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Abstract
The main purpose of this paper is to study some concepts of metric in S*-Orlicz
spaces and we give some definitions that is related to it, where S* = S*[0,1] is the ring of
all real measurable functions on [0,1].
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1.Introduction and Preliminaries

The notion of the Orlicz space is generalized to spaces of the Banach space of valued
functions. A well-known generalization is based on N-functions of a real variable.

A metric space need not have any kind of algebraic structure defined on it. In many
applications, however, the metric space is a linear space with a metric derived linear
spaces.

We shall denote by Lp the S*-Orlicz class, C,(Q(V)) the set of all continuous
functions on the Stone compactum Q(V), P the Lebesgue measure and L;(m) the set of
all integrable by the measure m elements from C,, (Q(V).

Definition 1.1: [12]

A pair (X, <) consisting of a real vector space X and a partial order < defined on X is
called a vector lattice if the following conditions are satisfied for all x,y,z € X and all
real numbers a > 0.
lL.Ifx<ythenx+z<y+z.

2. If x < ythen ax < ay.
3. Xisalattice.

Remark 1.2:[11]
For a vector lattice X and x € X, we make use of the following notation :
The positive part x, and the negative part x_ of X are given respectively by x, =xV 0,
x_=(—x)VvO0.
The modulus |x| of X is defined to be |x| = (—x) V x. It is obvious that —x_ = x A 0 and
for any x € X we have
X=X, —X_,X; AX_=0,[|x| =x4 +x_.
The positive cone of a vector lattice is denoted X, , thatis, X, = {x € X: 0 < x}.
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Example 1.3:[13]

The most obvious example of a vector lattice is the reals with all usual operations.
The usual or standard order on R is that in  which(xq, X5, ... ,Xn) < (V1,¥2) ) Vn)
means that x,, < yy for k = 1,2, ...,n . This order makes R" into a vector lattice in which
(i) V (i) = (x Vy) and (x0) A (vi) = (xic Ayi). Hence (x)t = (3, (xi)™ =
() and [(xi)| = (Ix D).

Definition 1.4: [11]
An element from X, is called a Freudenthal unit and denoted by 1 , if it follows

fromx € X,xA1=0,that x=0. Ifx, (2 x and {x,} is increasing(decreasing) then,
we write x, T x, (respectively, x, | x).[5]

Remark 1.5: [11]
If a vector lattice X has a Freudenthal unit, then we will consider that this unit is
chosen and fixed. This unit will be exactly denoted by 1.

Definition 1.6: [14]
The function F(u): [0, ) — [0, o) is called an N-function
if it has the following properties:
1. Fis even, continuous, convex ;
2.F(0)=0and F(u) >0 forallu=0;

£ = 0 and limy_., Fi‘” = o

3. limu_,o "

It is well-known that F(u) is an N-function ,if and only if, F(u) = f0|u| f(t)dt, where
f(t) is the right derivative of F(u) satisfies:
1. f(t) is the right-continuous and non-  decreasing;
2. f(t) > 0 whenever t > 0; (3) f(0) = 0 and lim_,, f(t) = .

For an N-function F define G(v) = supifu|v| — F(u):u = 0}. Then G is an N-

function and it is called the complement of F. [1]

If F and G are two in mutually complementary N-function then uv < F(u) + G(v)
vV u,v € R (Young's Inequality ).[2]

Definition 1.7:[7]

We say that X be a bimodule over S* = [0,1], i.e. X is abelian group with respect to
addition operation (+) and right and left multiplication by element from S* are defined
on X having the properties:
1L Ax+y) =X&x+Ay, xX+y)A=xA+yA
2. A+ wWx=A&x+px, x(A+p) =xA+xu
3. Mpx) = (Awx ;o )= x(Aw)

4. 1-x=x-1, forallx,y € X,Apn€eS"

Remark 1.8:[7]
A bimodule X over S* is called a normal S*-module if :
1. Forallx € X,A € S*, then Ax = xA
2. Forany e € V(S*),e # 0, there exists x € X such that xe # 0
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3. For any decomposition of the identity {e;} < V(S*) and for any {x;} c X there exists
X € Xsuchthatxe; =x;¢;, i=12,...,n

4. For any x € X and any sequence {e,} of mutually disjoint elements from V(S*) it
follows the equalities e,x = 0,n = 1,2,... that

(sup en) x=0.

n=>1
It is clear that the condition 4 implies a validity of the analogous property for

increasing sequences of idempotent from S*.

Definition 1.9:[11]

A normal S*-module is called an S*-vector lattice if X is simultaneously lattice, i.e.
an ordered set in which for any two elements x,y € X there exists their supremum x Vy,
infimum x Ay and, in addition, the following algebraic operations and order agreement
conditions are fulfilled :

1. foranyz € X it follows fromx < ythatx+z<y+z;
2.ifx >0, € S",Ax > 0.

It is evident that any S*-vector lattice X is a vector lattice in a usual sense (it is
sufficient to consider X as a vector space over the field {a - 1 : « € R} = R).

S* itself consider as a bimodul over S* is a simplest example of S*-vector lattice.

2. Basic Concepts
In this section, we start recalling the usual definitions of S*-valued metric and S*-
Orlicz spaces.

Definition 2.1:[6]
A mapping ||-||: X — S* from a normal S*-module X into S* is called an $*-norm if
1. |Ix|| = 0 forall x € Xand ||x|| = 0 ifand only if x = 0.
2. |IAx|| = [A]]|x|| foranyx € X,A € S*.
3. lIx+yll < lIxll + llyll foranyxy € X.

Definition 2.2: [11]
We say that the S*-vector lattice X with an S*-norm ||-|| is a normed S*-vector
lattice, if x| < |y|,Vxy € X, then [x]| < |lyll.

Definition 2.3: [4]
A mapping p: X X X - S* is called a metric on a set X with values in S* if
1. p(x,y) = 0foranyx,y € Xand p(x,y) = 0ifandonly if x =y.
2. p(x,y) = p(y,x) forany x,y € X.
3. p(x,y) £ p(x,2) + p(zy) forany x,y,z € X.

Definition 2.4:

An S*-vector lattice X with an S*-metric p is called a metric S*-vector lattice, if it
follows from |x —y| < |z — w|,Xx,y,z w € X, then p(x,y) < p(z,w).

Now, we define the S$*-Orlicz spaces L*r. Let G be the complementary N-function to
the N-function F.
Set
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Ly = {x € C,(Q(V)): A71x € L for some number A = A(x) > 0}.
We shall denote p by the integral constructed by the measure m.

3.The Main Results

In this section, we investigate the important results concerning with the S*-valued
metric in  S*-Orlicz spaces.
Firstly, we need the following information.

Proposition 3.1:[8]
For every x € L, we have

\/ ln(xy)| < oo,
yEA(G)
where A(G) = {y € L¢: p(G(y)) < 1}.
This leads to define the following norm on L which is called the Orlicz norm:

Ixlle = \/ Gl
yeA(G)
for every x € Lg.

Proposition 3.2:[9]
If x € L, then

Ielle = Nlxllle = \/ ey,
YEA(G)

Remark 3.3:[10]
||x||F is @ S*-norm on L. In addition |x| < |z|,x,z € Lg, implies,that [|x|[r < ||z]|.
Thus, (L%, ||I-]lf) is a normed S*-vector lattice.

Proposition 3.4:

Let Ly be S*-Orlicz space, Ly be S*-Orlicz class and [|-|| be an S*-norm, then ||x||z is a
S*-valued metric on L. In addition x—y| <|z—wl|, x,y,2 W E L,
implies, that p(x,y) < p(z, w). Furthermore, (L%, p) is a metric S*-vector lattice.

Proof:
1. for any x,y € Lg, then

pGxy) = llx=ylle = \/ InGx=yyzl =0
z€A(G)
and for any x,y € L,

py) =0 lx—yllr=0=[llx—ylllr =0 = \/ [ul(x—y)zl] =0
z€A(G)
Sylxz-—yzll=0=xz—yz=0=x=y.
2. Forany x,y € Lg, then

pGoy) = lIx=ylle = \/ InGx—yyzl
z€A(G)
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= \/ ull(y —x)zl] = lly — xllr = p(y, %).
z€A(G)
B pxy)=lx—ylg=Ilx—z+z-yllf

= \/ ullx—z+z—y)wl]

weA(G)

= \/ G- 2w+ @ - ywll
weA(G)

< \/ ull(x—2wl] + \/ u[l(z — y)wl]
weA(G) weA(G)

=|lx—zllr + llz—yllr = p(x,2) + p(z,y).
Thus, ||x|[r is a S*-valued metric on L.
Now, let x,y,z,w € Lg and |x — y| < |z — w]|. Then

pxy) =lIx—yllr
= \/ ulicc=yri

reA(G)
= \/ ulx=yirn < \/ ullz—wiirl
reA(G) reA(G)

= llz— wllp = p(z,w)
Therefore, (L, p) is a metric S*-vector lattice.

Remark 3.5:[10]
If x € L and ||x||p < 1, thenx € Ly and u(F(x)) < |Ixllg.

Proposition 3.6:

Ifx,y € Ly and p(x,y) < 1, thenx,y € Ly and u(F(x,y)) < p(x,y).
Proof:

Clearly x,y = 0. Choose a sequence of simple elements z, > 0 such that z, =
(Xn,yn) and (X, yn) T (x,¥).
Then (x,y,) € L'r and p(xn,yn) <1 (see Remark 1.5.1 [9] and Proposition 3.3) ).
Let

k(n) k(n)
(Xn,Yn) =z, = z 1 )\i(n) ei(n) and w, = z 1 fo\i(n)) ei(n),
1= 1=

where f(t) is the right-hand derivative of the N-function F. By (T_emma 1.6.1[3]), we
have p(G(w,)) < 1.
By Young's Inequality , we get
(Xl’ll Yn)wn = F(XH’ YI]) + G(Wn)

From this we have

W(FGtn, ¥n)) < W(F(xn, ¥0)) + 1(G(Wn)) = 1((n, Y )Wa) < p(n, ¥i) < (X ).
Since (x,yn) T (xy), then F(x,y,) T F(x,y) (see Lemma 1.5.1 [5] ).
Since u(F(xn,yn)) < p(x,y), it follows from ( Levi's Theorem [4] ), that

F(x,y) € Li(m), i.e.x,y € Lg and p(F(x,y)) < p(x y).
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