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Abstract:  

In this paper we are interested in the study of bifurcation solutions of nonlinear wave 

equation of sixth order of elastic beams on elastic foundations by using local method 

of Lyapunov –Schmidt. The normal form of the key function corresponding to the 

functional related to this equation has been found. Also, it was found a new 

geometrical description of caustic with bifurcation spreading of the critical points. 
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:الملخص  

قذهنا في هذا البحث دراست حلول التفزع لوعادلت الووجت للأنابيب الوزنت الغيز خطيت هن الذرجت السادست 

تن أيجاد الصيغت . شوذث الوحليت في الحالت الوتغايزة- بالاعتواد على أساص الوزونت باستخذام طزيقت ليايبونوف 

هع  (هخطط التفزع)كذلك تن أيجاد وصف هنذسي جذيذ للوجووعت الوويشة.القياسيت للذالت الأساسيت الوقابلت للذالي 

 .توسيع كاهل للنقاط الحزجت في الوناطق الوتووت  للوجووعت الوويشة

1. Introduction 

Many of the nonlinear problems in mathematics and physics can be written in the 

form of operator equation, 

𝐹 𝑥, 𝜆 = 𝑏, 𝑥 ∈ 𝑂 ⊂ 𝑋, 𝑏 ∈ 𝑌, 𝜆 ∈ 𝑅𝑛…(1) 

in which F is a smooth Fredholm map of index zero,  X, Y  Banach spaces and O open 

subset of X. For these problems, the method of reduction to finite dimensional 

equation Sapronov(1973), 

Φ 𝜉, 𝜆 = 𝛽, 𝜉 ∈ 𝑀 ,𝛽 ∈ 𝑁 ...(2) 

can be used, where M̂ and N̂  are smooth finite dimensional manifolds. 

Passage from equation (1) into equation (2) (variant local scheme of Lyapunov –

Schmidt) with the conditions, that equation (2) has all the topological and analytical 

properties of equation (1) (multiplicity, bifurcation diagram, etc) dealing 
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withArnold(1989),Sapronov(1973),Vainberg andTrenogin(1969) and Zachepa 

andSapronov (2002). 

Definition 1.1 Suppose that E and Mare Banach spaces and MEA :  be a linear 

continuous operator. The operator A  is called Fredholm operator, if 

1- The kernel of  A, Ker(A), is finite dimensional, 

2- The range of  A, Im(A), is closed in M, 

3- The Cokernel of  A, Coker(A), is finite dimensional. 

  The number 

 dim(Ker A )- dim(Coker A) 

is called Fredholm index of the operator A . 

Suppose that  MF :  is a nonlinear Fredholm map of index zero. A smooth map 

MF :  has variational property, if there exist a functional RV :  such that  

VgradF H  or equivalently, 

.,,),,(),( EhxhxFhx
x

V
H 




  

where ( H,   is the scalar product in Hilbert space H ).  In this case the solutions of 

equation 0),( xF  are the critical points of functional V(x, λ). By using the 

method of finite dimensional reduction ( Local method of Lyapunov-Schmidt) the 

problem, 

.,,),( nRExextrxV    

can be reduced into an equivalent problem, 

.,),( nRextrW    

the function  is called Key function. 

If },...,{ 1 neespanN   is a subspace of E, where e1,…, en are orthonormal basis, then 

the key function ),( W  can be defined in the form, 

).,...,(),,(inf),( 1
,:

n
iexx

xVW
ii







 

        The function W  has all the topological and analytical properties of the functional 

V  (multiplicity, bifurcation diagram, etc) Thompson and Stewart(1986).The study of 

bifurcation solutions of functional V is equivalent to the study of bifurcation solutions 

of key function. If  F has variational property, then it is easy to check that, 

).,(),(  Wgrad  
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       Equation  0),(    is called bifurcation equation. 

Definition 1.2 The caustic is defined to be the set of all  in which the functional

nRV  ),,( have in 
nR  degenerate critical points. 

     The oscillations and motion of waves of the elastic beams on elastic foundations 

can be described by means of the following ODE,  

  3

2

2

4

4

6

6

ww
xd

wd

xd

wd

xd

wd
                           … (3) 

where, z is the deflection of  beam,  1 ,    is small  

parameter and   is a continuous function.  In this work equation (3) has been studied 

with the following boundary conditions, 

𝑑4𝑤

𝑑𝑥4
 0 =

𝑑2𝑤

𝑑𝑥2
 0 = 𝑤 0 =

𝑑4𝑤

𝑑𝑥4
 𝜋 =

𝑑2𝑤

𝑑𝑥2
 𝜋 = 𝑤 𝜋 = 0 

     Equation (3) has been studied by Thompson and Stewart (1986) they showed 

numerically the existence of periodic solutions of  equation (3) for some values of 

parameters. Bardin and Furta (2001) used the local method of Lyapunov-Schmidt and 

found the sufficient conditions of existence of periodic waves of equation (3), also 

they are introduced the solutions of equation (3) in the form of power series. 

Sapronov (1973,1996) and Zachepa andSapronov(2002) applied the local method of 

Lyapunov –Schmidt and found the bifurcation solutions of equation (3). Abdul 

Hussain (2005,2009) studied equation (3) with small perturbation when the nonlinear 

part has quadratic term and  Mohammed (2007) studied equation (3) in the variational 

case when the nonlinear part has quadratic term. In this paper we studied the 

bifurcation solutions of equation (3) near the critical point when the dimension of the 

null space is equal to three. 

 

2.  Bifurcation of Extremals from the cusp point. 

     In the bifurcation analysis of extremals the following two questions need to be 

answered (1) Describe geometrical structure of caustic (bifurcation diagram of the 

function) and  (2) Determine the bifurcation spreading of the critical points in the 

complements of caustic. In this section we studied the bifurcation of extremals of the 

following function 
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𝑊  𝜉, 𝜆 = 𝜉1
4 + 𝜉2

4 + 𝜉3
4 + 4  𝜉1

2𝜉2
2 + 𝜉1

2𝜉3
2 + 𝜉2

2𝜉3
2 + 𝜉1𝜉2

2𝜉3 −
1

3
𝜉1

3𝜉3 +
𝑛1

6
𝜉1

2

+
32𝑛1

3
𝜉2

2 +
243𝑛1

2
𝜉3

2 + 𝑘1𝜉1
2 + 𝑘2𝜉2

2 + 𝑘3𝜉3
2 − 𝑞1𝜉1

− 𝑞3𝜉3                                        … (4) 

where,   2

1

1 83 n   and  5

31321321 ),,,,(),,,( Rqqkkk    

    To find the caustic of the function W
~

 we used the same manner in Abdul Hussain 

(2009). Since, the function ),(
~

W  is even with respect to the second variable 
2  

then we can write function (4) as follows: 

),(),(),(
~

310

2

2312

4

2  WWW                   … (5) 

where 

2
1

31

2

3

2

1312
3

32
)(4),( k

n
W    

and 

𝑊0 𝜉1, 𝜉2 = 𝜉1
4 + 𝜉3

4 + 4  𝜉1
2𝜉3

2 −
1

3
𝜉1

3𝜉3 +
𝑛1

6
𝜉1

2 +
243𝑛1

2
𝜉3

2 + 𝑘1𝜉1
2 + 𝑘3𝜉3

2

− 𝑞1𝜉1 − 𝑞3𝜉3 

     Function (5) has three nondegenerate critical points with respect to the variable
2 . 

The existence of these points depends on the coefficient of the quadratic term

),( 312 W . If the condition  

0),(inf 312 W  … (6) 

is satisfied then the investigation of critical points of the function W
~

 is reduced to the 

investigation of critical points of the function, 

).,,(
~

inf),( 321310
2




WW  ... (7) 

     If condition (6) is not satisfied, then the space of variables
21,  , and 3  is 

decomposed into the domains }0),(:),,{( 3123211   WD  and 

}0),(:),,{( 3123212   WD . The investigation of W
~

 is reduced to the 

investigation of the function 
0

W  in the former domain and to the investigation of the 

pair of functions
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in the latter domain. 

       Critical points of the function (7) are determined by the system of equations 

 

.02243
3

4
84

,02
3

484

33331

3

13

2

1

3

3

1111

1

3

2

1

2

31
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1





qkn
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n





 

       The points are degenerate when 0)/(det 2

0

2  W . By using the following 

transformation    213211 , ddkddk  , we have  

the Caustic of function (7) in  

space of parameters ),,( 231 dqq  for 31 d  in the form, 
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Fig. 1 Describes the Caustic of function (7). 

 

The critical points of function ),( 312 U  are the solutions of the following system of 

equations 

 

−
127𝑛1

3
𝜉1 − 28𝜉1

2𝜉3 − 16𝜉1𝜉3
2 − 12𝜉1

3 + 2𝑘1𝜉1 − 𝑞1 − 8𝜉3
3 − 4𝑘2𝜉1 −

64𝑛1

3
𝜉3

− 2𝑘2𝜉3 = 0, 

 

−
601𝑛1

3
𝜉3 −

28

3
𝜉1

3 − 16𝜉3𝜉1
2 − 12𝜉3

3 + 2𝑘3𝜉3 − 𝑞3 − 24𝜉1𝜉3
2 − 4𝑘2𝜉3 −

64𝑛1

3
𝜉1

− 2𝑘2𝜉1 = 0 

 

The points are degenerate when 0)/(det 2

2

2  U . Also, by using the following 

transformation 213211 , ddkddk  ,  
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we have the Caustic of function ),( 312 U   in space of parameters ),,( 231 dqq  for 

5.122 kd  in the form, 

 

 

Fig. 2 Describes the Caustic of function 2U . 

 

and hence the Caustic of pair functions (8) for 321 kd  is given by the following 

graph, 
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 Fig. 3 Describes the Caustic of functions (8).   

 

The bifurcation diagram (Caustic) of pair functions (8) decomposes the space of 

parameters into 12 regions; every region contains a fixed number of critical points. 

The following spreading of bifurcating critical points corresponds to the above 

regions: 

If )500,1000,0(),,( 231 dqq  then we have 7 critical points   (4-min., 3-saddle), if 

)1500,3000,3000(),,( 231 dqq  then we have 7 critical points (4-min., 3-saddle) , if 

)05,20000,10000(),,( 231 dqq  then we have 3 critical points (2-min., 1-saddle), if 

)1500,30000,40000(),,( 231 dqq  then we have 3 critical points (1-min., 2-max.), 

if )1000,50000,10000(),,( 231 dqq       then, we have 3 critical points  (1-min., 2-

saddle),  if  )1000,10000,40000(),,( 231 dqq  then we have 3 critical points (1-min.,      

2-saddle), if )0,10000,50000(),,( 231 dqq then we have 5 critical points    (1-min, 2-

saddle, 2-max.),if )400,20000,0(),,( 231 dqq  then we have 5 critical points (3-min., 

2-saddle) , 
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3. Applications  

 

Consider the boundary value problem, 

 

𝑑6𝑊

𝑑𝑥6
+ 𝛿

𝑑4𝑊

𝑑𝑥4
+ 𝛼

𝑑2𝑊

𝑑𝑥2
+ 𝛽𝑊 + 𝑊3 = 𝜓

𝑑4𝑊

𝑑𝑥4
 0 =

𝑑2𝑊

𝑑𝑥2
 0 = 𝑊 0 =

𝑑4𝑊

𝑑𝑥4
 𝜋 =

𝑑2𝑊

𝑑𝑥2
 𝜋 = 𝑊 𝜋 = 0

… (9) 

 

which described the oscillations and motion of wave on elastic foundations, where, 

 1 ,    is small parameter and   is a symmetric function with respect to the 

involution 

)()(: xxI   . 

Suppose that MEF :  is a nonlinear Fredholm operator of index zero from 

Banach space E to Banach space M, where )],,0[(6 RCE   is the space of all 

continuous functions that have derivative of order at most four, )],,0[(0 RCM   

is the space of all continuous functions and F  is given in the form of operator 

equation: 

3

2

2

4

4

6

6

),( ww
xd

wd

xd

wd

xd

wd
wF    

where  

w=w(x), 

).,,(],,0[  x  

 

Every solution of equation (9) is a solution of operator equation, 

MwF   ,),( .                               … (10) 

     Since, operator f  has variational property, then there exists functional V, such that  

 

).0,,(),(  wVgradwF H  

 

and then every solution of equation (10) is a critical point of the functional V where, 
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𝑉 𝑤, 𝜆,𝜓 =  ( 
(𝑤 ′′′)2

2

𝜋

0

− 𝛿
(𝑤 ′′)2

2
+ 𝛼

(𝑤 ′)2

2
+ 𝛽

𝑤2

2
+
𝑤4

4
− 𝑤𝜓)𝑑𝑥 

 

       Thus, the study of equation (10) is equivalent to the study extremely problem, 

.,),,( EwextrwV   

 

       The analysis of bifurcation can be found by using the local method of Lyapunov-

Schmidt to reduce it into finite dimensional space and by localized parameters, 

 

.
~

,~,
~

321    

this reduction leads to the function in three variables,  

 

).,,(),,,(

),,(inf),(

321321

2,1,,











xxx

wVW
iew ii  

 

       It is well known that in the reduction of Lyapunov-Schmidt the function 

),( W  is smooth. This function has all the topological and analytical properties of 

functional VThompson and Stewart(1986)In particular, for small   there is a one-to-

one corresponding between the critical points of functional V and the smooth function 

W, preserving the type of critical points (multiplicity, Morse index, etc) Thompson 

and Stewart(1986). We note that the functional V is symmetric with respect to the 

involution )()(: xxI   . By using the method of Lyapunov-Schmidt, the 

linearized equation corresponding to the equation (10) has the form, 

 

𝑦 ′′′′′′ + 𝛿𝑦 ′′′′ + 𝛼𝑦 ′′ + 𝛽𝑦 = 0,𝑦 ∈ 𝐸

𝑑4𝑦

𝑑𝑥4
 0 =

𝑑2𝑦

𝑑𝑥2
 0 = 𝑦 0 =

𝑑4𝑦

𝑑𝑥4
 𝜋 =

𝑑2𝑦

𝑑𝑥2
 𝜋 = 𝑦 𝜋 = 0

… (11) 

 

       Localized parameters, 

.45,
4

241
,

4

65
321    
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lead to bifurcation along the modes )2sin()(,)sin()( 2211 xcxexcxe  , 

)3sin()( 33 xcxe    where 1321  eee  and .
2

321


 ccc  

     Let   },,{)( 321 eeeSpanAKerN   

            where, 

 
2

2

4

4

6

6

),0(
xd

d

xd

d

xd

d
FA z  

 then, the space E can be decomposed in direct sum of two subspaces, N and the 

orthogonal complement to N, 

}.:{ˆ,ˆ NvEvENEENE     

     Similarly, the space M can be decomposed in direct sum of two subspaces, N and 

the orthogonal complement to N,  

 

}.:{

ˆ,ˆ

NvMv

MNNNNM



  
 

     There exists projections NEp :  and  EEpI ˆ:   such that pz=w and (I-

p)w=v,  (I is the identity operator). Hence every vector Ew  can be written in the 

unique form,  

.,

,ˆ,,
3

1



 


i

i

i

ii

ew

EvNNewvzw 
 

 

Similarly, there exists projections NMQ :  and   NMQI ˆ:  such that, 

 

),()(),(),(  wFQIwFQwF                           … (12) 

 

 Since M  implies that 





NNet

etet

ˆ,

,

233

2211121




 

Accordingly, equation (10) can be written in the form, 
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2

1









vzFQI

vzFQ
 

        By the implicit function theorem, there exist a smooth map EN ˆ:  , such 

that 

 

).,,(

),,),,,((),,(

321 





VW
 

and then  the key function can be written in the form, 

 

).()(

)(),(
~

)),,(

(),(

4

4

332211

332211









OO

oU

exexex

exexexVW







 

The function ),(
~

U  can be found as follows, substitute the value of w in the above 

functional we have that, 
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4
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2

2

0

4

0

3322111
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2
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1
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1
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xxxxxxx
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xxxxxdx
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xqxqxqdxw

xxxdx
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xxxdx
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xxxdx
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xxxdx
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      The symmetry of the function )(x with respect to the involution 

)()(: xxI    implies that  0~
2 q  and then we have, 
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   and  2

1

1 83 n

we have the function ),(
~

U  is equivalent to the following function, 

        (13) .),,,,(
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31321
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and hence we proved the following result, 

Theorem 3.1 The normal form of the key function W corresponding to the functional V is given by  
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      The geometrical form of bifurcations of critical points and the first asymptotic of 

branches of bifurcating for the function W
~

are completely determined by its principal 

part ),( U . This mean that the study of Caustic of the function W
~

is equivalent to 

the study of Caustic of the function ),( U .Function ),( U  has all the 

topological and analytical properties of functional V, so the study of bifurcation 

analysis of equation (10) is equivalent to the study of bifurcation analysis of the 

function ),( U . Note that the function  ),( U  is similar to the function ),(
~

W  

in the previous section, so all results which we need from the Lyapunov-Schmidt 

reduction have been found. 
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