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Abstract 

In this paper we consider the Pareto distribution of two parameters , since it have 

many applications in economics (income and distribution of wealth), human population 

and many other fields. Estimation of the distribution  parameters is obtained by two 

methods namely the modified moments method and the maximum likelihood method . 

Approximation to the mean and variance  of the estimators is made theoretically 

by utilizing Taylor series expansion up to second order derivative and results assessed 

practically by using Monte Carlo simulation. Two  applications related to Pareto 

distribution are discussed namely  earthquake and dilution of concentration in the liquid. 

Keywords: Pareto Distribution, Estimation, modified moments method 

 

 :الولخص

 (تٌصيع العائذ ًتٌصيع الشبح)في ىزا البحث تن عتواد تٌصيع باسيتٌ رً الوعلوتين ًرالك لٌفشة التطبيقاث الاقتصاديو 

تقذيش هعلواث التٌصيع حصلنا علييا بأستخذام طشيقتين ىي طشيقت . ًالتطبيقاث الانسانيو ًفي هدالاث اخشٍ 

كوا تن حساب تقشيباث لوعذل هتباين الوقذساث باستخذام . العضًم الوطٌسه ًطشيقت هقذس قوت دالت التشخيح 

هتسلسلاث تايلش لغايت الشتبو الثانيو كوا تن تقٌين النتائح باستخذام طشيقت هٌنتي كاسلٌ للوحاكاث كوا تن نطبيق 

 . النتائح علَ بياناث عوليو توثل اليضاث الاسضيو ًنوٌرج ًتخفيف التشكيض في سائل 

1.Introduction 

      Pareto distribution is a power law probability distribution that coincides with social, 

scientific, geophysical and many other types of observable phenomena, [1].It is a 

continuous distribution bounded on the lower side and it has two parameters, shape and 

mode and it is a highly skewed distribution. It is a decreasing function and it has a finite 

value at the minimum value. It is a heavy tailed distribution meaning that a random 

variable following a Pareto distribution can have extreme values.The mode parameter for 

Pareto distribution sets the position of the “left edge” of the probability density function. 

The only outcomes that can be observed from this distribution are greater than or equal to 

the value of the mode parameter. Changes in the mode simply shift the boundary to the 

left or right. Pareto distribution named after the Italian economist and sociologist 

Vilfredo Pareto (1848-1923). It was proposed first by Pareto in (1897) at the university of  

Lausanne as a model for the distribution of incomes, [3]. 

       Pareto discovered that at the high wealth range the wealth are distributed according 

to a power-law distribution. The parameters of Pareto distribution may change across 

societies. Pareto claimed that the wealth distribution obeys this general distribution law, 

which became known as the Pareto distribution or Pareto law. Pareto originally used his 

distribution to describe the allocation of wealth among individuals since it seemed to 

http://www.answers.com/topic/scaling-law
http://www.answers.com/topic/probability-distribution
http://www.answers.com/topic/social-sciences
http://www.answers.com/topic/science
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show rather well the way that a larger portion of  the wealth of  any society is owned by a 

smaller percentage of  the people in that society.  

      This idea is sometimes expressed more simply as the Pareto principle or  the "80-20 

rule" which says that 20% of  the population controls 80% of  the wealth, [2]. This 

distribution is not limited to describe wealth or income, but many situations in which an 

equilibrium is found in the distribution of the "small" to the "large" observations. It has 

been used to study the tensile strength of nylon carpet fibers [6], the city population, 

occurrence of natural resources, the insurance risk, the business failures, the stock price 

fluctuations, internet traffic, the wind speed and oil field locations, [7].  

       Also, it has application in military areas and suitable for approximating the right tails 

of distribution with positive skewness, [15]. 

      Harris C. in 1968, [8] used this distribution in determining times of maintenance 

service, Pickands J. in 1975, [13] was apparently the first who used Pareto distributions 

in the analysis of  extreme flood events,  Daragahi N. in 1989, [4] advocated the use of  

Pareto distribution  for annual maxima of  the wind speed and that of  maximum floods of  

the Feather river, Smith R. in 1989, applied Pareto distribution to the study of ozone 

levels in the upper atmosphere, [14], Eldesoky E. in 2006, [5] derived some recurrence 

relation of  single and product moments of order statistics from Pareto distribution. 

2   Some  Mathematical  and  Statistical  Properties  of Pareto Distribution [10]: 

         A continuous r.v. X is said to have Pareto distribution, denoted by X~ Par(α, β), if 

X has the following p.d.f. 

f x; α, β =

 
αβαx− α+1  , β ≤ x < ∞

0  ,                         e. w.
 …… … . . …… … … … … … …… … … … … … … . …… … . … … . . (1)  

where α > 0 , 𝛽 > 0 known as the shape and scalar parameters respectively. The Pareto 

distribution depends on two parameters   α and β  and a variety of p.d.f. shapes can be 

generated by fixing the value α  and letting  β vary or fixing β and letting  α vary. Figure 

(1) and figure (2) show some Pareto p.d.f.  with fixed α  and  β varying  and with fixed β 

and α  varying respectively 

Figure(1)Pareto 𝐩. 𝐝. 𝐟,𝐬 with 𝛂=1  and β=1,1.5,2,2.5 

http://www.answers.com/topic/pareto-principle
http://www.answers.com/topic/pareto-principle
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Figure(2) Pareto 𝐩. 𝐝. 𝐟,𝐬 with β=3 and  α=1,1.5,2,2.5 

   The c.d.f. of  Pareto distribution is given by: 

F x; α, β =  f
x

β
 t; α, β dt =

 

 0                             x ≤ β

1 −  
β

x
 

α
      β < 𝑥 < ∞

1                             x → ∞

 …………………………………….…….(2) 

      For Pareto distribution the   rth   moment about the origin is given by  

μr = E(Xr) =   xrf(x; α, β)dx
∞

β

 

                      =  
αβr

(α − r)
,        α > 𝑟 ………… …………… …………… …………… ……… . . (3) 

     Setting r=1,2 in the above equation one can have the following first two moments about the 

origin,[12] 

μ1 = E X =  
αβ

 α−1 
 ,   α > 1 ,μ2

′ = E X2 =  
αβ2

 α−2 
 ,   α > 2 

The moment generating function of  Pareto distribution does not exists. So  direct 

expectation approach could be use to find the moments and higher degree moments and 

hence  mean and variance for Pareto distribution is respectively given by 

μ =
αβ

α − 1
 ,     α > 1 …………… …………… …………… …………… …………… … . (4) 

Var(X)= σ2 =  
αβ2

(α−1)2( α−2)
 ,   α > 2 ………….….……………………….(5) 
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3 Estimation of Parameters for Pareto Distribution: 

3.1 Estimation of Parameters by the Modified  Moments method, [9] 

      For Pareto distribution, we have two unknown parameters α and β. So we take a r.s. 

of size n from Par(α,β) and let Y1 to be the first order statistic of the sample, then 

according to the order statistics theory the first order statistic  Y1  has p.d.f.   

g1 y1 =  nαβnαy1
−(nα+1)

,        β ≤ y1 < ∞ 

0 ,                                  e. w.            
 ………………………………….(6) 

 This shows that Y1~Par(nα, β), therefore 

E Y1 =
nαβ

(nα−1)
 ……………..……………………….(7) 

Next, to apply the modified moments method, we set μ1
′ = M1 and E Y1 = Y1 , at  

α = α    , β = β   which leads to  

α β 

α −1
= X          ….…..…………………………………..(8) 

nα β 

nα −1
= Y1     ………………………………………….(9) 

By solving  the above equations, one can yield the following estimators: 

α =
nX −Y1

n(X −Y1)
         …………..………………………..(10) 

β =
(nα −1)Y1

nα 
      ………….………………………...(11) 

3.2 Estimation of Parameters by the Maximum Likelihood Method  

    For Pareto  distribution, let X1, X2,…,Xn be a r.s. of size n from Par(α,β), in this case, 

the likelihood function is   

L α, β, x = f x, α, β =  f(xi , α, β)

n

i=1

                    

                  = αnβnα   xi
−(α+1)

n

i=1

. 

 Therefore  

lnL α, β, x = nlnα + nαlnβ −  α + 1  lnxi

n

i=1

. 
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      By differentiating the above equation with respect to α and then with respect to β, and 

by setting the resulting equations equal to zero one can get:   

∂lnL

∂β
=

nα

β
= 0 at  α = α    , β = β … … … … … …… … … … … … …… … … … (12) 

∂lnL

∂α
=

n

α
+ n lnβ −  lnxi

n

i=1

= 0  at  α = α    , β = β … …… … … … … … … . (13)  

Unfortunately 
∂lnL

∂β
=

nα

β
= 0 provide no solution so, we must select a value close to β as 

possible which maximize the likelihood function.  

If  β < xi < ∞ ∀ 𝑖 = 1,2, … , 𝑛, then    β < Y1 < Y2 < ⋯ < Yn < ∞. 

Therefore we can choose Y1 = min⁡{X1, X2, … , Xn }  to be an estimator of  β, that is 

 β = Y1 = min⁡{X1, X2, … , Xn}  ……………………………..……..…(14) 

Thus by substituting eq.(14) into eq.(13) one can get:  

α =
n

 ln  
xi

β 
 

n

i=1

… … … … … . … … …… … … … … … …… … … … … … … . .  15     

4  Some Related Theorems to Pareto Distribution  

        We shall give some relations depending on Pareto distribution  which we need in the 

work later. 

1- If the r.v. X ~Par(α,β) then the r.v. Y = ln X has p.d.f.  

g y; α, β =  
αβαe−αy ,         lnβ ≤ y < ∞

0,                                e. w.           
 . 

Proof: 

       Since  X~Par(α,β) then the p.d.f. of X is by eq.(1).Then the function Y = lnX defines 

a one-to-one transformation that map the space A =  x: β ≤ x < ∞  onto the space 

B =  y: lnβ ≤ y < ∞  with the inverse transform x = ey   and J =
∂x

∂y
= ey  then the p.d.f. 

of Y is 

g y; α, β = f ey  J  

and hence  

g(y; α, β) =  
αβαe−αy ,         lnβ ≤ y < ∞

0,                                  e. w.          
 ………………………..………..…(16) 
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Remark  

           The c.d.f. of Y is given by  

G y; α, β =

 

0,                                             y ≤ lnβ

1 −  
β

ey 
nα

,              lnβ < 𝑦 < ∞

1 ,                                               y → ∞

 …………...............................................(17) 

and the m.g.f. is given by 

MY t = E ety  =
αβt

α − t
      t < 𝛼 …… … … … … … …… … . (18) 

with 

μY = lnβ +
1

α
    …………………………………………....(19) 

and  

var Y =
1

α2   ………………………………………………(20) 

2-Let X1,X2, …,Xn be a r.s. of size n from Par(α,β). Then :- 

      1-The first order statistics Y1 = min⁡(X1, X2, … , Xn)~ Par(nα,β). 

      2-The limiting distribution of  Y1 is Deg(β). 

Proof: 

1- The p.d.f.  and c.d.f. of  Pareto sample are given by  eq.(1) and eq.(2) respectively and 

from order statistic theory one can have:   

g1 y1 =  nαβnαy1
−(nα+1)

,       β ≤ y1 ≤ ∞

0,                                         e. w.        
  

that is Y1~Par nα, β . 

2-Since Y1~Par(nα, β), the c.d.f. of  Y1 is  

G1 y1 =

 
 

 
 0                                  y1 ≤ β

1 −  
β

y1
 

nα

         β < y1 < ∞

1                               y1 →   ∞

        

Therefore  

lim
n→∞

G1 y1 =  
0         y1 ≤ β
1         y1 > 𝛽
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This shows that the limiting distribution of Y1 is Deg(β). 

Remark  

    We note that, 

1-The mean and variance of r.v. β = Y1 that is described eq.(6)  are respectively 

E Y1 =
nαβ

(nα−1)
 ………………………….………………….…(21) 

Var Y1 =
nαβ2

(nα−1)2(nα−2)
 ……………………………………(22) 

2-Since The limiting distribution of  Y1 is Deg(β) then Y1 converge stochastically to β. 

4 Approximation to the Mean and Variance of the Modified  Moments Estimators:  

We shall approximate the mean and variance of the estimators that obtained by 

using the modified moments method by considering the mean and variance of the Taylor 

series expansion of the function g (X,Y) at point (μX , μY ) up to second order which is 

given by, [11]: 

E g X, Y  = g μX , μY +  1
2

Var[X]
∂2

∂x2 g X, Y  μX
μY

+  1
2

Var[Y]
∂2

∂Y2 g X, Y  μX
μY

+

Cov[X, Y]   
∂2

∂X ∂Y
g X, Y  μX

μY

 …….(23) 

Var g X, Y  =

Var[X]   
∂

∂x
g X, Y  μX

μY

 

2

+ Var[Y]   
∂

∂Y
g X, Y  μX

μY

 

2

+

 2Cov[X, Y]   
∂

∂x
g X, Y  μX

μY

   
∂

∂Y
g X, Y  μX

μY

 ……..(24) 

By setting X = X and Y = Y1 in eq.(23) and eq.(24), one can get 

E g X, Y1  ≅ g μX , μY1
 +  1

2
Var X 

∂2

∂X
2 g X, Y1  μ

X
μY 1

+  1
2

Var[Y1]
∂2

∂Y1
2 g X, Y1  

 
μ

X
μY 1

+

Cov[X, Y1]   
∂2

∂X ∂Y1
g X, Y1  μ

X
μY 1

  …..…(25) 

and  
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Var g X, Y1  =

Var X   
∂

∂X
g X, Y1  μ

X
μY 1

 

2

+ Var Y1   
∂

∂Y1
g X, Y1  μ

X
μY 1

 

2

+

2Cov[X, Y1]   
∂

∂X
g X, Y1  μ

X
μY 1

   
∂

∂Y1
g X, Y1  μ

X
μY 1

 ….(26) 

        We have the modified method estimators given by eq.(10) and eq.(11) which is: 

α =
nX − Y1

n(X − Y1)
 

β =
(n − 1)XY1

nX − Y1

 

Let g X, Y1 = α =
nX−Y1

n X−Y1 
     

It is known that  

μX = μ =
αβ

 α−1 
   ………..………………….(27) 

and 

Var X =
σ2

n
=

αβ2

n α−1 2(α−2)
  .…………………………….(28) 

From eq.(21) and eq.(27) one can have: 

g μX , μY1
 =

n 
αβ

 α−1 
 − 

nαβ

 nα−1 
 

n 
αβ

 α−1 
−

nαβ

 nα−1 
 

= α….........................................…(29) 

 On the other hand 

∂g X, Y1 

∂X
= −

(n − 1)Y1

n(X − Y1)2
 

 ∂g X,Y1 

∂X
 μ

X
μY 1

= −
 n−1 

n
 

nαβ

nα−1

n 
αβ

α−1
−

nαβ

nα−1
 

2  = −
(nα−1)(α−1)2

(n−1)αβ
,      ..…….............…(30) 

∂2g X, Y1 

∂X
2 =

2(n − 1)Y1

n(X − Y1)3
 

 ∂
2g X,Y1 

∂X
2  μ

X
μY 1

=
2 n−1  

nαβ

 nα−1 
 

n 
αβ

 α−1 
−

nαβ

 nα−1 
 

3  =
2(α−1)3(nα−1)2

(n−1)2α2β2 ,   …...….……..(31) 
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∂g X, Y1 

∂Y1
=

(n − 1)

n
 

X

 X − Y1 
2  

 ∂g X,Y1 

∂Y1
 μ

X
μY 1

=
 n−1 

n
 

αβ

α−1

 
αβ

α−1
−

nαβ

nα−1
 

2  =
(α−1)(nα−1)2

n(n−1)αβ
,     .....................(32) 

∂2g X, Y1 

∂Y1
2 =

2(n − 1)X

n(X − Y1)3
 

 ∂
2g X,Y1 

∂Y1
2  μ

X
μY 1

=
2 n−1  

αβ

 α−1 
 

n 
αβ

 α−1 
−

nαβ

 nα−1 
 

3 =
2(α−1)2(nα−1)3

n(n−1)2α2β2    …….………….(33) 

and 

∂2g X, Y1 

∂x ∂Y1
=

(n − 1)

n
 

−2X

 X − Y1 
3 +

1

 X − Y1 
2 =

(n − 1)

n
(X − Y1)−2  1 −

2X

X − Y1

 

=
−(n − 1)

n
(X − Y1)−2  

X + Y1

X − Y1

  

 ∂
2g X,Y1 

∂x ∂Y1
 μ

X
μY 1

 =
− n−1 

n
 

αβ

 α−1 
−

nαβ

 nα−1 
 
−2

 

αβ

 α −1 
+

nαβ

 nα−1 

αβ

 α −1 
−

nαβ

 nα−1 

 =

− α−1 2 nα−1 2(2nα−n−1)

nα2β2(n−1)2 .…….………...(34) 

         In general X converge stochastically to μX  and we prove that Y1 converge 

stochastically to β. So XY1 converge stochastically to μXβ, [23], therefore  

E XY1 ≅ μXβ =
αβ2

α−1
   ………………………(35) 

and hence 

Cov X, Y1 ≅ E XY1 − E X E Y1 =
αβ2

α − 1
−

αβ

 α − 1 

nαβ

 nα − 1 
 

=
−αβ2

 α − 1 (nα − 1)
 … … . … … …… … … … ( 36) 

By substituting eq.,s(22), (28),(29),(31), (33), (34) and (36) in eq.(25), one can get the 

approximation to the expected value of α  which is given by: 

E α  ≅ E  
nX − Y1

n X − Y1 
   = α +

1

2
 

αβ2

n α − 1 2 α − 2 
  

2 α − 1 3 nα − 1 2

 n − 1 2α2β2
 + 
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1

2
 

nαβ2

 nα − 1 2 nα − 2 
     

2 α − 1 2 nα − 1 3

n n − 1 2α2β2
 + 

                   
−αβ2

 α − 1  nα − 1 
  

− α − 1 2 nα − 1 2 2nα − n − 1 

nα2β2 n − 1 2
  

= α +
 α − 1 (nα − 1)

α(n − 1)2
 

nα − 1

n α − 2 
+

α − 1

nα − 2
+

2nα − n − 1

n
 … … …… … … … … . (37) 

Moreover  

lim
n→∞

E α  = α. 

This shows that α  is asymptotically unbiased estimator of α. 

By substituting eq.,s(28), (30), (22), (310) and (36) in eq.(26), one can obtain the 

approximation to variance of α  which is given by: 

Var α  ≅ Var 
nx − y1

n x − y1 
   

            =  
αβ2

n α − 1 2 α − 2 
  −

 nα − 1  α − 1 2

 n − 1 αβ
 

2

+ 

                 
nαβ2

 nα − 1 2 nα − 2 
  

 α − 1  nα − 1 2

n n − 1 αβ
 

2

+ 

               2  
−αβ2

 α − 1  nα − 1 
  −

 nα − 1  α − 1 2

 n − 1 αβ
  

 α − 1  nα − 1 2

n n − 1 αβ
  

and hence 

Var α  =
 nα − 1 2 α − 1 2

nα n − 1 2
 

1

α − 2
+

1

nα − 2
+ 2 … … …… … … … … … (38) 

Next, let   

g X, Y1 = β =
(n − 1)XY1

nX − Y1

   

 From eq.(21), eq.(27) and the above equation one can have: 

g(μX , μY1) =
 n−1  

αβ

α−1
   

nαβ

nα−1
 

 
nαβ

α−1
 − 

nαβ

nα−1
 

= β ……….............................................(39) 

On the other hand  
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∂g X, Y1 

∂X
= −

(n − 1)Y1
2

(nX − Y1)2
 

 ∂g X,Y1 

∂X
 μ

X
μY 1

= −
 n−1  

nαβ

nα−1
 

2

 
nαβ

α−1
−

nαβ

nα−1
 
2 = −

(α−1)2

(n−1)α2
 , …..……….………...…...(40) 

∂2g X, Y1 

∂X
2 =

2n(n − 1)Y1
2

 nX − Y1 
3  

 ∂
2g X,Y1 

∂X
2  μ

X
μY 1

=
2n n−1  

nαβ

nα−1
 

2

 
nαβ

α−1
−

nαβ

nα−1
 
3  =

2(nα−1)(α−1)3

n(n−1)2α4β
 , …………………...(41) 

∂g X, Y1 

∂Y1
=

n(n − 1)X
2

 nX − Y1 
2  

 ∂g X,Y1 

∂Y1
 μ

X
μY 1

=
n n−1  

αβ

α−1
 

2

 
nαβ

α−1
−

nαβ

nα−1
 
2 =

(nα−1)2

n(n−1)α2 , .……………..………..…..(42) 

∂2g X, Y1 

∂Y1
2 =

2n(n − 1)X
2

 nX − Y1 
3  

 ∂
2g X,Y1 

∂Y1
2  μ

X
μY 1

=
2n n−1  

αβ

α−1
 

2

 
nαβ

α−1
−

nαβ

nα−1
 

3 =
2 α−1 (nα−1)3

n2(n−1)2α4β
  .…………….…….…(43) 

and 

∂2g X, Y1 

∂x ∂Y1
=

−2n(n − 1)XY1

 nX − Y1 
3  

 ∂
2g X,Y1 

∂x ∂Y1
 μ

X
μY 1

=
−2n n−1 

nα 2β2

 nα−1  α−1 

 
nαβ

α−1
−

nαβ

nα−1
 

3 =
−2(α−1)2(nα−1)2

n(n−1)2α4β
  ……….……………..(44)  

Substituting eq.,s(28), (36), (22), (39), (41), (43) and (44) in eq.(25), one can get the 

approximation to the expected value of β  which is given by: 

E β  ≅ E  
 n − 1 XY1

nX − Y1

 = β +
1

2
 

αβ2

n α − 1 2 α − 2 
  

2 nα − 1  α − 1 3

n n − 1 2α4β
 + 

                       
1

2
 

nαβ2

 nα − 1 2 nα − 2 
  

2 α − 1  nα − 1 3

n2 n − 1 2α4β
 + 
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−αβ2

 α − 1 
  

−2 α − 1 2 nα − 1 2

n n − 1 2α4β
 . 

hence  

E β  = β +
β α − 1 (nα − 1)

nα3 α − 2 (n − 1)2
 

1

α − 2
+

1

nα − 2
+ 2 … … … … … … …… … (45) 

Moreover   

lim
n→∞

E β  = β 

This shows that β  is asymptotically unbiased estimator of β. 

By substituting eq.,s(28), (40), (22), (42), and (36) in eq.(26), one can obtain: 

Var β  ≅ Var 
 n − 1 XY1

nX − Y1

 =  
αβ2

n α − 1 2 α − 2 
  −

 α − 1 2

 n − 1 α2
 

2

+ 

                  
nαβ2

 nα − 1 2 nα − 2 
  

 nα − 1 2

n n − 1 α2
 

2

+ 2  
−αβ2

 α − 1  nα − 1 
  −

 α − 1 2

 n − 1 α2
  

 nα − 1 2

n n − 1 α2
  

 hence 

Var β  =
β2

nα3 n−1 2  
 α−1 2

 α−2 
+

 nα−1 2

 nα−2 
+ 2 α − 1  nα − 1  ……………………(46) 

5 Approximation to the Mean and Variance of  the Maximum  Likelihood 

Estimators  

 We have the maximum likelihood estimators given by  eq. (14) and eq.(15) which 

is: 

β = Y1 = min⁡{X1, X2, … , Xn} 

α =
n

 ln 
x i
β 

 
n

i=1

  

     From the previous work the first order statistic Y1~Par(nα, β)  

Therefore  

E β  = E Y1 =
nαβ

 nα−1 
 ………………………………………(47) 

Moreover  

lim
n→∞

E[β ] = lim
n→∞

 
nαβ

(nα − 1)
= β. 
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This shows that β  is asymptotically unbiased estimator for β. 

Moreover  

Var β  = Var Y1 =
nαβ2

(nα − 1)2(nα − 2)
 …… … … … … … …… … … … … … . . … … … … (48) 

Since  

α =
n

 ln  
xi

β 
 n

i=1

=
n

 ln xi − nlny1
n
i=1

 =
1

1
n

 ln xi 
n
i=1 − lny1

. 

By setting Zi = lnXi  and W = lnY1 one can get: 

α =
1

1
n

 zi
n
i=1 − w

=
1

z − w
 

By setting X = Z and Y = W in eq.(23) and eq.(24), one can get: 

E g Z, W  ≅ g μZ , μW +  1

2
Var Z 

∂2

∂Z
2 g Z, W  

μz
μw

+ 

                 
1

2
Var W 

∂2

∂W 2 g Z, W  μz
μw

+

Cov Z, W   
∂2

∂X ∂Y1
g Z, W  μz

μw

 …………………….…..………(49)  

and  

Var g Z, W  = Var[Z]    
∂

∂Z
g Z, W  

μz
μw

 

2

+ Var[W]   
∂

∂W
g Z, W  

μz
μw

 

2

+ 

                  2Cov Z, W   
∂

∂Z
g Z, W  μz

μw

   
∂

∂W
g Z, W  μz

μw

 .............................(50) 

By using eq.(19) and eq.(20), one can obtain:  

μZ = lnβ +
1

α
 , ………………………..(51) 

Var Z =
1

nα2 , ……………………………………….…………..(52) 

μW = lnβ +
1

nα
 , …………………………………………………(53) 
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and 

Var W =
1

n2α2  ………………………………………....………(54) 

W has c.d.f as given by equation (17), that is 

 H w =  

0                                             w ≤ lnβ

1 −  
β

ew
 

nα

              lnβ < 𝑤 < ∞

1                                                w → ∞

 ………………………...(55) 

This shows that the r.v. W is converges stochastically to lnβ. 

Let g z, w = α =
1

z−w
 

From eq.(51) and eq.(52), one can obtain: 

 g μz , μw  μz
μw

=
1

lnβ +
1
α − lnβ +

1
nα

=
nα

n − 1
  …… … … … … … . … . . … (56) 

On the other hand 

∂g Z, W 

∂Z
=

−1

(Z − W)2
 

 ∂g Z, W 

∂Z
 
μz
μw

=
−1

(lnβ +
1
α − lnβ +

1
nα)2

=
−n2α2

(n − 1)2
, … … … … … …… … (57) 

∂2g Z, W 

∂Z
2 =

2

(Z − W)3
 

 ∂
2g Z, W 

∂Z
2  

μz
μw

=
2

(lnβ +
1
α − lnβ +

1
nα)3

=
2n3α3

(n − 1)3
,   … … … … … …… … … … … … …… . . . … … … . . … … . (58) 

∂g(Z, W)

∂W
=

1

(Z − W)2
 

 ∂g Z, W 

∂W
 
μz
μw

=
1

(lnβ +
1
α − lnβ +

1
nα)2

=
n2α2

(n − 1)2
 ,   … … … … … … . . (59) 

∂2g Z, W 

∂W2
=

2

(Z − W)3
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 ∂
2g Z, W 

∂W2
 
μz
μw

=
2

(lnβ +
1
α − lnβ +

1
nα)3

=
2n3α3

(n − 1)3
, … … … … . … . . (60) 

and 

∂2g Z, W 

∂Z ∂W
=

−2

(Z − W)3
 

 ∂
2g Z, W 

∂Z ∂W
 
μz
μw

=
−2

(lnβ +
1
α − lnβ +

1
nα)3

=
−2n3α3

(n − 1)3
 … … …… … … . (61) 

        Since Z converge stochastically to μZ  and W converge  stochastically to lnβ. So ZW 

converge stochastically to μZlnβ, therefore   

E ZW ≅ μZ lnβ =  ln β +
1

α
  lnβ 

 hence   

Cov Z, W = E ZW − E Z E W  ≅  lnβ +
1

α
 lnβ −   lnβ +

1

α
   lnβ +

1

nα
  

 hence 

  Cov Z, W =
−(αlnβ + 1)

nα2
 … …… … … … … … …… … … … . . … (62)  

By substituting eq.,s(52), (54), (56), (58), (60), (61) and (62) in eq.(49), one can get 

E α  ≅ E g Z, W  

=
nα

n − 1
+

1

2
 

1

nα2
  

2n3α3

 n − 1 3
 +

1

2
 

1

n2α2
   

2n3α3

 n − 1 3
 

+  
−(αlnβ + 1)

nα2
  

−2n3α3

 n − 1 3
       

 hence 

 E α  

= α  1 +
1

n − 1
 

+
nα(3n + 1 + 2nαlnβ)

(n − 1)3
… …… … … … … … … …… … … … … … …… … … … … … … . . (63) 

Moreover  

lim
n→∞

E α  = α. 
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        This shows that α  is asymptotically unbiased estimator of α. 

By substituting eq.,s (52),(54),(57),(59) and (62)  in eq.(50), one can get: 

Var α  = Var g Z, W  

=  
1

nα2
  

−n2α2

 n − 1 2
 

2

+  
1

n2α2
  

n2α2

 n − 1 2
 

2

+ 2  
−(αlnβ + 1)

nα2
  

−n2α2

 n − 1 2
   

n2α2

 n − 1 2
  

 hence 

 Var α  

=
n2α2(3n + 2nαlnβ + 1)

 n − 1 4
…… … … … … … …… … … … … … … …… . . …… … … … . … . (64) 

6 Procedure for Generating Random Variates of Pareto Distribution: 

     We shall consider one procedure for generating random variates from Pareto 

distribution depend on the inverse transform method.  

      The c.d.f. of Pareto distribution is given by eq.(2), by setting u=F(x;α, β) this implies 

that 

 x =
β

(1−u)
1
α

   

and can be summarized by giving the following algorithm:  

Algorithm(P-1):  

1- Read α, β where  α, β  >0. 

2- Generated U from  0,1U . 

3- Set  X =
β

(1−U)
1
α

· 

4- Deliver X as a r.v. generated from  Par(α,β). 

5- Stop. 

 

 

7 Some Applications Related the to Pareto Distribution 

7.1 Earthquake 

       In this application we consider the magnitude of earthquake in Japan where each r.v. 

is the magnitude of earthquake with the assumption that the r. v.,s  follow Pareto 

distribution. For this, we calculate α  and β  by two methods and then using Chi-square 

test to find the value of  Y and then compare it with the tabulated values of Chi-square 

distribution to find the values of significant level in which our assumption is true. 
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 Japan: 

       For this application the r.v. is the magnitude of earthquake in Japan as shown in 

table(1), where n=52. 

Table(1) represents the magnitude of earthquakes in Japan. 

8.4 7.9 8.3 7.1 7.5 8.25 8.5 7.8 8 8 

8.6 8.4 8.4 6.9 7 7.1 8 6.6 8.5 8.3 

7.6 8.4 7.2 6.8 8.1 7.1 7.6 7.7 6.8 7.5 

6.9 7 7.2 8.3 8.1 6.9 6.6 6.9 6.9 7.1 

6.5 6.6 7 7.4 7.2 9 6.8 7.1 6.5 6.5 

6.6 6.8         

(i) The maximum likelihood  method 

      For this method, the estimation of the parameters are 

α = 7.4407,   β = 6.500  

     The test statistic for this application is Y=3.5209  with 4 deg. of freedom. This value 

of Y is compared with the tabulated critical values of a given significance level of Chi-

square test. Then we get table (2). 

Table (2) represents the Critical values of a given significance level of Chi-square test 

and decisions for Finland.  

Significance Level  0.20 0.10 0.05 0.02 0.01 

Critical Value 5.9886 7.7794 9.4877 11.668 13.277 

Decision Accept  Accept Accept Accept Accept 

(ii) The modified moments method  

      For this method, the estimation of the parameters are 

α = 7.597,    β = 6.4835 

       The test statistic for this application is Y=4.1536 with 4 deg. of freedom. This value 

of Y is compared with the tabulated critical values of a given significance level of Chi-

square test. Then we get table (2). 

       The following figure shows the values of the p.d.f. at the values of r. v.,s 

X1, X2, … , X52   that are given in table(1) . 
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Figure(3) the values of p.d.f. at specific values of r. v.,s. 

7.2 Dilution of Concentration in the  Liquid 

       In an chemical experiment let n represent the number of doing the experiment of 

dilution of concentration in the liquid and consider the r.v. to be the new concentration. 

      Let  ki, (i = 0,1,2, … , n) be the concentration and vi  represent the  volume. The 

dilution experiment is based on the general dilution law which can be written as: 

ki =
vi−1ki−1

vi
   i = 1,2, … , n 

where k0 is a given initial value of dilution and v0 is a given initial value of the volume. 

We consider the r. v ,s  to be the dilution of saltiness in any liquid. Each r.v. is the new  

dilution  with assumption that the r. v,s  follow Pareto distribution. For this, we calculate 

α  and β  by two methods and then using Chi-square test to find the value of Y and then 

compare it with the tabulated values of Chi-square distribution to find the values of 

significant level. 

     For k0 = 6 and v0 = 2  and n=59  the  r. v,s  are as shown in table(3). 

Table(3) represents the values of concentration in the liquid.  

6 4 3 2.4 2 1.7143 1.5 1.3333 1.2 1.0909 

1 0.9231 0.8571 0.8 0.75 0.7059 0.6667 0.6316 0.6 0.5714 

0.5455 0.5217 0.5 0.48 0.4615 0.4444 0.4286 0.4138 0.4 0.3871 

0.3750 0.3636 0.3529 0.3429 0.3333 0.3243 0.3158 0.3077 0.3 0.2927 

0.2857 0.2791 0.2727 0.2667 0.2609 0.2553 0.25 0.2499 0.24 0.2353 

0.2308 0.2264 0.2222 0.2182 0.2143 0.2105 0.2069 0.2034 0.2  
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(i) The maximum likelihood  method 

        For this method, the estimation of the parameters are 

α = 1.1145,   β = 0.2 

       The test statistic for this application is Y=0.25006 with 5 deg. of freedom. This value 

of Y is compared with the tabulated critical values of a given significance level of Chi-

square test. Then we get table (4). 

Table(4) represents the critical values of a given significance level of Chi-square test and 

decisions for Greece. 

Significance Level 0.20 0.10 0.05 0.02 0.01 

Critical Value 7.2893 9.2364 11.07 13.388 15.086 

Decision Accept  Accept Accept Accept Accept 

 (ii) The modified moments method 

      For this method, the estimation of the parameters are 

α = 1.3585,    β = 0.1975 

The test statistic for this application is Y=3.7149 with 5 deg. of freedom. This value of Y 

is compared with the tabulated critical values of a given significance level of chi-square 

test. Then we get table (4). The following figure shows the values of the p.d.f. at the 

values of r. v.,s X1, X2, … , X59  that are given in table (3). 

 

Fig(4) represents the values of p.d.f. at specific values of r. v.,s . 
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Conclusions 

We can conclude from our study the following 

1-The approximated mean and variance become more accurate if the higher order of 

approximation is used. 

2-The earthquake and general dilution law show that both applications fit Pareto 

distribution for all significance level α. 

3-This study can be extended for Pareto distribution of three parameters. 

4-This study is applicable for any phenomena in which has an equilibrium of the 

distribution of small to large observations. 
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