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Abstract

We introduce separation axioms in mated fuzzy topological spaces and investigate some

properties of them.
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Introduction:

In 1986, Atanassov introduced intuitionistic fuzzy sets in a set X. Dogan Coker in 1995
constructed the basic concept, so-called"Intuitionistic Fuzzy points” and related object such
that as "qusi-coincidence". After that in 1996, D. Coker and A. Demirci introduced a mated
fuzzy topological space. In 2001, Eun. Pyo. Lee and Young. Bin Im introduced the concept of
closure and interior defined by a mated fuzzy topological space. In 2002, T. Mondal and S.
Smanta introduce a concept of intuitionistic gradation of openness of fuzzy subset of
nonempty set X and an intuitionistic fuzzy topological spaces with respect to gradation of
openness. They defined an intuitionistic fuzzy topological space (IFTS). In 2005, Won. K.
Min and C. k. Park introduced the concept of closure and interior defined by intuitionistic
gradation of openness. In 2006 , Yue and Fang considered the separation axioms
Ty, T, and T, in an I-fuzzy topological space. Also in 2006, Yong Chan Kim and S. E. Abbas
introduced separation axioms in intuitionistic fuzzy topological space. In this paper, we
introduce separation axioms in mated fuzzy topological spaces and investigate some

properties of them.
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Separation Axioms in Mated Fuzzy Topological space

1.Mated Fuzzy Topological Space

Definition (1.1) Coker D. and Demirci M (1995)

Let A={(X, ua(x), va(X),) : xeXFand B={(X, us(X), vs(X) ) : xeX}be two intuitionistic fuzzy
sets in X. A is said to be quasi-coincident with B (written A g B) if there exists an element x in
Xsuch that za(x) + ws(X) >1and wva(X) + vg(x) <1.While if there is no such element x € X
such that za(X) + us(x) >1and va(x) + ws(X) <1, then it is denoted
(A g B).

Definition (1. 2) Coker D. and Demirci M (1995)

Let X0 5) € P.(IF (X)) and A € IF(X).We say that x, gy quasi-coincident with A, denoted
X(a,[g)QA if ILlA(X) + o >1and VA(X) + ﬁ <1

Definition (1.3) Coker D. (1997)

An intuitionistic fuzzy topology on X is a family 7 of intuitionistic fuzzy sets in X which
satisfies the following properties:
(i)0,1€et
(i) If A, A, eT,thenA; NA, €T
(iii) If A; e tforall i, then U A; €T
The pair (X, 1) is called an intuitionistic fuzzy topological space.

Definition (1.4) Coker D. and Demirci M. (1996)

Let X be a nonempty set. A mated fuzzy topology (T, T') on X is two maps T, T*:IF(X)—I
which satisfy the following properties :
() T(A) +T (4) < I
(ii)TO)=T(A)=1and T (0)=T (1) =0
(i) T(ANB) > T(A) AT(B) and T (ANB) <T (A) vT (B)

(iv) T(UA) > AT(A) and T (UA) < VT (A)
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The (X, T, T') is called mated fuzzy topological space. And we call T a gradation of openness
and T~ is called a gradation of nonopenness.

Definition (1.5) Lee E. P. and Im Y. B. (2002)

Let A be an intuitionistic fuzzy set of a mated fuzzy topological space
X, T, TYand r, sel, r+s < 1. Then A is called:
(i) an intuitionistic fuzzy (r, s)-open set if T(A) >r and T*(A) <s.
(i) an intuitionistic fuzzy (r, s)-closed set if T(A®) >r and T (A®) <s.

Definition (1.6) Lee E. P. and Im Y. B. (2002)

Let (X, T, T') be a mated fuzzy topological space. For each (r, s) IXI and each A elF(X).
The fuzzy (r, s)-interior is defined by
MFI(A, r, s) = U{B elF(X): B € Aand B is a fuzzy (r, s)-open set}.
And the fuzzy (r, s)-closure is defined by
MFC(A, 1, s) = n{BelF(X): A< B and B is a fuzzy (r, s)-closed set}.
The operators MFI: IF(X) X | X =IF(X) and MFC: IF(X) X | X 1>IF(X) are called the
fuzzy interior operator and fuzzy closure operator in (X, T, T"), respectively.

Theorem (1.1) Lee E. P. and Im Y. B. (2002)

Let (X, T, T) be a mated fuzzy topological space and MFI the fuzzy interior operator in
(X, T, T)). Then for any A, BelF(X) and r, sel, r+s<l.
(i) MFI(0, r, s)=0 and MFI(1, r, s)=1.
(ii) MFI(A, 1, s) € A.
(iii) MFI(A, r2, $2) € MFI(A, r1, 1) ifry <rands; >s,.
(iv) MFI(Aq, 1, S) N MFI(A,, 1, s) =MFI(A1NA,, T, S).

(v) MFI(MFI(A, 1, s), 1, s) = MFI(A, 1, 9).
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Theorem (1.2) Lee E. P. and Im Y. B. (2002)

Let (X, T, T') be a mated fuzzy topological space and Let MFC the fuzzy closure operator in
(X, T, T). Thenfor A, BelF(X) and r, sel ,r+s < I
(i) MFC(0, r, s)=0 and MFC(1, r, s)=1
(i) A< MFC(A, 1, 5)
(ii)) MFC(A, r1, 51) S MFC(A, 12, 82) ifri<rands; >s;
(iv) MFC(A, r, s) UMFC(B, r, s) = MFC(AUB, r, s)
(v) MFC(MFC(A, r,58),1,8) =MFC(A, 1,5)

Theorem (1.3) Lee E. P. and Im Y. B (2002)

For intuitionistic fuzzy set A of a mated fuzzy topological space
(X, T, T)andr, sel, we have
(i) MFI(A, 1, 5)* = MFC(AS, 1, s).
(i) MFC(A, 1, 5)* = MFI(AS, 1, s)

Theorem (1.4) Coker D. and Demirci M. (1995)

If A and B are intuitionistic fuzzy sets in X, then :
(i)AgBifandonly if A € B¢
(i) AgBifandonly if A £ B¢
Lemma (1.5)
For A, A;, B € IF(X) and X4, 5 € P(IF(X)), we have:
(i) A € B if and only if for x4, 5 €A then X(,, 5 €B.
(if) A € B if and only if for x(,, 50A then X(,, 50B.
(i) X(o, pOU 4; if and only if there exist i e/'such that x4, 5 q 4;.
Proof:
(i)

Let A =B and X(,, g €A, then ua(y) < us(y) and va(y) = va(y). Vy eX,a < ua(y) and S = wa(y).
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Thus a< wus(y) and B > ws(y). Hence X, 5 €B.

Let X4, g €A, then Xy, 5B

Thismeans a < 1,(x),B = v(x) = a < 1,(x), = vp(x)
Thus ua(x) < pg(X) and va(x) > w(X). V'xeX

Hence A < B.

(if)

Let X(4, 0A, then there exist y eX such that: o + ua(y) >1 and
S+ va(y) <1.Since A B, we have o+ ug(y) >1and £+ ws(y) <1. Hence X, 0B.
Suppose that X4, »0A, we have X, 50B.
Thus A cB.

(iii)

Itisclear m

Lemma (1. 6)

Let (X, T, T') be a mated fuzzy topological space, we have the following :
(i) AgqBifandonly if Aq MFC(B, 1, s), forall T(A) >r, T (4) <s,
(i) X, &y @ MFC(A, 1, s) if and only if A q B for all T(B) >, T'(B) <s with X(a, p €B.
Proof:
(i)
Since A g B then there exist x eX such that: ga(x) + us(x) >1 and va(x) + ws(x) <1.
Since B€ MFC(B, r, s), put MFC(B, r, s)=H.Then 1, (y) < 1, (y) and vz(y) = vy(y) for
ally eX. Thus pa(x) + g, (x) >1and va(x) + vu(x) <1. Hence Aq MFC(B, r, s).
If there exists A elF(X) with T(A) >r, T"(4) <s such that;
A g B, thenB cA°

By definition of MFC, we have MFC(B, r, s) c A°
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Thus A g MFC(B, r, s), it is contradiction.
Hence A q B.
(if)
Suppose that X, 5 4 MFC(A, 1, s)
Since X, p B, then B g MFC(A, 1, s)
By (i), we have B q A for all T(B) >r, T'(B) <.
Suppose that X, p § MFC(A, 1, s), then X, 5 eMFI(AS, 1, s)
Since A €MFC(A, r, s), we have A g MFI(AS, r, s), such that T(MFI(A®, r, s)) > and
T (MFI(AS, , s)) <s, and this contradict with A q B for all T(B) >r, T (B) <s with X(, p EB.
Hence X, 5qMFC(A, 1,8). m
2.Separation Axioms in Mated Fuzzy Topological Space.

Definition (2. 1)

A mated fuzzy topological space (X, T, T) is said to be:
(1) MFRy if and only if for any intuitionistic fuzzy points X, g, ¥(a,5,) €Pt(IF(X)) and
Xa, qMFC(Yq,p,) " S) implies ¥, 5,)q MFC(x(q 5,7, S)
(ii) MFR; if and only if for any X(a, sy § MFC(y(q4, 5,) 1> S), there exist A; elF(X) with T(Aj) >,
T (A) <s for i {1, 2} such that : X, 5 €A1 V(a, p,) €A2aNd AGA.
(iif) MFR; if and only if for any X, 5 A with T(A") >, T'(A°) <s, there exist A;elF(X)
with T(A) >r, T (A) <s for i {1, 2} such that : X(o, p €A1, A cArand Ay q As.
(iv) MFR; if and only if for any AjgA, with T(AS) >r, T (AS) <s for i{l, 2} , there exist
Bi elF(X) with T(B;) >r, T'(B) <s such that : A; = B1, A; B, and B17Bs.

(v) MFR4 if and only if MFR3 and MFR.
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Theorem (2. 1)

Let (X, T, T') be a mated fuzzy topological space, then the following statements are
equivalent:
(i) (X, T, T) is a MFRq-space.
(i) MFC(X(¢, g, 1, S) € B for all T(B) >, T'(B) <s with X(a, p €B.
(iii) If X, p g A with T(A®) >r and T(A°) <s, then 3 BelF(X) wher T(B) >r, T (B) <s such
that X, 5 q B, A €B.
(iV) X, p @ A With T(A®) >r, T (A°) <s, then MFC (X, g, 1, S) @ A.
WIf X, pp @ MFC(Y(ay5,): T S), then MFC(X(4, ), 1, S) § MFC(Y(4, 1), T S)-
Proof:
If Y(ay,8,) d MFC(X(4, p), 1, S), by Lema 1. 6 (i), we show that only y,, 5,y 4 B
forall T(B) >r, T "(B) <s with X, 5 €B.
From y, g,) d MFC(X(a, g, I, S), We get X, p d MFC(y (¢, ;) 1 S)-
Hence y, 5,) B forall T(B) >, T"(B) <s with X(«, p€B by Lemma 1. 6 (ii).
Let X(o,3)qA, T(A) =271, T*(A°) <s
Since MFC(y(al,ﬁl),r, s) C MFC(A,r,s), for each V(ayp,) € A and MFC(A,r,s) =A
Then MFC (Y, p,),7S) S A. Thus x4 5y7 MFC(Y(a, p) 7> S)
Hence x5y € (MFC(Y(qay )1 5))¢
By (ii) we have MFC(x(q,),7,5) S (MFC(Y(q, 5,07 5)) € Way )¢
Therefore MFC (x4 ), 7,5) € V(ay,5)) - TUS Y(a, 5T MFC(x(am T, S)
Hence (X, 7, T ") is a MFRq-space.
By Lamma (1. 5)(ii), there exist H € IF(X),7(H) = r,t"(H) < s such that: x, s\qgH
Let B =U {H: x, 3)gH}. By Lamma (1. 6)(ii), and definition (1. 4)

We have x(, 3)qB,A € B and ,t(B) 21,7°(B) < s.
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If X, p @ A with T(A%) >r, " (A°) <s. By (iii), there exists B elF(X) such that x(,, 5 7 B .
A cB, 7(B) >r, 7 (B) <s. Since X, 5 B, we have X, 5 <B".

Hence MFC(X(4, g, I, S) @ A.

Let X(@, p § MFC(Y(ay,8,), T S), BY (iv). Then MFC(X(¢, g, I, S) § MFC(y (4, 8, I+ S)-

Let X, p § MFC(Y(ay,5,): I+ S), DY (V), we have MFC(X(q, g, I, S) § MFC(y (¢, ,): T S)-
ThUS Y(a, g,y § MFC(X(q, . 1, S). Hence (X, 7, 77) is an MFR,. m

Theorem (2. 2)

Let (X, T, T') be a mated fuzzy topological space, then:
MFR;=MFR; =MFR; =MFR,
Proof:
(MFR;=MFRy)
Let Let X, 5 @ A with T(A®) >r, T'(A®) <s. Since (X, T, T') is a MFRq-space, by theorem 2. 1
We have MFC(X(4, . I, S)  A.
Since (X, T, T') is a MFRs-space, there exist A; elF(X) for i {1, 2}such that:
MFC(X(o, ), I, S) €A1, A c Ay and Ay g Ay, T(A) 2, T'(A) <s. Hence (X, T, T') is a MFR,-
space.
(MFR,=MFR;) It is trivial
(MFR;=MFR)
Let X, p § MFC(y (4, p,), 1> 8) for intuitionistic fuzzy points X4, g, Y(ay,81)
Since (X, T, T') is a MFR-space, there exist A;elF(X) for ie{l, 2}such that X(a, p € A1,
Yiarpy) €Az and Ay g Ag, T(A) 21, T (A) <s.
Hence X, p €A1 < A%, by definition of C it is follows MFC(X(,, p, I, S) < A% and A% <

(y(afl,ﬁl))c' Thus MFC(X(a’ﬁ), r, S) g(y(abﬂl))c' Hence y(alvﬁl) q MFC(X(a’ﬂ), r, S).
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Example(2. 1)

Let X ={x, y}and (X, T, T") be a mated fuzzy topological space as follows:

r 1 ifG=0or1 r0 ifG=0or1
- ifG=A - ifG=A
1 <
T(G) = - ifG=B , T(G)= - ifG=B
\ 0 otherwise \. 1 otherwise

Where: A ={¢%, 0.7, 0.3), (¥, 0.2, 0.8}, B ={(%,0.3,0.7), (¢, 0.8, 0.2}
We obtain the operator MFC:IF(X) X | X | 3IF(X) as follows:
-0 ifG=0,r,sel

MFC(G,r,s)=| A if 0=G c4, 0§r5§, §§s<1

\

\1 otherwise

(1) (X, T, T') is a MFRg-space from because
1 1 — —
Foro<r <5, 7SS Xapq MFC(Y(ay,81) 1+ ) © Y(ay,81) @ MFC(X(a, s T, S).

Since MFC(y(q, 5,): I,S) =B and MFC(X, g, I' S) = Awhere y, g,y € B and X, p €A.

(2) Since A g B with T(A%) >r, T(AY <s for 0<r<=,

=3 <s<land A cA,B cB and

N | =

T(A) >r, T'(4) <s, T(B) >r, T (B) <s. Hence (X, T, T') is a MFR3-space
There for (X, T, T') is a MFR,-space. Then (X, T, T') is a MFR, and MFR;-space.

Example (2. 2)

Let X = {x, y}and (X, T, T") be a mated fuzzy topological space as follows:

71 ifG=0or1 r 0 ifG=0or1
- ifG=A - ifG=A
{ S
TG)= | % ifG=B ., T@G)=| % ifc=B
. \
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0 otherwise 1 otherwise
Where: A ={(x, 0.7, 0.3), (¥, 0.2, 0.8}, B ={(%, 0.3,0.7), (¥, 0.8, 0.2}
We obtain the operator IFC:1F(X) X | X 1 -IF(X) which is given by
(0 ifG=0,r,sel

MFC(G,r,s)=| A  if 0#G c4, 0§r§§, §§s<1

\

\1  otherwise
(X, T, T') is not MFR-space according to the following reasons:

1
ForOSrSE, <s <

[OSH e
N | =

any Xe p € A = MFC(Xq p 1S) =1.ANd Y, p,) €B
Therefore MFC(y (4, g,) I S) = B. Thus X(o, py § MFC(y(a, 1) I+ S),
but ya, 5,y 4 MFC(X(, g, 1, 5). Since (X, T, T) is not MFRg-space.Then (X, T, T') is not

MFR;-space, (X, T, T') is not MFR,-space and (X, T, T') is not MFR;,-space

Example (2. 3)

Let X ={x,y, zZ}and (X, T, T") be a mated fuzzy topological space as follows:

i if G=A 3 ifG=A
< R
T(G) = - ifG=B , T(G)= - ifG=B
\ 0 otherwise \ 1 otherwise

Where: A={(x,1,0), (y,1,0), z,0,1)}, B={%x,0,1), (y,0,1), (z, 1,0}

We can obtain the operator MFC:IF(X) X | X I 5IF(X) as follows:

r 0 ifG=0,r,sel

MFC(G, r,s) = A if 026G c4, Osrgi,

\

<s<l1

B if 0GB, 0<r<

W
[SSE R N)
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1 otherwise

(1) (X, T, T)isa MFRg-space from the following: For 0<r S% , - <s<L1l

Sl w

X(a, ) @ MFC(Z(a, 8, 11 S) =B < Z(a,8,) § MFC(X(, p), I, S) =A

Yiar,81) A MFC(Z(a, 5,01 1. S) =B < Z(a, p,) § MFC(Y(ay,5,): I, S) =A
(2) Since X(4, ) § MFC(Z(4, p,), I S) =B but no there exist Gy, G, elF(X), such that
(3) X HECGL, Z(a,p,) €G2and Gy Gz Then (X, T, T') is not MFR.

Example (2. 4)

Let X=R be a set of real number. Define T, T":IF(X)—I as follows:

1 ifG=0or1 0 ifG=0or1
TG) =< - ifG=A, T(G) = = ifG=A,
0 otherwise 1 otherwise

Where Aa={(X, tiaa, Vaa/): X €X}, such that:
1 if xe(a, ) 0 if xe(a, ©)
Hpa(X)= Vaa(X)=
0 if xg (a, ©) 1 if xe (a, ©)
1) (X T,T)is MFR,
(2) For 2., p @ A with T(Ag) >, T (As) < s, there exist an unique 1 such that A,° <1,
T(1) =1, T (1) = 0.Hence (X, T, T") is not MFR..

Theorem (2. 3)

Let (X, T, T') be a mated fuzzy topological space, the following statements are equivalent:
(i) (X, T, T) is a MFR,-space.
(ii) If (o, A with T(A) >r, T'(4) <s, there exist By elF(X) with T(By) >r, T'(By) <s such

that X, s € B1 cIFC(By, 1, 5) CA.
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(iii) If (o, p § A With T(A®) > 1, T'(A°) < s, there exist BielF(X) with T(B;)) > r, T (By) < s
such that X(4, 5 €B1, A < B, and MFC(By, 1, ) ¢ MFC(By, T, 5).

Proof:

Let X, p A with T(A) > 1, T (4) <s, then X, » 7 A°with T(A) >r, T (4) <s.

Since (X, T, T') is an MFR,-space, there exist Bj elF(X) with T(Bj) = r, T (B) < s

for i [1, 2} such that x(,, 5 €B1, A° < B, and B; ¢ Bs.

It implies X4, 5 € B1 < B, cA. Since T(Bi)) > r, T'(By < s. Then X(o, p€B1 c MFC(By, 1, S) ©
A. Let X p 7 AWith T(AY) > 1, T(A%) < 5. Then x4, p A’

By(ii), there exist BelF(X) with T(B) > r, T (B) < s such that: X, p€B € MFC(B, 1,8) <
A®.Since T(B) > 1, T'(B) < s and x(,, p€B.

By (ii), there exist B; elF(X) with T(Bi) > r, T (Bi) < s forie[1, 2} such that:

X p€B1 < MFC(By, 1,8) € B < MFC(B, 1,5) < A ItimpliesA < MFI(BS r,s) < B°
Put B, = MFI(B®, 1, s). Then T(B2) > r, T'(By) < s, from definition of MFI.

Thus MFC(B,, 1,s) < B < MFI(B:", 1, s). Hence MFC(By, r,s) 4 MFC(By, 1, S).

Let X, p 7 AWith T(A®) > 1, T (A9 < &.

By (iii), there exist BielF(X) with T(Bi) > r, T (Bi) < s forie[1, 2} such that X(a, § €B1,

A < Byand MFC(By, 1,8) ¢ MFC(By, r,s). Since MFC(By, 1, s) 4 MFC(B,, 1, S).

Thus B; 7 B,. Hence (X, T, T') is MFR,. m

Theorem (2. 4)

Let (X, T, T') be a mated fuzzy topological space, the following statements are equivalent:
(i) (X, T, T) is a MFR3s-space.
(i) If A =B foreach T(A®) >r, T (A°) <s, and T(B) >r, T (B) <s, there exist G elF(X) with

T(G) >r, T (G) <s such that A =G cMFC(G, r, s) cB.
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(iii) If A1z A, for each T(A) >r, T (A) <s, with i {1, 2}, there exist B; el F(X) with T(B;) >,
T'(Bj) <ssuch that A; =B; and MFC(By, 1, s) ¢ MFC(B,, r, s).

Proof:

LetA =B, T(A) >r, T (A% <s, and T(B) >1, T (B) <s. Since A B, then A 7 B°

Since (X, T, T') is a MFR3-space, there exist G; elF(X) with T(Gi) >r, T (Gi) <s for i €[1, 2}
such that: A = Gy, B* =Gy and Gy 7 Gy. It implies A < G; < G,* < B, since T(G)) > r,
T(Gi) < s. Then A ¢ G1c IFC(Gy, 1,5) < B.

Let A; 7 A, with T(AS) >, T (AS) <s, with i {1, 2}.

Then A1 < A, by(ii), there exist BelF(X) with T(B) >r, T'(B) <s such that: A, cB
MFC(B, r, s) cA,°. Since T(B) >r, T (B) <s and A1 < B.

By (ii), there exist BijelF(X) with T(B)) >r, T (By) <s for ie[l, 2} such that : Ay By
MFC(By, 1,s) B < IFC(B, r, s) < A.C. It implies A = MFI(B, r, s) B,

put B,= MFI(BS, 1, s). Then T(B2) > r, T'(By) < s, from definition of MFI.

Thus MFC(B,, r,8) < B® < MFI(B" r,s). Hence MFC(By, 1,s) ¢ MFC(By, T, S).

Let A; 7 A, with T(AS) > 1, T(A®) < s.

By (iii), there exist B;elF(X) with T(B)) > r, T'(Bi) < s for ie[1, 2} such that A; — B; and
MFC(By, 1, s) ¢ MFC(B,, 1, s). Since MFC(By, 1, S) ¢ M7 C(By, 1, S).

Thus B; 7 B,. Hence (X, T, T') is MFRs.

Theorem (2. 5)

A mated fuzzy topological space (X, T, T') is a MFR;-space if and only if
X p) 4 M C(V (o, 5 T S), there exist B elF(X) with T(Aj) >, T'(A) <s for ie[l, 2} such

that : Ay 7 Az and MFC(X(, g, I, S) € A1, MFC(¥ (4, 4,), 1. S) S Ao
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Proof:

Let x(a,ﬂ)ZMFC(y(gl/;l), r, s), there exist A; elF(X) with T(A) >, T (A) < s for ie[l, 2}
such that : Ay 7 Az and MFC(X(q, g, I, ) € A1, MFC( (4,2, T, S) < Aa.

Since MFR; implies MFRy, by theorem 2.1

X p) 7 Ar°. Thus MFC(x (), 7, 5 ) g A1°. Hence MFC(X(4, ), T, ) < As

And since ¥ (4, £,y 7 A2". Thus MFC(¥ (4, 5., T, S) 7 As°. Hence MFC(¥ (4, 21, 12 S) < Aa.
Let X, p 7 MFC(¥ (4,2, T: S), there exist A; elF(X) with T(A) >, T'(A) <s forie[l, 2}
such that : Ay 7 Az and MFC(X(q, g, I, ) € A1, MFC(¥ (4, 4): T S) < Aa.

Since X, p € MFC(X(a, g, I, S) @and ¥ (4, o) S MFC(¥ (4, p1): 1, S).

ThUS X(, p) € AL Y (aypr) € P2 Hence (x, T, T) is MFRy. &

3.A Homeomorphism on Mated Fuzzy Topological Spaces

Definition (3. 1)

Let / be a map from a mated fuzzy topological space (X, T, T') in to a mated fuzzy
topological space (Y, U, U"), then / is said to be as follows:
(i) MF-continuous if T(f*(B)) >U(B) and T (f'(B)) < U'(B), for each B elF(Y).
(ii) MF-open if T(4) < U(f(4)) and T (A) > U’ (f(A)), for each A elF(X).
(i) MF-closed if T(4¢) <U(f(4¢)) and T'(4¢) = U"(f(4°)), for each A elF(X).
(iv) MF-homeomorphism if and only if f is bijective and both f, ! are MF-continuous.

Theorem (3. 1)

Let (X, T, 7)) and (Y, U, U") are mated fuzzy topological spaces and
f:(X, T, T)) — (Y, U, U") a function . Then the following statements are equivalent, for each
AelF(X), BelF(Y) andr, sel .
(i) f is MF-continuous.

(ii) {(MFC(A, 1, s)) € MFC(f(A), , s)
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(iii) MFC(f*(B), r, s) < f}(MFC(B, r, 5))

Proof:

Let / be MF — contiuous

Then 7(/ X B)° = V() ad 7T (FYR))° < U(F°)

MFC(f(A), 1, s)=n{B elF(Y): f(A) CB, U(£°) =r, " (F°) < s}

= NBelF(Y), Ac F71B), T(F1(BY)) >r, T (¥ 1(BY) <s/

2 N{f(/B) elF(Y),Ac F1(B), T 1(B%)) >r, T'(f!B°) <s}

2 f(N{/1(B)elF(X), Ac F71B), T(F"1(B%)) >r, T'(f1B%) <}

2 f(MFC(A, r, 5)). Hence f(MFC(A, 1, 5)) € MFC(f(A), T, s).

For all B lF(Y), put A=/#~1(B). By (ii), f(MFC(/!B), r, s)) € MFC(f(/*(B), ,s) €
MFC(B, r, s). Thus f(MFC(/(B), r, s)) € MFC(B, r, 9)

Hence MFC(/~1(B), r, s) € f~Y(MFC(B, r, s)).

Let B°lF(Y) and U(B®) =, U"(B®) =s.

Then MFC(B, r, s) = B implies /~}(MFC(B, r, s)) = /" B).

From(iii), MFC(#~1(B), r, s) € /"(MFC(B, r, s))

We have MFC(/1(B), r, s) € /~1(B), thus MFC(/'B), r,s) = /~1(B).

Hence T(/~1(B))° >r implies T(/'B%) >r, and T'(#1(B))° <s implies T (/%(B%) <s.
Then T(/71(B%) >U(B%) and T'(* (B9)) <U(B°). m

Theorem (3. 2)

Let f be a homeomorphism from a mated fuzzy topological space (X, T, T") in to a mated
fuzzy topological space (Y, U, U"), then (X, T, T") is MFRy if and only if (Y, U, U") is MFR.
Proof:

Suppose that (X, T, T') is MFR. Let X(a, pp Y (2, D€ tWO intuitionistic fuzzy pointin Y.

Since x, y €Y and f bijective, then there exist a, beX such that a=/"1(x), b=/"1(y). Thus
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ey =/ K p) b (arpp =/ 0 )

Let X, ¢ MFC(¥ (4, p)): T, ) implies X, sy c MFC(¥ (4, 5, T, S)°

Thus /(X 9) €/ *MFC(¥ (415 T, 5))°

Hence a(, g </ H(MFC(¥ (4, 51, 1, S)C, implies &, g 7/ (MFC(¥ (4 ), T 9))-

Since MFC(/ ' (¥ (app0)): 1. S) €/ HMFC(¥ (4, pp): T, 9)).-

Then &, p) 7 MFC(/ ' (¥ (2y ). T, S)- Implies ac, gy 7 MFC(Da, sy, T, S)

Since (X, T, T) is MFRy, then 4 (., »,y ¢ MFC(ag, . I, S)

Therefore (4 (,, 5,)) 7 {(MFC(aq, p , 1, 9)). Since / ~Lcontinuous, then MFC(f(ai, g, 1\ S) <
f(MFC((a(a, g, 11 ). = (4 (41, p1)) 7 MFC(f(a(q, g, 1, S). ThUS ¥ (4, 5,y 7 MFC((X(a, ) T, 9)
Hence (Y, U, U") is MFRq.

Suppose that (Y, U, U") is MFRq. Let a, g, £ (4, 4,) b€ two intuitionistic fuzzy point in X.
Such that a(s, 5 7 MFC(4 (4, 2,): 1. 9), then &, py € (MFC(4 (4, 5.y, T, 9)".

Therefore f(a, p) <f(MFC(4 (@yp1) s s))°. Thus f(aw, p) ¢ F(MFC(& (@yp1)r s s))

Since f((MFC(4 (4,,51): 11 5)) € MFC(f(4 (2, 1), T, )5

Therefore f(a(, ) 7 MFC(f(4 (4,4, 1 S)- ThUS X(a, ) 7 MFC(¥ (4,01, 1. S)

Since (Y, U, U") is MFRo. Then v (., z.y 7 MFC((X(e, ) T, S)

Therefore (4, ;) € MFC(X(a, ), 1, 8)°.ThUS £ (¥ (4 p1) €/ HMFC(X(, 9, T, 9))°
Hence /(¥ (u1p0) 7 / {(MFC(X(o, . T, 5))-

since 2 (4, ;) 7 MFC(a( ), 1, 5). Then (X, T, T') is MFRo. &

Theorem (3. 3)

Let f be a homeomorphism from a mated fuzzy topological space (X, T, T') in to a mated

fuzzy topological space (Y, U, U"), then (X, T, T") is MFR; if and only if (Y, U, U") is MFRy.
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Proof:

Suppose that (X, T, T') is MFRy.Let X(a, p Y (a1,,) D€ twO intuitionistic fuzzy pointin Y.
Since x, y €Y and f bijactive, then there exist a, beX such that a=/#"1(x), b=/"1(y).

Thus 8, p = /" X ) 2 (anp) =/ (ap)- LE X ) @ MFC(V (4, 51y, T, 9).
Therefore /(X gy 7 /" *(MFC (¥ (4,51 . 9))--

Thus /(X gy 7 MFC(/ ™ (¥ (a1 p1) 12 9)),

Hence a, p 7 MFC(4 (4, 4,): 1. S), since (X, T, T7) is MFRy, there exist A;, A, elF(X) with
(T(A) >r, T'(A) <s and i={1, 3}) such that Ao, HE AL D (0, p EAzAND AL g Ay,

Since A elF(X), then f(A;) el F(Y).

Since #~continuous (f open), then T(A) < U(f(4;)) and T (A)) > U (f(A)).

Thus U(f(A)) 21, U(F(A)) < s and fla, ) € F(A), (& oy pp) € F(AD) -

Since A1 g A, =f(A1) ¢ f(A2). Thus X(o, p €f(A1) Y (as ef(Az) and f(A;) g f(Ay). .
Hence (Y, U, U") is MFRy.

Suppose that (Y, U, U") is MFRy. Let a, g, 4 (4, 4,) b€ two intuitionistic fuzzy point in X.
Such that a(, g 7 MFC(Z (4,0, 1 9), then g, py < (MFC(2 (4, 4,y T, S)°

Therefore f(a(,, ) < fF(MFC(4 (4y 0 T s))".Thus f(ai, p) 7 F(MFC(4 (@rp1) 11S))

Hence X, sy ¢ MFC(f(2 (4, 5.y, T+ 9),

Since /~*continuous, then MFC(f(4 (4, 4., I’ S) < f(MFC((b(a1, sy, 1, S)

Therefore X, 5 ¢ MFC(f(4 (4,40, 1. S). ThUS X0, ) 7 MFC( () 1)), T, S).

Since (Y, U, U") is MFRy, there exist By, B, elF(Y) with (U(B;) >r, U (Bi) <s and i={1, 3})
such that X, p)€ B1, ¥ (4, 4,), € B2and By ¢ B2.Since B; el F(Y), then HBy) elF(X)
Since f MF-continuous, then T(/71(B;) >r, T (f *(B)) <s.

Since B; 7 By, then £71(B1) 7 /(By).
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Thusaw pe /' Br), &(ppe/ ‘(Band f~'(By) 7 /(B
Hence (X, T, T) is MFR,. &

Theorem(3. 4)

Let f be a homeomorphism from a mated fuzzy topological space (X, T, T") in to a mated
fuzzy topological space (Y, U, U"), then (X, T, T") is MFR; if and only if (Y, U, U") is MFR..
Proof:

Suppose that (X, T, T') is MFR..

Let X, 5, be an intuitionistic fuzzy point in Y, and X, » ¢ B with U(B®) >r, U"(B°) < s and
B elF(Y), then f*(x., p) 7 F(B).

Since T(/71(B%) >U(B°) , T'(/~(B%) < U (B®), then T(X(B®) >r, T (/1B <s.

Since xY and f bijactive, then there exist aeX such that a=/"1(x).

Thus a, g = / (X, p)- Hence ag, p 7/ (B).

Since (X, T, T') is MFR,, there exist Ay, A, elF(X) with (T(A) =1, T(A) <s and i={1, 2})
such that a,, 5 € A1, /HB) cA,and A; 7 A Since A; elF(X), then f(A;) el F(Y)

Since £ ~MF-continuous (f open), therefore T(A) < U(f{4;)) and T (A;) > U (f(A))

Thus U(f(A)) >, U (f(A)) <s. Since a,, e As, then (g, p) € f(A1)

Since f1(B) c A, then B = f(A,). Since A; 7 A, then f(Ay) 7 f(A,).Hence (Y, U, U") is MFR..
Suppose that (Y, U, U") is MFR,.

Let a,, 4, be an intuitionistic fuzzy point in X, and a(, ¢ A with T(B®) >r, T (B%) < s and
A€lF(Y). Then f(a, p) 7 f(A). Since fopen, then T(4) < U(f(4)), T'(A) > U (f(A))

Hence U(f(A)) >r, U'(f{4)) <s. Since aeX and f bijactive, then there exist xeY such that
x=f(a). Thus X(¢, 5 = f(a(e, p). HeNCe X4, p 7 f(A), X(@, p €P (e, p(Y), T(A) elF(Y).

Since (Y, U, U") is MFRy, there exist B1, B, elF(Y) with (U(A) >, U'(A) <s and i={1, 2})

such that x,, 5 € B1, f(A) B, and B; ¢ B,. Since B; elF(Y), then £ ~1(B;) elF(X)
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Since f continuous, then T(#~1(Bi)) =U(B:), T (/~X(Bi)) < U (Bi)
Therefore T(F'(Bi) >r, T (F*(Bi) <s. Since X4, p ¢ f(A), thenay, p 7 A.
Since X, 5 € By, then a,, 5 e F1(By). Since £ ~1A) =By, then A < f(By)
Since By ¢ B, , then f(B1) 7 f(B,).Hence (X, T, T)) is MFR,. &

Theorem (3. 5)

Let f be a homeomorphism from a mated fuzzy topological space (X, T, T") in to a mated
fuzzy topological space (Y, U, U"), then (X, T, T") is MFRs if and only if (Y, U, U") is MFRs.
Proof:

Suppose that (X, T, T') is MFRs. Let B; ¢ B, with U(B®) >r, U (B®) <s for i=1I, 2 such that
Bi elF(Y).

Since f continuous, then #~1(Byy ¢ /~1(B2) with T(#~*(B%) >U(B) , T (¥ *(B®) < U (BY).
Therefore T(/~1(Bi°) >r, T'(/~1(Bi®) <s such that f(B;) elF(X).

Since (X, T, T') is MFRs, there exist Ay, Ay elF(X) with (T(A) >r, T (A) <s and i={1, 2})
such that £ ~1(By) c A1, /S 1(B2) cAzand Ay ¢ A,

Since /~1(Bi) c A, then B; < f(Aj) and f(A1) 7 f(A,). Since f open , then T(A)) < U(f{4;) and
T (A) > U (f(A)). Thus U(f(A) >, U'(f(A)) <s. Hence (Y, U, U") is MFRs.

Suppose that (Y, U, U") is MFRs. Let A; 7 Az with T(A®) >, T (A®) <s for i=1, 2 such that
AielF(Y). Since f open, then f(Ay) 7 f(A2) with T(A®) < UFAF)) , T (A°) > U (FAS)), thus
U(f(AS)) >, U (f(AF)) <s such that f(A;) elF(Y).

Since (Y, U, U") is MFRs, there exist By, B, elF(Y) with (U(A) >, U"(A) <s and i={1, 2})
such that f(A;) =By, f(A;) =Bz and By 7 B,. Since f bijactive, then A; < £ ~(B;) and
/7By 7 /1(By. Since f continuous, then T(#~1(B;) >U(By), T (/" 1(Bi))< U (Bi)

Thus T(/~1(Bi) =1, T (f~X(Bi)) <s. Hence (X, T, T") is MFR;. &
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Theorem (3. 6)

Let f be a homeomorphism from a mated fuzzy topological space (X, T, T") in to a mated

fuzzy topological space (Y, U, U"), then (X, T, T") is MFR, if and only if (Y, U, U") is MFR,.

Proof:

X, T, T)is MFRs < (X, T, T") is MFR; and MFR

< (Y, U, U") is MFR; and MFRy < (Y, U, U") is MFR,.
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