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Abstract

In this paper, we define the concepts of a fuzzy closed ideal with respect to an
element of a BH-algebra and a fuzzy closed BH-algebra with respect to an element of
BH-algebra. We stated and proved some theorems which determine the relation
between these notion and the notions of fuzzy ideals in a BH-algebra.
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1. Introduction
The notion of BCH-algebras [9] was formulated first in 1983 by Q. P. Hu and X. Li
as a generalization of BCK/ BCl-algebras [4, 14] which are generalization of the
concept of set-theoretic difference and propositional calculus. After that, many
mathematical papers have been published investigating some algebraic properties of
BCK\BCI\BCH- algebras and their relation with other universal structures including
lattices and Boolean algebras. In 1991, M. A. Chaudhry introduced the notions of
BCA-part of a BCH-algebra, medial part of a BCH-algebra, subalgebra of a BCH-
algebra, ideals and closed ideals in a BCH-algebra [6]. In 1998, Jun et al introduced
the notion of BH-algebra, which is a generalization of BCH-algebras [12]. then, Y. B.
Jun, E. H. Roh, H. S. Kim and Q. Zhang discussed more properties on BH-algebras
[8, 11, 12]. In 2011, H. H. Abbass and H. M. Saeed introduced the notions of (a
closed ideal and closed BCH-algebra ) with respect to an element of a BCH-
algebra[3].
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On the other hand, we shall mention the development of a fuzzy set, fuzzy
subalgebra, fuzzy ideals, fuzzy closed ideals.

In 1965, L. A. Zadeh introduced the notions of a Fuzzy subset of a set as a method
for representing uncertainty in real physical world. Since then its application have
been growing rapidly over many disciplines [5]. In 1999, Y. B. Jun introduced the
notion of Fuzzy closed ideals in BCH-algebras [13]. In 2001, Q. Zhang, E. H. Roh
and Y. B. Jun studied the fuzzy theory in BH-algebras [10].

In this paper, we introduce the notion of a fuzzy closed ideal and a fuzzy closed
BH-algebra with respect to an element of a BH-algebra. We prove some theorems and
give some examples to show that the relations between this notion and the notions of
ideals in a BH-algebra.

2. PRELIMINARIES
In this section we give some basic concept about BCH-algebra, , p-semi simple
BCH-algebra ,medial BCH-algebra , associative BCH-algebra, BCA-part of BCH-
algebra , medial part of BCH-algebra and (subalgebra , ideal , closed ideal , quasi-
associative ideal ) in BCH-algebra with some theorems, propositions and examples.

Definition (2.1) : [9]
A BCH-algebra is an algebra (X,*,0), where X is nonempty set, * is a binary
operation and 0 is a constant , satisfying the following axioms: forall x,y, ze X:
. X*x=0,
ii. x*y=0andy*x=0implyx =y,
' (x*y)*z = (x*2)*y.

Definition (2.2) : [9]
In any BCH-algebra X, a partial order < is defined by putting x <y if and only if x*y
=0.

Proposition (2.3) : [6]
In a BCH-algebra X, the following holds for all x, y, z € X,
x*0=x,
(x*(x*y)*y=0,
0*(Xx*y)=(0*x)*(0™*y),
0*(0*(0*x))=0*x,
x<yimpliesO*x=0%*y.

orwdPE

Definition (2.4) : [12]

A BH-algebra is a nonempty set X with a constant 0 and a binary operation *
satisfying the following conditions:

. X*x=0,VxeX

ii. x*y=0andy*x=0implyx=y, V x,ye X.

.  x*0=x,VxeX.
Definition (2.5) : [1]

A BCHe-algebra X that satisfying in condition if 0 * x =0 then x =0, for all xeX is
called a P-semisimple BCH-algebra.

we generalize the notion of p-semisimple BCH-algebra to a BH-algebra
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Definition (2.6) :

A BH-algebra X that satisfying the condition if 0*x = 0 then x = 0, for all xeXis
called a P-semisimple BH-algebra.
Definition (2.7) : [7]

A BCH-algebra X is called medial if: x * (x *y) =y, forall x,y € X.

we generalize the notion of medial BCH-algebra to a BH-algebra

Definition (2.8) :
A BH-algebra X is called medial if: x*(x*y) =y, for all x, yeX.

Definition (2.9) : [1]
A BCH-algebra X is called an associative BCH-algebra if:(x*y)*z = x*(y*z), for
all x,y, ze X.

we generalize the notion of associative BCH-algebra to a BH-algebra

Definition (2.10) :

A BCHe-algebra X is called an associative BH-algebra if:(x*y)*z = x*(y*z), for all
X, ¥,Z e X

Definition (2.11) : [6]
Let X be a BCH-algebra . Then the set X, = {x € X:0*x =0} is called the BCA-
part of X

Remark (2.12) : [6]

The BCA-part X, of X is a nonempty Since 0 *0 = 0 gives 0 € X, . Further the
BCA-part of a BCH-algebra may coincide with the BCH-algebra, but not necessarily
with a BCK-algebra.

we generalize the notion of BCA-part of BCH-algebra to a BH-algebra

Definition (2.13) :
Let X be a BH-algebra. Then the set X, ={ x € X : 0*x =0 } is called the BCA-part
of X.

Definition (2.14) : [6]
Let X be a BCH-algebra . Then the set med(X) = {xeX : 0*(0*x) = x} is called the
medial part of X.

Remark (2.15) : [6]
The medial part med(X) of X is nonempty Since 0*(0*0) = 0 gives 0emed(X).

Theorem (2.16) : [7]
Let X be a BCH-algebra . Then x € med(X) if and only if x*y = 0*(y*x) for all x
yeX

we generalize the notion of medial part of BCH-algebra to a BH-algebra

Definition (2.17) :
Let X be a BH-algebra . Then the set med(X) = {xeX : 0*(0*x) = x} is called the
medial part of X.
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Definition (2.18) : [12]
Let X a BH-algebraand S — X. Then S is called a subalgebra of X if x*y e S for all

X, YeS.

Definition (2.19) : [10]
A fuzzy set B in a BH-algebra X is said to be a fuzzy subalgebra of X if it satisfies:

B(x *y) > min{B(x), B(y)}, VX, y € X.

Definition (2.20) : [10]
Let X be a BH-algebra and ¢ #1 < X. Then I is called an ideal of X if it satisfies:

i Oel.
ii. x*yelandy el imply xel.

Definition (2.21) : [13]
A fuzzy subset A of a BH-algebra X is said to be a fuzzy ideal if and only if:

i.  ForanyxeX, A(0) > A(X).
ii. Foranyx,y e X, A(X) > min{A(x*y), A(y)}.

Definition (2.22) : [7]
Let X be a BCH-algebra and | — X be an ideal. Then I is called a closed ideal of

X if 0*xel for all xel.

Definition (2.23) : [13]
A fuzzy ideal A of a BCH-algebra X is said to be closed if A(0*x) > A(x), for

all x e X.

Definition (2.24) : [3]
Let X be a BCH-algebra and | be an ideal of X. Then I is called a closed ideal with

respect to an element b eX, denoted b-closed ideal of X, if b*(0*x) el for all xel.

Definition (2.25) : [3]

Let X be a BCH-algebra and beX. Then X is called a closed BCH-algebra with
respect to b, or b-closed BCH-algebra, if and only if every proper ideal is closed ideal
with respect to b.

3. THE MAIN RESULTS
In this section we define the notions of a fuzzy closed ideal and a fuzzy closed BH-
algebra with respect to an element of a BH-algebra. For our discussion, we will link
this notion with other types of ideals which mentioned in preliminaries.

Definition (3.1) :
Let X be a BH-algebra and A be a fuzzy ideal of X, then A is called a fuzzy closed

ideal with respect to an element beX, denoted by a fuzzy b-closed ideal of X, if
A(b*(0*x)) > A(X), VxeX.
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Example (3.2) :
Consider the BH-algebra X = {0, 1, 2, 3} with the following operation table.
* 0 1 2 3
0 0 0 0 0
1 1 0 1 1
2 2 2 0 3
3 3 3 3 0
We define the fuzzy set A by
0.5 ifx=20
AX) = {0.3 ifx+0
Then A is a fuzzy O-closed ideal, Since
1- Aisafuzzy ideal, since
. A)=052>A(), VxeX
ii.  A(0)=0.5>min{A(0*0), A(0)} =0.5, A(1) = 0.3 > min{A(1*0),
A(0)}=0.3
A(0) = 0.5 > min{A(0*1), A(1)} = 0.3, A(1) = 0.3 > min{A(1*1),
A1)} =03
A(0) = 0.5 > min{A(0*2), A(2)} = 0.3, A(1) = 0.3 > min{A(1*2),
A(2)}=0.3
A(0) = 0.5 > min{A(0*3), A(3)} = 0.3, A(1) = 0.3 > min{A(1*3),
A(3)}=0.3
A(2) = 0.3 > min{A(2*0), A(0)} = 0.3, A(3) = 0.3 > min{A(3*0),
A(0)}=0.3
A(2) = 0.3 > min{A(2*1), A(1)} =0.3, A(3) = 0.3 > min{A(3*1),
A1)} =03
A(2) = 0.3 > min{A(2*2), A(2)} = 0.3, A(3) = 0.3 > min{A(3*2),
A(2)}=0.3
A(2) = 0.3 > min{A(2*3), A(3)} = 0.3, A(3) = 0.3 > min{A(3*3),
A(3)}=0.3
Therefore, A is a fuzzy ideal of X
2- A(0*(0*x)) > A(x), VxeX, since
A(0*(0*0)) = A(0*0) = A(0) =0.5> A(0) = 0.5, A(0*(0*1)) = A(0*0) = A(0) =
05>A(1)=0.3
A(0*(0*2)) = A(0*0) = A(0) =0.5> A(2) = 0.3, A(0*(0*3)) = A(0*0) = A(0) =
05>A(3)=0.3

Theorem (3.3) :
Let X be a BH-algebra. If X=X , then the following conditions are equivalent:

(1) Aisafuzzy closed ideal of X

(2) Ais afuzzy O-closed ideal of X.
Proof

1= @

Let A be a fuzzy closed ideal of X
= A'is a fuzzy ideal of X [By definition of a fuzzy closed
ideal]
= To prove that A is a fuzzy 0-closed ideal.
Let xeX
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A(0*(0*x)) = A(0*0) [Since 0*x =0, VxeX,]

=A(0) [Since x*x =0, VYxeX]
But A(0) > A(x), VxeX [Since A is a fuzzy ideal] = A(0*(0*x)) > A(x)
Therefore, A is a fuzzy 0-closed ideal of X.

2 = 1)
Let A be a fuzzy 0-closed ideal of X
= Ais a fuzzy ideal [By definition of a fuzzy 0-
closed ideal]
= To prove that A is a fuzzy closed ideal
Let xeX
A(0*x) = A(0) [Since 0*x =0, VxeX.]

But A(0) > A(X), VxeX [Since A is a fuzzy ideal] = A(0*x) > A(X)
Therefore, A is a fuzzy closed ideal of X. Il

Let X be a BH-algebra and beX. Then X is called a fuzzy closed BH-algebra with
respect to the element b, or fuzzy b-closed BH-algebra, if and only if every fuzzy ideal
is a fuzzy closed ideal with respect to b.

Example (3.5) :

Let the BH-algebra X = {0, 1, 2, 3} with the following operation table
* 0 1 2 3
0 0 0 0 0
1 1 0 3 3
2 2 0 0 2
3 3 0 0 0

Then, X is a fuzzy 0-closed BH-algebra, because
every fuzzy ideal define on X is a fuzzy 0-closed ideal. Since
If A is a fuzzy ideal of X, then A(0*(0*x)) = A(0*0) = A(0) > A(x), VxeX.

Theorem (3.6) :
Every medial BH-algebra is a fuzzy 0-closed BH-algebra.
Proof
Let X be a medial BH-algebra and A be a fuzzy ideal of X
To prove that A is a fuzzy 0-closed ideal of X
Let xeX. Then

A(0*(0*x)) = A(X) [Since X is medial = x*(x*y)=y, VX, yeX]
= A(0*(0*x)) > A(X)

= Ais a fuzzy 0-closed ideal of X.

Therefore,

X is a fuzzy 0-closed BH-algebra. l

Theorem (3.7) :
Let X be a BH-algebra. If X=X, . Then X is a fuzzy 0-closed BH-algebra.
Proof
Let A be a fuzzy ideal of X =
To prove that A is a fuzzy 0-closed ideal.
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Let xeX
A(0*(0*x)) = A(0*0)
= A(0)
But A(0) > A(X), VxeX
= A(0*(0*x)) > A(x)
= Ais a fuzzy 0-closed ideal of X
Therefore,

A is a fuzzy 0-closed BH-algebra. ll

[Since 0*x =0, VxeX,]
[Since x*x =0, VxeX]
[Since A is a fuzzy ideal]

Remark(3.8):
If X # X4, then the above theorem is not necessary to be true as in the following
example
Example (3.9) :
Consider the BH-algebra X = {0, 1, 2, 3} with the following operation table
* 0 1 2 3
0 0 3 0 2
1 1 0 0 0
2 2 2 0 3
3 3 3 1 0

Then X = X, which is not fuzzy 0-closed BH-algebra, because

if A a fuzzy set defined as follows:
] 1 ,ifx=10,1
ﬁ{_x} = [

i- A(0) > A(x), VxeX.

ii- A(X) > min{A(x*y), A(Y)}, VX, yeX. Where
A(0) =1 > min{A(0*0), A(0)} = A(0) =1,

AQ)}=AL) =1

AQ) = 1 > min{A(0*1), A(L)} = A(3) = 0,

AD}=A1)=1

AQ) = 1 > min{A0*2), AQ2)} = A(2) = 0,

AQR)}=A(2)=0

AQ) = 1 > min{A0*3), A3)} = A@3) = 0,

AGR)}=A@3)=0

A(2) = 0 > min{A(2*0), A(0)} = A(2) =0,

A(0)}=A@B)=0

A@2) = 0> min{A(2*1), A(L)} = A(2) = 0,

A(L)}=A@3)=0

A(2) = 0> min{A(2*2), AQ)} = A(2) =0,

A()}=A(2)=0

A(2) = 0 > min{A(2*3), A(3)} = A(3) = 0,

A(3)}=A(3)=0

But A is not fuzzy 0-closed ideal, Since

A(0%(0%1)) = A(0*3) = A(2) =0 < A(L) = 1.
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Theorem (3.10) :
Let X = X,; be a BH-algebra and beX such that for any fuzzy ideal A of X and
A(b) = A(0). Then X is a fuzzy b-closed BH-algebra.
Proof
Let A be a fuzzy ideal and be X
To prove that A is a fuzzy b-closed ideal of X
Let xeX, then

A(b*(0*x)) = A(b*0) [Since 0*x=0, VxeX,]
A(b*(0*x)) = A(b) [Since x*0=x, VxeX]

= A(0) [Since A(b) = A(0)]

> A(X) [Since A is a fuzzy ideal of X]

= A'is a fuzzy b-closed ideal of X
Therefore, X is a fuzzy b-closed BH-algebra. Il

Remark (3.11) :
If there exist be X such that A(b) < A(0). Then the theorem(3.10) is not necessary to
be true as in the following example

Example (3.13):
con@qgr the Blﬁ—glg:e@ra X={0, 1, 2, 3} in example(3.2). then the fuzzy ideal
0

A=10.3 ifx#0

A(1) = A(0)
= Ais not fuzzy 1-closed ideal. since
A(1*(0*0) A(1*0) = A(1) =0.3 < A(0) = 0.5.

Remark (3.14) :
If X # X, , then theorem(3.10) is not necessary to be true as in the following
example.

Example (3.15):
consider the BH-algebra X={0, 1, 2, 3} in example(3.9). then the fuzzy ideal

. 1 Jifx=10,1
A‘*X}z[ﬂ ifx=2,3}
is not fuzzy 1-closed ideal. Since
A(1*(0*1)) = A(1*3) = A(2) =0<A(1)=1.
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