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Abstract

In this paper, we introduce the notions of a closed filter with respect to an element
of a BH-algebra and a completely closed filter with respect to an element of a BH-
algebra and study these notions on a BG-algebra. Also We stated and prove some
theorems which determine the relationship between these notions and some types of
ideals of a BH-algebra.
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INTRODUCTION

The notions of a BCK-algebra and a BCl-algebra was formulated first in 1966 by
Y.Imai and K.Iseki [8]. In 1983,Q. P. Hu and X. Li introduced the notion of BCH-
algebra which are a generalization of BCK/BCl-algebras [10]. In 1991, C. S. Hoo
introduced the notions of a filter and closed filter of a BCl-algebra[2].In 1996, M. A.
Chaudhry and H. F-Ud-Din studied the concepts of filter and closed filter of a BCH-
algebra[9]. In the same year, J.Neggers introduced the notion of d-algebra[7]. In
1998, Y.B.Jun, E.H.Roh and H.S.Kim introduced a new notion, called a BH-
algebra[12]. In 2002 ,J.Neggers and H.S.Kim introduced the notion of B-algebra,
which is a generalization of a BCK-algebra [6]. In 2008, C.B.Kim and H.S.kim
introdeced the notion of BG-algebras, which is a generalization of a B-algebras[1]. In
2011, H.H.Abass and H.M.A.Saeed introduced the notion of a closed ideal with
respect to an element of a BCH-algebra[3]. In 2012, H.H.Abass and H.A.Dahham
introduced the notions of a completely closed ideal and completely closed ideal with
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respect to an element of a BH-algebra[4].In the same year, H.H.Abass and
H.A.Dahham introduced the notions of a completely closed filter of a BH-algebra[5].
In this paper, we introduce the notions as we mentioned in the abstract.

1.PRELIMINARIES

In this section, we give some basic concepts about a BG-algebra , a BH-algebra,
ideal of a BH-algebra , closed ideal of a BH-algebra, a completely closed ideal of a
BH-algebra , closed ideal with respect to an element of a BH-algebra, completely
closed ideal with respect to an element of a BH-algebra, a normal set , filter, closed
filter and completely closed filter with some theorems and propositions which we
needed in our work.

Definition (1.1) [1] :
A BG-algebra is a non-empty set X with a constant 0 and a binary
operation “ * * satisfying the following axioms:
1) x*x =0,
2)x * 0 =x,
(x*y)*(0*y)=x, forall x,y € X.

Definition (1.2) [12] :
A BH-algebra is a nonempty set X with a constant 0 and a binary operation *
satisfying the following conditions:

1) x*x=0,Vxe X
2)x*y=0andy*x=0implyx =y, VX, ye X.
3)Xx*0=x, V xe X.

Proposition (1.3) [1]:
Every BG-algebra is a BH-algebra.

Definition (1.4) [11] :
A nonempty subset S of a BH-algebra X is called a BH-Subalgebra or Subalgebra
of Xifx*y e Sforallx,y € S.

Lemma (1.5)[1]:

Let (X, *, 0) be a BG-algebra. Then
1) the right cancellation law holds in X, i.e., x*y = z*y implies X = z,
2)0* (0*x)=xforall x € X,
3)ifx*y=0,thenx =y forall X,y € X,
4)if0*x=0*y,thenx=yforall x,y € X,
5) (x* (0 *x)) *x=xforall x € X.

Definition (1.6) [12] :
Let I be a nonempty subset of a BH-algebra X. Then I is called an ideal of X if it
satisfies:

1)0€el.
2)x*yelandy el imply xel
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Definition (1.7 ) [3] :
An ideal I of a BH-algebra X is called a closed ideal of X if :for every xel, we have
0*xel.

Definition (1.8 )[4]:
An ideal | of a BH-algebras is called a completely closed ideal if x*yel,
X,y €l.

Definition (1.9)[3]:
Let X be a BH-algebra and | be an ideal of X . Then I is called a Closed Ideal with
respect to an element be X (denoted b-closed ideal) if b*(0*x)el , for all xel.

Definition (1.10)[4]:

Let | be an ideal of a BH-algebras X and be X. Then I is called a completely closed
ideal with respect to b(denoted by b-completely closed ideal) if b*(x*y)el, VX, yel.

Theorem ((1.11)[4]:
Let X be a BG-algebra. Then every ideal in X is a completely closed ideal.

Definition (1.12)[5]:
A filter of a BH-algebra X is a non-empty subset F of X such that:
1) If xeF and yeF, then y*(y*x)eF and x*(x*y)e F.
2) If xeF and x*y=0, then yeF.
Further F is a closed filter if 0*xeF for all xeF. In the sequel we shall denote

y*(y*Xx) by xay.

Definition (1.13)[5]:
Let X be a BH-algebra, and F be a filter. Then F is called a completely closed filter if
x*yeF VX, yeF.

Remark(1.14)[5]:
Every completely closed filter is a closed filter.

Definition (1.15) [4] :
A non-empty subset N of a BH-algebra X is said to be normal of X if (x * a) *(y *
b) e N foranyx*y,a*b € N.

Theorem (11.16) [4].
Every normal subset N of a BH-algebra X is a subalgebra of X.

Theorem (1.17)[5]:

Let X be a BG-algebra and N be a normal subalgebra .Then N is a completely closed
filter.

Proposition (1.18)[5]:
Let X be a BH-algebra, and F is a completely closed filter. Then 0eF.

Theorem (1.19)[5]:
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Let X be a BH-algebra ,if x*y=y*x VX, yeX ,then every completely closed ideal is a
completely closed filter.

Proposition (1.20)[5]:
Let X be a BG-algebra. Then every ideal in X is a completely closed filter.

2.THE MAIN RESULTS

In this section, we define the notions of a closed filter with respect to an element of
a BH-algebra and a completely closed filter with respect to an element of a BH-
algebra . For our discussion , we shall link these notions with other notions which
mentioned in preliminaries.

Definition (2.1):

Let X be a BH-algebra and beX . A filter F is called a closed filter with respect to
b(denoted by b- closed filter) if b*(0*x)eF VxeF.

Example(2.2):
Consider the BH-algebra X = {0,a,b,c} with the following operation table.

* 0 A b c

0 0 A b c

a a 0 c b

b b C 0 a

c c B a 0

The filter F={0,a} is a 0- closed filter, since
0*(0*0)=0eF , 0*(0*a)=acF.
Proposition (2.3):

Let X be a BG-algebra. Then every filter in X is a 0-closed filter
Proof:
Let X be a BG-algebra ,and F be a filter
Since 0*(0*x)=x VxeX [By lemma (1.5)(2)]
= 0*(0*x)=x VxeF [Since FcX]
= 0*(0*x)eF VxeF

= F is a 0-closed filter.m

Proposition (2.4):

Let X be a BH-algebra. If F is a filter and normal subalgebra, then F is a b-closed
filter VbeF.

116



Journal of College of Education for Pure Sciences Vol. 4 No.1

Proof:

Let b,xeF,

=b=b*0cF. [Since x=x*0. By definition(1.2)(3)]

Also x*x=0=0eF [Since X is a BH-algebra and F is a subalgebra]

=0*xeF [Since 0,x € F andF is asubalgebra. By
definition(1.4)]

=(b*0)*(0*x)eF [Since F is a normal set, By definition(1.15)]

=b*(0*x)eF [Since b*0=b. By definition(1.2)(3)]

= Fis a b-closed filter.m

Proposition (2.5):
Let X be a BG-algebra and | be an ideal of X. Then 1 is a b-closed filter,vbel.
Proof :

Since 1 is an ideal of a BG-algebra X
=1 is a completely closed filter [By Proposition(1.20)]
Now, let bel,xel,

=b*(0*x) el [Since Ol and every ideal in BG is a completely closed ideal.
By Proposition(1.11)]

Therefore, | is a b-closed filter Vbel.m
Proposition (2.6):

Let X be a BH-algebra. Such that x*y=y*x Vx, yeX and let | be a completely closed
ideal of X. Then | is a b-closed filter for all bel.

Proof:

Let | be a completely closed ideal,

=l isa completely closed filter. [By Theorem(1.19)]
Now, let bel, xel

=b*(0*x) el [Since Ol and I is a completely closed ideal].
Therefore, 1 is a b-closed filter.m

Definition (2.7):

Let X be a BH-algebra and be X, a filter F is called a completely closed filter with
respect to b (denoted by b- completely closed filter) if b*(x*y)eF VX, yeF.

Example (2.8):
Consider the BH-algebra X = {0,1,2,3} with the following operation table.
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0 2
0 0 2
1 1 3
2 2 0

N| | O Wl -
O Wl N k| W

3 3 1

The set F={2,3} is a 2-completely closed filter, since

1)F is afilter, since

But F is not a 3-completely closed filter, since
3*(2*3)=3*3=0¢F.

Remark(2.9):

1) The b-closed filter of a BH-algebra X may be not a b-completely closed filter
of X.The filter F={2,3} in example (2.8) is a 0-closed filter, Since

0*(0*2)=2eF ,0*(0*3)=3cF but it is not 0-completely closed filters
since 0*(2*2)=0¢F.

2) If Fis a b-completely closed filter, then it is not necessary to be a b-closed
filter, as example (2.8). The filter F={2,3} is a 2-completely closed filter, but
it is not 2-closed filter since 3eF but 2*(0*3)=2*1=1¢F.

Proposition (2.10):

Let X be a BH-algebra and let F be a filter of X. Then F is not b-completely
closed filter, VbgF.

Proof:
Let F be a filter, bgF and xeF.
= b*(x*x)=b*0=beF.

= F is not a b-completely closed filter.m

Proposition (2.11):

Let X be a BH-algebra. Then every completely closed filter is a b-completely closed
filter, VbeF.

Proof :

Let F be a completely closed filter, beF, x, yeF
=b*(x*y)eF [Since F is a completely closed filter. By definition(1.13)]

= Fis a b-completely closed filter.m
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Proposition (2.12):

Let X be a BG-algebra. Then every ideal is a b-completely closed filter,vVbel.
Proof:
Let X be a BG-algebra, and let | be an ideal
=1 is a completely closed filter [By Proposition(1.20)]
Now, let b, X, yel,
=b*(x*y)el [Since I is a completely closed filter .By definition(1.13)]

Therefore, 1 is a b- completely closed filter Vbel.m

Proposition (2. 13):

Let X be a BH-algebra. Then every completely closed filter is a b- closed filter,
VbeF.

Proof:

Let F be completely closed filter, beF and xeF.

Since F is a completely closed filter.

Then OeF [By Proposition(1.18)]

=b*(0*x)eF [Since F is a completely closed filter By definition(1.13)]
-.Fis ab-closed filter VbeF. =

Proposition (2.14):

Let X be a BH-algebra. Then every completely closed filter is not a b- closed filter,
VbeF.

Proof:

Let F be completely closed filter, bgF,

Since F is a completely closed filter,

Then OeF [By Proposition(1.18)]
=b*(0*0)=beF

= Fis not b-closed filter VbgF. m

Proposition (2.15):

Let X be a BG-algebra and N be a normal subalgebra of X. Then N is a b-closed filter
VbeN.

Proof:

Let N be a normal subalgebra.

=N is a completely closed filter [By theorem(1.17)]
=N is a closed filter. [By remark (1.14)]
Now, let b, xeN
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=b*0eN, 0*xeN, [Since F is a closed filter. By definition(1.12)]
=(b*0)*(0*x)eN [Since N is a normal subalgebra. By definition(1.15)]
=b*(0*x)eN

=N is a b-closed filter.m
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