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Abstract: We introduce a new class of harmonic multivalent functions define by
generalized Ruscheweyh derivative operator and Hadamard product. We obtain
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1. Introduction:
A continuous function f=u+iv is a complex-valued harmonic function in a
complex domain C if both u and v are real harmonic in C. In any simply connected
domain D < C, we can write f = h 4+ g, where h and g are analytic in D. We call h the
analytic part and g the co-analytic part of f. Note that f = h + g reduces to h if the
co-analytic part g is zero. A necessary and sufficient condition for f to be locally
univalent and sense preserving in D is that |h'(z)| > |g (2)|. See Clunie and Sheil-
Small [5] (see also [3], [8] and [13]).

For p > 1, denote by HA(p) the set of all multivalent harmonic functions f of the
form:

f=h+g, (D
where h and g are of the form:

) =20+ ) azh,  g@ =) bt |b[<1
k=p

k=p+1
which are analytic multivalent harmonic functions and sense preserving in the open

unitdisk U ={z € C:|z| < 1}.
Let F be a fixed multivalent harmonic functions given by

F(z) = H(z) + G(z) = zP + Z lci | ZK +Z:|dk|zk |d |<1 (2)

k=p+1

101


mailto:waggashnd@yahoo.com

The Proceedings of the 4™ Conference of College of Education for Pure Sciences

The class HA(p) for p=1 was defined and studied by Jahangiri et al. in [10].

For fixed positive integers p, and for 0 < a < 1, B > 0 we let HY A(p, a, 3) denote the
class of multivalent harmonic functions of the form (1), then the functions feHA(p)
is said to be in the class Hy A(p, o, B) if satisfy the condition

’

P R@] ) |0 @)
Re{ I >p o -1 +aq 3)
where
Dy« )@ =Dy P (h+ H)(@) + DT (g * ©) (@) *
and f * F is a harmonic convolution of f and F.
The operator D‘{ﬂ’_1 denotes the generalized Ruscheweyh derivative operator
introduced in [4].
For h and g given by (1), we obtain
DI M) =2+ ) (1+ (k= pIDC(nk pay 7 5)
k=p+1
and
DI (@@ = ) (1+ (k= pIDC(n, K )by 7, (©)

k=p
where 1 >0, peN, n>—p and C(n,k,p) = (';igj)

Finally, we denote by HT(p) the subclass of functions of the form f=h+gof
the class HA(p), where

h(z) = zP - Z lalz5,  g(z) = —Zlbklzk, Ibp| < 1. (7)
k=p

k=p+1

Let HY T(p, a, B) = HT(p) N HYA(p, o, B).
Silverman [12], proved that the coefficient conditions

D k(lal + I <1 and > K (fal + b)) < 1
k=2 k=2

are necessary if f = h + g has negative coefficient, also Jahangiri [8] showed that the
coefficient condition

Z(k— o |a| +Z(k+ O bl <1—a
k=2 k=1

and
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Zk(k— ) |a| +Zk(k+a) b <1—a
k=2 k=1

are necessary and sufficient conditions for functions f=h+g to be harmonic
starlike with negative coefficient and harmonic convex with negative coefficient
respectively.

In this paper, we obtain the coefficient condition for the function f=h+g
where h and g given by (1) to be in the class Hy A(p, a, 8) and it is shown that the
coefficient condition for the function in the class H; T(p, o, ). Furthermore, we
determine application of fractional calculus operators and integral operator for the
function in the class H; T(p, o, ).

2. Main Results:
In the first theorem, we introduce a sufficient coefficient bound for harmonic
functions in the class H; A(p, a, B).

Theorem 1: Let f = h 4+ g with h and g are given by (1). Let

k(1+B)
Ly p(i—a T PDER LI
=p+1 -
k(1+B)
" kzzpm (1+ (k= p)V)Cn Kk p)|bdi| < 1, ®)

where a,=¢, =1,=0,A=0,0<a<1and peN . Then f is harmonic
multivalent, sense preserving in U and feHy A(p, a, B).

Proof: For |z;| < |z;| < 1, z; # z,, we have by inequality (8)

‘ f(z1) — f(z,) >1-— ‘g(zl) —8(z2)
hGz) —hz)| = |h@) —hz)
D, bz —2) Y. Kbyl
k=p k=p
=1- >1—-
@ - D)+ D a2 1— 2 Kl
k =p+l k=p+l

" k(14 B)
gp KAEB 1+ (k= R, k) buc
>1-— = 0.

00

k(1 + B)
1_ kzZM g L+ k= pC K plaed
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Hence, f is multivalent in U. f is sense preserving in U. This is because

@I = plzP = > Klallzl > p— > Klal
k=p+1 k=p+1
k(1 +B)

——— (14 (k= p))C(n,k p)lacy]

> 1 p(1—a)

k=p+1

S k(1 +P)
__k:pBZif:Ta5(1'+ G<_'p)h)c(n,k'p)|bkdk|

> > kibl > ) kibillz/* > Ig' @)1
k=p k=p

Now, we show that fe Hy A(p, a, B). Using the fact
Re{w} > Blw—1| + a & Re ((1 + Bel®)w — Beie) > q,

it follows that feHy A(p, o, B) if and only if

pzP~!

i n+p-—1 % '
Re<(1+[3e )PP (£ + F) (2)] _Beie>2a' V<a<i

We need to prove that Re{w} > 0, where

B (1+ Beie)[D;\H’p_1 (f * F)(z)]l — p(a+ Be'®) _A(2)
W= pzP~1 " B(2)’

Also, using the fact Re{fw} > 0 < |1 + w| = |1 — w/|, it sufficient to show that
|A(z) + B(z)| — |A(z) — B(z)| = 0.
Therefore

|A(z) + B(2)| — |A(2) — B(2)|

[oe]

= p2—a)zP7t + Z k(1 + Be®) (1 + (k— p)V)C(n k p)agcz<?
k=p+1

[oe]

- Z k(1 + Be®) (1 + (k — p)A)C(n, k p)brdrz” "

k=p
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— [—apzP~t + z k(1 + Be®) (1 + (k— p)A)C(n, k, p)agc,z<?
k=p+1

(o0}

- z k(1 + Be'®) (1 + (k — p)A)C(n,k, p)bydyz
k=p

k—1

[00]

>p(2-a)z[P~t - Z k(1 +Be®) (1 + (k—p)V)C(n,k p)lageg |z

k=p+1
= D k(1 + Be'®) (1 + (k= PIVCC K, p)byd 121!
k=p
—aplzlP~t = > k(1 +e’®) (1 + (k= Pk plagcllzl!
k=p+1
= D (1 + Bet®) (1 + (k= PVC(, K, p)lbydyl 21!
k=p
k(1+B)
>2p(1-0{1- > (1+ (k= PVCC K p)lacid
& p(l =)
=p+1
S KO0 (1 e el plbdd
— — n Kk, .
£ p(l _ a) p p kYk
=p
By hypothesis.
The above expression is non negative by (8), and so feHyA(p, o, ). The

coefficient bounds (8) is sharp for the function

N p(1-a)
f(z) =zP + Z X, 7K
v &, KA+ B+ (k=PI K p) ™

c p(1—a)
+kzzp k(1 + B)(1 + (k— p)D)C(n k p)

DXl ) Wl = 1.
k=p

k=p+1

Yi (D,

where

Theorem 2: Let f = h + g be given by (7). Then f € H; T(p, o, B) if and only if
k(1 4+ B)
p(1—a)

k=p+1

(1 + (k= p)V)Cn,k, p)layckl

o k(1
+ Z pﬁl lL 53 (1+ (k—p)AD)C(nk p)|bedi| < 1, )

k=p
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Whereap =¢=1,=20,A=20,0<a<1land peN.
Proof: Since H; T(p, a, B) < HyA(p, o, B), we need only to prove the ~ ‘only if” part
of the theorem. For function f of the form (7), we note that the condition

n+p-—1 % '
Re{[DA (f F)(z)]} o

pzP~!

Dn+p—1f F '
i [D} P71 (£ % F)(2)] _1‘“’

is equivalent to

(10)

pzP~1

. ((1 +Be®) DL (E+ F)(2)] — pa+ Beie)> o

Choosing the values of z = r on positive real axis where 0 < z = r < 1, and using
Re(—e®) > —|el®| = —1, the inequality (10) reduces to

0 0

(1+Be'®) \pr - Z k(1 + (k — p)A)C(n,k, p)lacy |z — Z k(1 + (k — p)A)C(n, k,p)lbkdklzk) — p(a+ Bel®)z?

k=p+1 k=p
= Re
pzP
( 3 5 )
1+B)]| prP - k(1 + (k — p)A)C(n, k, p)lagcy|rk — k(1 + (k= p)A)C(n, Kk, p) by dy [r* | — p(a+ B)rP
k=p+l k=p
>
prP

9] 0

p(1—orP — Z k(1 +B)(1 + (k= p))C(n, k, p)lagcy [r' — Z k(1 + B)(1 + (k= p)VC(n,k p)[bydy|r*
k=p+l k=p

prP

Lettingr — 17, we obtain

0 0

p(l—o) - Z k(1+p)A + (k—pVC(nk plage| — Z k(1+B)(1 + (k—p)V)C(n,k p)bydyl
k=p+1 k=p
= 0.

(11)
If the condition (8) does not hold, then the numerator in (11) is negative for |z| =
sufficiently close to 1. Hence, there exist zo = rg in (0,1) for which the inequality of
(11) is negative. Therefore, it follows that f & H; T(p, o ) and so the proof is
complete. O

prP
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Theorem 3: Let f € Hy T(p, o, B), (B=0,A>0,0 < a < 1). Then f is convex in the
disk

1 [+ B)/(1 - o]y ]/
- ,

|z|<mkin k=p+1,p+2,.. ,

[(1+B)/(1—)]|byd,| < 1.

Proof: Let f € HY T(p, o, B) and r be fixed such that 0< r<1, then if r1f(rz) €
H; T(p, a, B) and we have

2 (el + Ibid DI = > K (laed + by D)
k=p+1 k=p+1
> k(1 + B) .
< D pa—a @+ (e PCE K Pyl + byl
k=p+1

<1-[(1+B)/(1 - )]|byd,|-

Provided kr*~* < 1 — [(1 + B)/(1 — )]|b,d,|, which is true if

1= [+ B)/(1 = o[y ]

|z|<mk1n n , k=p+1,p+2.. ,
[(1+B)/(1 - a)]|bpdp| <1
The proof is complete. m

3. Applications of fractional calculus operators:

Various operators of fractional calculus (that is, fractional integral and fractional
derivatives) have been studied in the literature rather extensively (cf., e.g., [1, 11]; see
also [7] the various references cited therein). For our present investigation, we recall
the following definitions.

Definition 1: Let f be analytic in a simply connected region of the z-plane
containing the origin. The fractional integral of f of order v is defined by
DV(2) = — f O 4 >0 12
7z Z) = F(V) (Z — t)l_v ) \% ) ( )
0

where the multiplicity of (z — t)'~! is removed by requiring that log(z — t) is real for
z-t>0.
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Definition 2: Let f be analytic in a simply connected region of the z-plane
containing the origin. The fractional derivative of f of order v is defined by
Z
1 d f(t)
DYf(z) = dt, 0<sv<1, (13)

r( —V)&O (z—-t)

where the multiplicity of (z — t) ™ is removed by requiring that log(z — t) is real for z
-t>0.

Definition 3: Under the hypothesis of Definition 2, the fractional derivative of order n
+ v is defined, for a function f, by

n

d
e {Dyf(2)}, (0 <v<1;n€EN.

D7 ™f(z) =

From Definition (1) and (2) by applying a simple calculation for the function f given
by (7) and using (2), then by Hadamard product, we get

r(p+1) r(k+ 1)

DVI(f*F — p+v _ k+v
2 (> F)(2)} fp+v+ 1)’ L Tkt + 1)IakaIZ
Fk+1) —k+v
—k m“)kdﬂZ (14)
=p
and
T(p+ 1) — T(k+1)
\Y p—v _ k—v
DY D@} = ey (N
k=p+1
Fkk+1) —k—v
- mlbkdklz : (15)
=p

Theorem 4: Let the function f defined by (7) be in the class Hy T(p, o, 8). Then

R M(p+1) )
D {(E* F) (@} < ﬁ(l + [byd, )P+
pl(p+1) (1 ot
+(1+7\)(p+n)F(p+v+2)<(1+B) [bpd |)rp booae
and
( + +v
D {(F* @) 2 ﬁ( — [byd,|)r?
pl(p+ 1) (1 v
(1+A)(p+n)r(p+v+2)((1+3) [byd |>rp Loooan

Proof: From Definition 1, we note that
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F(p+1) > T(k+ DI(p+v+1)
L ) — 7P _ k+v
fp+v+ D)’ DM (@)} =z 4 T(p+ DIk +v+1) kil

—T(k+ DI(p+v+1 )
( )I'(p ) |bkdk|_k+

_k T(p+ DIr(k+v+1)
=p

F'k+ DI'(p+v+1)
. F'p+ DI'(k+v+1)

=277 — |byd, [2" -

(laeilz* + Ibyd2)

=zP —|b,d,|Z" - Z (k) (|511<C1<|Zk + |bkdk|zk)'
k=p+1

where
F'k+ Dr'(p+v+1)
k) = ; k> 1.
*0) = DMk vT 1) P+
Noting that ¢(k) is decreasing function of k, we have

p+1

0< (k)< +1)= —.
pk) < o(p )p+v+1

Therefore, we obtain

F'p+v+1)

A (GRIO)

< (1+ [bypdy Il + 9o + DI " (gl + b )

k=p+1
P (1 —-a)
< (LI )+ T S a T e T ((1 TB) |bpdp|) e

which is equivalent (16), we also have

Fp+v+1)

T D D)

> (1= [bydy )I2P = 0o+ DIZPH D (gl + by

k=p+1
p 1-w +
= (1=l )~ T D me T ((1 +B) |bpdp|)rp L

which is equivalent (17).

Theorem 5: Let the function f defined by (7) be in the class H; T(p, o, 8). Then

F'p+1) B
DY+ (@)} < m@ + [byd, )P~
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pr(p+1) ((1 —Q

I R Tyt v il UG ) LR L)

and

r 1
DI+ @)} 2 F<p_+>1)(1 = [bpdy[)re™

(p—v+
- pr(p + 1) ((1 —O Ib,d |> P (19)
A+ +nlp-v+2)\(1+p) PP
Proof: From Definition 2, we note that
T(p—v+1 = T'(k+ DI(p—v+1
v+ D) ey =r = Y et DI v D) o

F'p+1) . F'p+DIr'(k—v+1)

—T(k+ DI(p—v+ 1)
_k:p T(p+ DI(k—v+1)

|bydy |7

'k+DIr'(p—v+1)
4 Fp+Drkk—v+1)

=zP — |b,d,|z" —

(lakexlz* + Ibydi[z")

=2 = [y dy [ = > (9 (lageilz + b [7°),
k=p+1
where
'k+DIr'(p—v+1)
d(k) = ; k=2p+ 1.
O = o+ Drk—v+ D p
Noting that ®(k) is decreasing function of k, we have

p+1
< =
0<@M <@p+1 ="
Therefore, we obtain
rp—-v+1)
TorD - D {(f=F)(2)}
< (1+ [bypdy Izl + ®Cp+ DIP > (ad + by D
k=p+1
p (1-a)
< (1+ |b,d,|)rP ( —bd>p+1,
(14 [bpdp)r TV DA+ NE+m) \d+p) by | x

which is equivalent (18), we also have

'p—v+1)

o LD P@)

> (1= [bydy )12l = @ + DIzP > (lacl + by
k=p+1
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p (1-0a)
2 (1= [oody ) — A e T ((1 B |bpdp|) o

which is equivalent (19).
Corollary 1: Let the function f = h + g defined by (7) be in the class Hy T(p, o, ), r
— 1 in the inequality (17) of Theorem 4. Then

{W wl < ((1+A)(p+n)(p+v+1) pl(1—a)/(1+ R+ 1)
' A+MDp+n)p+v+2)
(@+VE+mE+v+ D —p)I(p+1)
1+ )(P+n)(p+v+2)

|bpdp|} c f(U).

Corollary 2: Let the function f = h 4+ g defined by (7) be in the class Hy T(p, o, ), r
— 1 in the inequality (19) of Theorem 5. Then

{w wl < ((1+A)(p+n)(p—v+ D -pl(1-a)/(1+P)I(p+1)
' A+M)(p+n)p-v+2)
(@+DE+m)e-v+D-plp+1)
A+)(P+n)(p—-v+2)

|bpdp|} c f(U).

4. Integral operator:
We will examine the closure properties of the class Hy T(p, a, ) under the generalized
Bernardi-Libera-Livingston integral operator £, .(f) which is defined by

c+
L, (O = —Cpf tc~Lf(t)dt, c> —1.
Z
0

Theorem 6: Let f € HT(p, o, B). Then £, .((f * F)(z)) € H T(p, &, B).

Proof: From the representation of £, .(f), it follows that

L P@) =22 [ [ W@ + GO a
0

Z

o0 Z [ele)
c+
= Zcp ftc—l tP — Z laj ¢y | tX dt—ftc‘l Z|bkdk|tk dt
0 k=p

0 k=p+1

[oe] [oe]

c+p c+p
— b _ k _ i k
= ) (o)t 2= ) () e =

k=p+1 k=p
Using the inequality (9), we get
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k(1+ B) .
k=p+1m (1+ (k=pckp) (c +k |aka|>
y k(1 +PB) c+p
+ kzpm (1 + (k= p))C(n,k p) (H_k |bkdk|>
k(1+P)
L m(l + (k—p)V)C(n,k, p)lagcyl
=p+1
k(1+B)
* ;m“ + (k= p)V)C(n,k, p)lbidy] < 1,

since f € Hy T(p, o, B).
Hence by Theorem 2, £,, .((fx F)(z)) € HyT(p, a, B).
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