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Abstract. In this paper we are interested in the study of bifurcation solutions of nonlinear
sixth order differential equation with four parameters, by using Lyapunov -Schmidt
method. The problem is reduced to the study of bifurcation solutions of a function of
fourth degree in two variables.
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1. Introduction
It is known that many of the nonlinear problems in mathematics and physics can be
written in the form of operator equation,

F(x,A)=b, xeOcX, beY, 1eR’ (L)

in which F is a smooth Fredholm map of index zero, X, Y Banach spaces and O open
subset of X. For these problems, the method of reduction to finite dimensional equation

[8],
D(E,A)=p,EeM, BeN, 12)

can be used, where M and N are smooth finite dimensional manifolds.

Passage from equation (1.1) into equation (1.2) (variant local scheme of Lyapunov —
Schmidt) with the conditions, that equation (1.2) has all the topological and analytical
properties of equation (1.1) (multiplicity, bifurcation diagram, etc) dealing with

[3].[8].[11][12] .

Definition 1.1 Suppose that E and M are Banach spaces and A'E—>M pe a linear
continuous operator. The operator A is called Fredholm operator, if
The kernel of A, Ker(A), is finite dimensional.
The range of A, Im(A), is closed in M.
The Cokernel of A, Coker(A), is finite dimensional.
The number
dim(Ker A )- dim(Coker A)
is called Fredholm index of the operator A .
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Suppose that F : €2 — M s a nonlinear Fredholm map of index zero. A smooth map
F:Q — M has variational property, if there exist a functional V : €2 — R such that
F =grad,V orequivalently,

g_v(x,g)h:(F(x,i),h)H, ¥xeQ, hekE,
X

where ( (-,-),, is the scalar product in Hilbert space H ). In this case the solutions of

equation F(X,4)=0 are the critical points of functional V(x, A). By using the method
of finite dimensional reduction ( Local method of Lyapunov-Schmidt) the problem,

V(x,A) »>extr, xeE, 1eR".
is reduce into an equivalent problem,
W (&, A) »extr, £eR™.
the function W (&, 1) is called Key function.
If N =span{e,,...,e,} is a subspace of E, where ey,..., e, are orthonormal set, then
the key function W (&, 4) can be defined in the form,

WER)= inf VA), E=(Emné)

X’ 1 I
The function W has all the topological and analytical properties of the functional V
(multiplicity, bifurcation diagram, etc) [10]. The study of bifurcation solutions of
functional V is equivalent to the study of bifurcation solutions of key function [10]. If F
has variational property, then it is easy to check that,

(&, 1) =gradW (&, 1).
Equation @ (&, A) = O s called bifurcation equation.

Proposition 1.1 (Sapronov) [10]
Suppose that the map (1.2) is an identity map and assume that the condition

(i(x)h, h>> O,
OX is satisfied for this map. Then the marginal

V(x,h) e E <(E\{0}),

map

¢:§Iﬁixiei —|—h(§),

where h(¢&) given in (1.2) can be used to determine one-to-one correspondence between
the critical points of the function W and the critical points of functional V.

Definition 1.2 The caustic T is defined to be the set of all 4 for which the functional
V(,4), AeAcR" havein Q c R" degenerate critical points.

i.e.
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oV oV _
Z:{/l_ﬂ(x,,i)_axz (xV)=0}

Consider the following sixth order nonlinear ODE,
dw  d'w d*w ) 4
a—F+o—+f—+oW+W +w =0 (13)
dx dx dx R
with the boundary conditions,
w(0) = w(z) = w"(0) = w"(z) = w""(0)

=w"(7)=0. (1)

An analogous problem of fourth order of equation (1.3) has been studied by
Thompson J.M.T., Stewart H.B. [4] they showed numerically the existence of periodic
solutions of equation (1.3) for some values of parameters. Bardin B., Furta S. [1] used
the local method of Lyapunov-Schmidt and found the sufficient conditions of existence
of periodic waves of equation (1.3), also they are introduced the solutions of equation
(1.3) in the form of power series. Sapronov Yu.l ([2],[10],[[11],[12]) applied the local
method of Lyapunov —Schmidt and found the bifurcation solutions of equation (1.3).
Abdul Hussain M.A ([5],[6]) studied equation (1.3) with small perturbation when the
nonlinear part has quadratic term and Mohammed M.J. [7] studied equation (1.3) in the
variational case when the nonlinear part has quadratic term. In this paper we studied the
bifurcation solutions of equation (1.3) near the critical point when the dimension of the
null space is equal to four.

2. Reduction to the principal ports of key function.
Suppose that f: E — F is a nonlinear Fredholm operator of index zero from
Banach space E to Banach space F defined by,
1 ad6W+ O|4W+ﬂ0|2W+gow+w2 +w’
f = o 2.1
WA= Taxs T dxt T dxe (21)

where E = C° ([0, 7],R) is the space of all continuous functions which have

derivative of order at most six, F = C ° ([0, 7],R) is the space of all continuous
functions where w = w(x), xe [0, z] , 4 € ( «,0, B, ). In this case the solutions of
equation (1.3) is equivalent to the solutions of the operator equation,

f(w,A4)=0. (2.2)
We note that the operator f has variational property that is; there exist a
functional V such that f (w, 1) = grad,V (w, 1) or equivalently,

Z_V(W’ﬂ)th(W,/l),h)H , VweQ, heE.
W

Where( ¢-,-),, Iisthe scalar product in Hilbert space H ) and
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V(W,/I)zj(a B P U S

4
+Yyhdx = 0,
4

In this case the solutions of equation (2.2) are the critical points of the functional
V(w, 1), where the critical points of the functional V (w, 1) are the solutions of Euler-
Lagrange equation,

6V f vi iv " 2 3
%(W,i)h I(aw +oW' + W + oW+ W +W)dx.
0

and %(W, A) is the Frechet derivative of the functional V (w, 1) .

Thus, the study of equation (1.3) with the conditions (1.4) is equivalent to the
study extremely problem,

V(w,A) —>extr, wekE.
Analysis of bifurcation can be finding by using method of Lyapunov-Schmidt to
reduce into finite dimensional space. By localized parameters,
a=a,+0,,06=0,+0,,f=p,+0,,0=¢, +0,,
0,,0,,0,,0, are small parameters.
The reduction lead to the function in four variables,

W(ES)= inf VXA) E=(5808), 0

X &)= ¥V
= (51, 52,53, 54)
It is well known that in the reduction of Lyapunov-Schmidt the functionW (&, m)
is smooth. This function has all the topological and analytical properties
of functional V [10]. In particular, for small ¢ there is one-to-one corresponding
between the critical points of functional V and smooth function W, preserving the
type of critical points (multiplicity, index Morse, etc.) [10]. By using the scheme
of Lyapunov-Schmidt, the linearized equation corresponding to the equation (2.2)
has the form:
ah™+och"+ph"+ph=0, heE.

h(0) = h(x) = h"(0) = h"(x) = 0.

The point(«, o, B,¢) = (0,0,0,0) bifurcation point [10]. Localized parameters «,o, 3, ¢
a=0+96, o=0+7,,

£ =0+, »=0+09,
0,,0, ,05,0, aresmall parameters.

as follows,

Lead to the bifurcation along the modes ¢€,,e, ,e;,€, where
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e, = C, sin(x),e, = c, sin(2x), e,
= C, SIN(3X%), e, = c, sin(4x)

” el”H :H €, HH :” e3||H :H €, HH =1 and

2
€, =C;, =C;=C, =\/;Iet N = ker A=spanfe,,e,.e,,e, }
6 4 d2

d
A=1f (0,1)= + + +
where W( ) adXG de4 'dez ®»

then the space E can be decomposed in direct sum of two subspaces, N and the
orthogonal complement to N,

E=N®E, E=N'NE={veE:v.LN}
Similarly, the space F decomposed in direct sum of two subspaces, N and
orthogonal complement to N,

M=N®F, F=N'NF={veF:vLlN}

There exists projectionsp:E—>N and | —-p:E— E such that pw = u and

(I—-p)w =v, (Iis the identity operator). Hence every vector U € E can be written
4

inthe form, w=u+v, u=> & e eN, N_LveE, & =(we).
i=1

Similarly, there exists projections Q:M —> N and (I —Q): M — N*such that

f(w,2)=Qf (w,2) + (1 —Q) f(w, 1)

Accordingly, equation (2.2) can be written in the form,
Qf (u+v,4) =0,

(1-Q)f (U+v,A)=0

By implicit function theorem, there exists a smooth map @ : N — E (depending
on A ), such that ® (W, A1) =V and
W(&,0) =V (DP(w,1),05),

S = (51152’53’54)’ o= (51’52153v54)

and then key function can be written in the form,
W(ét’ 5) =V (5161 + fzez + 65363 + 95464
+ D8, + 5,8, +&,8,+£,8,,0),0),
=U(£,6) +o(¢") +0(")0(s)

The function 6(5,5) can be found as follows, substitute the value of
u in the above functional we have that,
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T 2 2
j dx =%1 +%+32§§ + 204882,
0

V4 2 2 2 2
_[ U dx o1 +§—3+§—2+ (’&—4
. 2 2 2 2 2

z oo lIN2 2 2
JOO g sy Bl gez s q0ge2,
0 2 2 2
T &g L,
dX:—+ +2 +8 y
{ - >t &, +8&;
V4 u3 8\/5
f? dx = ; (2648¢2¢, +3696 &, &, &,
0 10395 72

_1584&, &, &, + 385 £ + 2673 £,£7
+1980 &,£7 + 1155 £° + 1008 &, &7

_69353512 + 2772 51‘522)1
T 4

u 1
[ t=g Qs 28 280
0 T

+3 &, +128,85 +12858, 412 &, &) &,

—4 51353 +24§1 §4§3 52 +3 5; +3§14

+ 35 +128,8, &+ 125 E0 - 12 £(£,5,).
and then
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~ 3 3 3 3 1
U 75 = 4+_ 4+_ 4+— 4—
(E0)= & bl el
2
(a-o+ p+9) +(3205—8o-+2,8+%(p)fz2
+%(729a—810+9ﬂ+¢)§32+(2048a—128(7
1 3 3
+8B+ZQ)ES + =& LT+ —— &[]
2 2 2
3 3 1 3
+Z§12§32 +Z§22§42 —551353 +Z§?’2§42
3 3 3
+E§12§22 +_§1§22983 +_§4§32682

3 82
_§§4512§2 951525453 51 és
1572
3242 3242 12842
L B 7T
157:2 217z2 16572
L 128Y2 7232 12842
LGt &G T 5 : : : :
The bifurcation equation of (2.3) is
637r 3572 457r
128V2 \/_ 8\/_
&l 5 & -(2.3)
10572 97z 277[
locally equivalent in the neighbourhood of point
~ 3 3 3 3
U(f,#)=g§f +g§z4 +§§;+§§f+ﬂ1§f

3 3
b sl g 4 g
3 3 1 3
+§§12§32 +§§22§42 _551353 +§§32§42
zerotothe equation, , > czo ., 2 pere 2 peie- S gt
2r 2r 2 2r

+%§1§2§4‘§3 _/45512683 +/46§22681 +,u7§22§3 +1u8§42§3
+ﬂ9§f§1 +ﬂ10§32§1 + 10185848, — 1126,
+/113§13 +/u14§33 ..(2.4)

1= (s oy s fy s s s Mg s My Mg s My s Mgy My

Where
Vg Mgyt y)

and,
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1 1
i :E(a—a+,8+go), y7a :(3206—8G+2,B+§¢)1 M

:%(729a—810+9,8+(p)

1 82
Hy = (20480 ~1280° +8 5+ ), s =51 e
1572
3042 3242 12842
= 3 Hy = 3’ Hg :—E,
1572 2172 16572
12842 722 12872
0= g v o =g M= gty
6372 3572 4572

1282 8v/2 82

s HeT T3 AT
10572 r? 277?
3. Bifurcation Analysis.

: . f8 . )
By changing variables & =4 ?ﬂ n;,, 1=1...,4 we have equation (2.4)
is equivalent to the following equation,
U(A,6) = +n; +ny +1; + i +am; +agn; +ayi,

2 2 2 2

4
+4n;n5 +4n3n; +4nin; +4n,n, —gnfns +4n,1,

2

+4nn; +4nmyn, +4nngn, -4 min, +8nm,m,m,

where, ﬁ:(7711772’7731774)1
2 2 2 ) 2 2
B R P RS Py PR U P PR Y R AT B

3 3
441151141, ~ Ayl T, + Oglly + s+ (3.0)
and a = (0,0, 05,0, 0, Qg Oy, g, Oy Uy, Uy 1, Oy, Oy Oy y) -
In the complex variables,
: - 2
Zy =1, +117,, Zy =M+l 1°=-1

The function (3.1) has the following form ,
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R 1 7, a2 1 , , 3, 4
U(z,a):—zzfz§+z|zl| +Ez§zf+z|zz|
1 2 1 2
_Z(as _057)|21| Z, _Z(as _a9)21|22|
1 o 1 2_
+Z(0‘10+a7)|21| Z, +Z(a10+a9)|22| Z,
212 1 1
+4|Z1| |Zz| "'5(0512_055_0‘7)21222_§Z;1
1 _ 1 )
_g(alz tas+a,)7;z, _g(an —ayy+ag)2;57,
1 =2 1 — 2
+ (g + g — @) 732, + = 1,7, |2
8 4
1

1
525 2=
_5(0‘11_0‘10 +ay)Z,Z, _g(alz +as +a,)2, 7,

1 2 1_
+§(oz11 +al +3a13)zz|zz| —gz;‘

1 L, 1 _ 1 2
"‘g(an — Qs —0!7)21222 +§(0‘10 _0‘9)22221 +ZZ122|Z1|

1 _ 2 1_ 2 1_4
_Zzlzz|zl| _ZZIZZ|21| _gzl

7 a_ 7 _ 1 _ .. 1 1_
—Ezfz2 —Ezfz2 —Ezf’z2 —Zzgzl +Zzz3z1

1., 1., 1
+Zz§zl—zz§zl—§zf
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—— +122\z \2—12 Z,|z ‘2_122‘2 \2
152 4212 4212 4212

_ 1
+ Zzzzl\zz\2 +§(a6 +3ocl4)zl\zl\2

1 1 ., 1 2
_Zazzf _Zazzlz +§(a6 +3a14)21‘21‘
1 , 1 ., 1. 5 1. 51 .,
-,y -z, ——la,z, +—ia,Z, —=ia,Z,1
4 4%=2 4 4%=2 8 372 8 3%2 8 37272
1.
+§|a322222+... .(3.2)
where,
|21|2 =1} +175, |Zz|2 =15 +1;, z,,Z, arethe conjugates of

z, and z, respectively,.

To study the behavior of the function (3.2) near the critical point .It is convenient to
consider this function in polar coordinate z, =re'*, z, =r,e'®, . The real part of
function (3.2) has the following form,

i)

U(#, B)=U(F, B)+0O(
where

U(F,B)= ﬂ1r14 + ﬂzrz4 + ﬂ3r13 + ﬂ4r23 + ﬂsrz2 + ﬂﬁrlz
+ 5, r12 r22 + By r13 r, + B, I’23 rn+ ﬂlorlz r,

+1811r22 h --(3.3)

where "= (1) B=(B1Bo. By Bas B B By P
’ﬂQ’IBIO’ﬂll)'
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B, =cos(6,)* +sin(6,)* +4cos(6,)*sin(d,)?,
B, =cos(6,)* +sin(6,)* +4cos(8,)*sin(6,)?,
B, = a, cos(6,)sin(6,)* + a, cos(6,)?,
B, = a, cos(6,)sin(d,)’ + a,, cos(6,)°,

Bs = a, cos(6,)?,
Bs = a,sin(6,)? + a, cos(6,)?,

B, = 4sin(8,)cos(8,)* sin(é,),

B, =4cos(6,)* sin(d,)* +4cos(d,)’ sin(d,)* +
4¢0s(d,)* cos(d,)’ +4sin(6,)* sin(,)’
+8c0s(8,)sin(6,) cos(d,)sin(8,),

B, =8c0s(d,)cos(6,)sin(6,)* - 4sin(6,) cos(d,)’ sin(6,)

—3003(92)003(91)3,

By, = a, c0s(6,)sin(6,)* - a cos(d,) cos(6,)’
- a, Sin(6,) cos(d,)sin(b,),
B, = oy, €08(6,) cos(d,)’ +a, cos(8,)sin(6,)’
+a,,8in(6,) cos(d,)sin(b,)

By changing variables 1, \/_ r, \/_

which is equivalent to the following equation,

h, , we have equation (3.3)

Uh,7) =h +h) + 7,03 + 5,03 + 3,02 + 7,0 + psh?hZ + yehih, +y,h3h + yh?h,

+ 7 hZh, ..(3.4)
where h = (h,,h,), 77=(71,72,73,74,75’76’77’78'79)
7= ﬂ—; Yy =% P V3= "=, V4= 7= Vs
/ ﬂ/ \/_ \/_
_ B
BB,
ﬂg ﬂg ﬂlo
Ve = v V1 = = Vo
ﬂll

N
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The elements h’,h? h’h,,hSh belongs to the tangent space generated by the first

derivatives Q,Q,U0 (h)= h'+h; then from the theory of germs we have that the

oh, oh,
function (3.4) is equivalent to the following function
U, f)=h+h!+ f,h? + f,h? + f.h?h?
+ fh2h, + f,hZh ...(3.5)
The geometrical form of bifurcations of critical points and the first asymptotic of
branches of bifurcating points for the function W (&, &) are completely determined by its

principal part U(f,ﬁ) .the geometric description of the caustic and the bifurcation of
critical points of the function U (ﬁ,;?) will be study in another paper.
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