M(E F)<e.

So,fn+gnﬂ>'f+g onA.
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Lemma (3.8):
Let m have pseudometric generating property . |If
lim,, .., 7 (E,) = 0, then there exists a sequence {&,}, of positive

real numbers and a subsequence {En(i)}i {E}n With &, 0 such

that ﬁi(uciir-q-l En(l)) < é} , r=1.

Theorem(3.9):

Let {fiy, M.f M.A AandAnA°=0foreveryAd A,
then:
1) If m is order-continuous and has p.g.p., then
iffnfifonAzfnﬂif OnA.
2) If m is order-continuous , p.g.p and autocontinuous from below ,
then if f, EifonA:ﬁfiiif OnA.
3) If m is order-continuous, p.g.p and null-subtractive ,then if
jjl?ii’—eifonA=ﬁ1 gif onA.
4) If m is order-continuous , p.gp , null-subtractive and

autocontinuous from below , then if f, ?fifif onA=f, &ifif onA.

Proof:

1) Since f, Eif on A then there existsasubset D X with

Ixp A andfi(Iyp) =0 suchthat f, “fon Anlys .

Let B=An Iy§ .

=thereexists H X withly, A such that f, convergesto f on

Hand Iyy.
00 3 1
Let ;" = 02 dx € X, |fi() — f)| < hvm=1

Then, for each fixed m =1, E,Em) Is increasing on n and , therefore,

I;(E?gm Isincreasingonn.

80



Journal of college of Education for pure science vol.3 no.2 June .2013

Since f,, converges everywhereto fonB= B |lim,_ I){E(m
= B U;‘fﬂl)(gr(lm) :

c e
Therefore we have B n (U,?ﬂfngm)) =0

C —~
Thus, we get lim,_,, B n I;{E(m):ﬁ = B n IXm 0.

From the order-continuity of m , we have lim,,_, ., m(B n I;(;(m)) =0,
n

Cco

and hence, there exists a subsequence {B n Ix ) {  of
"m  m=1

Cco

}B n ngﬁm’% such that i (B N IX%m)] <~ foranym = 1.

m
nm=1

Thus, lim,, . m (BN I;(;%)] = .
Therefore , by lemma(3.8) , there exists a sequence {6?.}-;30:1 of

positive real numbers and a subsequence {B N I;(;(mi) b of

mm: i
LI

{B nIx;em{ suchthatd, O and
nm m
M|y, 41| BN Ix;(mi) J|<8,,r=1.
Forany > 0, since m has p.g.p. there exists ¢ > 0 such that
m(E) m(F)<o= m(E F)<§.
Foro >0 above,wecanfindr, =1 suchthat §, <o.

Ifwetake E = yiZ, +1(B nIx,)), thenE A and M(E) <o.
E L

Since M(lxp) =0 <o ,therefore mi(lx, E)<3.
To prove that {f,} converges to f almost uniformly on , we will

prove that {f;} convergesto f uniformlyon A n (Ixp E)°.
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Since An A° =0 forevery A ,wehave BnB¢=0
An(lxp EY=AnIxsnES Ix . (m)-

Nrg+1 Eﬂmi
. 1
forany e > 0, we take i, > 1, such thatm; ., > -

Then, x A2 :0+1E‘m1) = x E"™ asi>n+1.

Lt

<e€easi=n,, - so that

Thus,x N2 i, H{x X, |fi(x) — f(x)|

Mig+1

This means that | ﬁ(x) f()) <

+1
. o0 (m .
fanconverges to f uniformly on n;2,. 44 Enmf) and since

An(xp E) Iy _ L) yand m(Iyp E)<9o.

rg+1 nm
Therefore, f,converges to f almost uniformlyon A .
2) Since f, 5 fonA, thereexistsasubset D X with Ixp A

and #i(Iyp) = 0 suchthat f, - f on A n Ixf .
Let B=An Iy§ .
= thereexists H X withly, <A such that f, convergesto f on

Hand Iyy.
Let E(™ = Niz11x € X, |fi(x) — f(0)| < —},szl

Then for each fixed m =1, E,Em) Is increasing on nand , therefore,

I;(E?gm Is increasing on n and as in proof (1) , we have

m(ly, E)<d.

Therefore , lim,,_ ., m(ly, E)=0

LetB, =1y, E=Ilim,_,m(B,)=0

By using the autocontinuity from below of m , we have
lim,,_ . M(A n BS) = m(A).

Now, we will prove that f, converges to f uniformly on n B .
Since B n B¢ =0,
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AnBE=AnIXSnES IX o (my»

Nrg+1 Enm1

(me)

and as in proof (1) we get f,, converges to f uniformly on 02, E;,

and therefore, fn —>f onA.

3) Since f, —— fon ,thereexistsasubsetD X with Iy, A
and (A n Ixp) = M(A) such that f, if on Anlyp .

Let B=An Iyy, .

= thereexists H X withly, A suchthat f, convergesto f on H

and Iyy.
Since 7 is null-subtractive and (A n Ix5) = m(A) = mlxp) =0
Let EM™ = Niz11x EX,|fi(x) — ()] < —},Vm >1
Then, for each fixed m =1, E,Em) Is increasing on n and , therefore,
Ix .am isincreasing on nand as in proof (1) , we have
m(ly, E)<d.

To prove that {f,} converges to f almost uniformly on , we will
prove that {f;} convergesto f uniformlyonAn (Ixp E)°.

Sincen B¢ =0,

An(lxp EY=AnIYSnEC Iy . my,

i
Nrg+1 Eﬂmi

and as in proof (1) we get f, converges to f uniformly on n* 4 E,ﬁ’:f)

and therefore, fn —>f OnA.
4) Since f, 25 fon A, thereexistsasubset D X with Iy, A

and (A n Ixp) = M(A) such that f, if on Anlyp .

Let B=An x5 .

= thereexists H X withly, A suchthat f, converges to f
onHand Iyy.
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Since 71t is null-subtractive and (A n Ix5) = M(A) = mlxp) =0
Let EM™ =2 X EXNfix)— f() < } vm=1

Then, for each fixed m =1, E,Em) Is increasing on n and , therefore,

IJ{Er(lm) Is increasing on n and as in proof (1) , we have

m(ly, E)<J.

Therefore , lim,,_ ., m(ly, E)=0

LetB, =1y, E lim,_ ,m(B,) =0

By using the autocontinuity from below of 71 , we have
lim,, . Mm(A n BS) = m(A4)

Now, we will prove that f, converges to f uniformly on n B .
Since n B¢ =0,

AnBS=AnIXSnES IX o (my»

Nro+1 Eﬂmi

and as in proof (1) we get £, converges to f uniformly on n,OHE‘m*)

and therefore, ﬁl —>f OnA.
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