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Abstract

In this paper, we introduce and study a new type q-Szdsz Mirakjan operators L,, (f, q,; x)
based on the g-integers in the case g, € (0,1), where g,, = 1 as n — oo. First, we prove that
these operators are converging to the function being approximated. Then, we define the m-th
order g-moments and find a recurrence relation for these g-moments. Finally, we prove
Voronovskaja-type asymptotic formulas for the operators L, (f, g,; x).
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1. Introduction and preliminaries

The approximation of functions by using linear positive operators introduced via g-Calculus is
currently under intensive research. Aral in [1] proposed and studies a generalization of Szész
Mirakjan operators [8], (1950) involving on the g-integers. In [2], (2006), [6], (2010), and
[7], (2010) the reader can be finding a study of modifications for q-Szasz Mirakjan operators.
In this paper, we first introduce a new generalization of the operators defined by Mahmudov
[8] and study the weighted function properties of the generalize g-Szasz Mirakjan operators
with the help of the Korovkin type approximation theorem. We also gives the quantitative
Voronovskaja-type asymptotic formula. Throughout the paper we employ the standard
notations of g-calculus, see [3], [4].

Let g, € (0,1) and for any n € N° = {0,1, ... } the g-integer [n] is defined by
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Gn—1 _ 2 n—1 ;
mi={gq, =1 L Tdtantta,ifa,#1
n Jifq, =1
and the g-factorial [n]! by

o 1 if n=0,
ML‘{mpqn—ﬂxmxu] if n>1.

For the integers n, k, the g-binomial, or the Gaussian coefficients are defined by

[n]!

n L
] =T = s
0, otherwise.

n=k=0,

The g-derivative of a function f: R — R denoted by D, f is defined by

def (x) _ flgx) = f(x)

= = € Rt /{1}.
Note that
. _dfe ]
(1112} Dyf(x) = P and gl_r)g [n] = T—¢

The g-derivative of a function f, denoted by D, f, the g-derivative of sum defined as

D, (u(x) + v(x)) = D, (u(x)) + D, (v(x)),
and the formula for the g-derivative of a product of two functions is defined by

D, (u(x) v(x))
= Dy (u(x)) v(x) + u(qx) Dy (v(x)).

(qx)n —x" qn -1 n—1
= X
(g-Dx q-1
The g-analuge of (t — x)™ is defined as:

= [n]x™1.

Also, it is known that qu" =

(1 if m=0,
(& =x)g _{(t—x)(t—qx) L (E—q" ) if m2 1L

The — exponential function is defined as e,

k

- X
= Z W such that

k=0
D, (eqn (ax)) = ae, (ax) and Dy, (eqn (x)) = e, (q,'x).
Let C[0, o) denote the class of all continuous function on interval [0, ). For h > 0 and

f € C,[0,00) = {f € C[0,0): [f ()| < Ceglrf for some C > 0}.
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Definition 1. Let0< g, <1, n€Nand g, -1 as n - oo. For f € C,[0,), we define

the operators as

N k
10030 = - Suinp @i ) (i) 1)
k=0

1 [n]k+pxk+p —(k+p)x)

where, Sy k+p(qn; X) P2 kg ! eq,(~nla,
n

Clearly whenever a« = 8 = p = 0, then L, (f, q,; x) becomes the operators in [7].

2. Some properties of the weight function S, 1, (qn; x).
The next lemmas exposition some importance properties of the weight functions

Sn,k+p (qn;x)-
Lemma 1. For x € [0,) and m € N°, we have

© ) Surip(@i0) =1
k=0

(ii) Xan Sn,k+p (qn;x) = ([k + p] - [n]x) Sn,k+p (qn;x); (21)

m N mo (x[n] + g la])
(iii) Ly (t “,qn,x)——[HB]an Ly (™, qu; %) + T

L, (tmr qn; X);

(iv) Suppose that

[0¢]

Onm (Qn;x) = Z[k + P]m Sn,k+p (Qn; x)'
k=0

then
(pn,m+1(qn; x) = Xan DPnm (qn; x) + [TL]X Dnm (Qn; x); (22)

and
Onm (Qn;x) = ([n]x)m

m-—1
+ z (m—-1-q. | (n]x)™ 1+ T.L.P.(x), (2.3)
j=0

where T. L. P. (x) are the terms in lower power of x;

() Y T+ 1] Snierp (@i ) = [l
k=0

@) Y Tk + PP Spiery (@0 0) = (007 + [l
k=0
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i) ) [+ pT* Spienp (@i 1) = (10 + @ + ) [n]0)? + [n]x;
k=0

(D D kb1 Suip (@i )
k=0

= ([n])* + (3 + 2¢, + ¢2)([n]x)* + (3 + 3q, + g2)([n]x)* + [n]x.
Proof. (i) For a fixed x € [0, o), using the g-Taylor's theorem [4], (2000) for the function
f(t), we obtain
o (6= 07 o
t) = Z qn +p
FO= ) gl .. P 1

Also we have (— x)k+p = (—1D)k*P xk+p qfl+r)(k+p—1)/2,

and D17 e, (~[n]x) = (~1)k+ gltrltr=Dr2 qn(_[n]q;(k—kP)x).
Hence we get

e} k+ [ee}

(=x)1 4, 1 [n]*+P
1=1¢,,(0)=f(0) = Zﬁ 1/g, () = Z qk+p(k+p—1)/2 [k + p]! X

k=0 "1n

—(k
€4 (_[ ( +P) Z Sn Jk+p (Qnr x)

[n]k+pxk+p
[k + p]!

.. 1
(”) xan Sn,k+p (qn; x) = [k + p] k+p(k+p—1)/2
dn

eq, (—nlg, “*"'x)

1 [ ]k+pxk+p
g G=D72 i+ p]!

eq, (~[nlq, “*Px)
= (U + p] = [21) Snap (G 5 ).

—[n]x

oo k m
() ¥Dq, Ly (¢, 405) = ) (%) (T + ) = 1) Sy (@ )
_ O (k+p+a\" (lk+p+al  g.([a] —x[B]) |
_[nw]kZo( [+ ] ) ( mpl [t Al )S”"‘*p(q””‘)
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k+ + m+1
Tl+,8]z ( nf_ﬁa> Sn,k+p(CIn;x)

[k
- Gxln] + g, la )Z( “’”) sy (Gn 3)

(x[n] + gnlal)

Ln(tm+1: Qn;x) = [TL +ﬁ]

———D, L,(t™, q,;x) +

n +ﬁ] L, (t™, qy; X).

[0e]

(i) XDy, P (@ 33) = ) [ +pI" [k +p] = (1108 (@0 )
k=0

(o0}

XDy P (@520 = ) K+ DI S, 4 (G5 )
k=0

~[nlx ) [+ pI™ Sy (@ 5)

k=0

<pn,m+1 (qn ; x)

= xan Pn,m (qn ;x) + [n]x Pnm (qn ; X).

To prove (2.3) using the induction on m, then from (2.2) we get:

On1(qy ;%) = [n]x,
@n2(qy ;%) = ([n]x)* + [n]x, and
@n3(qy ;%) = ([n]x)* + (2 + q,) ([n]x)? + [n]x.

Suppose that the relation is true for m, then we must prove it for m + 1.

By using (2.2) we have:

m-—1
Gnms1(@ni %) = x {[m] [ 2+ (Z (m—1 —j)q£;> [ — 1][n]" " X2
j=0

+T.L.P. (x)}

m—1
+nlx{ [ 2™+ Y (m—1-))q, |[n]™ " 2™
(S Jore-

+T.L.P.(x)

m-—1
= [n]™*1 xm Tt + (2 (m—1-))q, + [m]) [n]™ x™ + T.L.P.(x)
=0
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=[n]" xm + (m+ (m—1)g, + (M —2)q2 + -+ 272 + g™~ H[n]™ x™
+T.L.P.(x)

=[x | S (m- g | X
[Zmee)

[n]™ x™ + T.L.P.(x).
To prove (v), (vi) and (vii), putm = 0, 1, 2 respectively in (2.2), then we get the proof.
Now , to proof (I) put m = 3 in (2.2) then we get

[oe}

Pn,4(qn; X) = Z[k +p1* Spiip (@ x) = x([B][nPx? + [2](2 + g,) [n]* x + [n])
k=0

+Hnlx([n°x® + (2 + g [n]*x? + [n]x)

= [BI[nl°x° + [21(2 + q)[n]? x* + [nlx + [n]*x* + (2 + g ) [n°x° + [n]x?
= [n]*x* + ([3] + (2 + ¢)) [n*x® + ([21(2 + q,) + DIn]* x* + [n]x

= [n]*x* + (3 + 2q, + ¢2)[n]*x3 + (3 + 3q, + g2)[n]? x? + [n]x. m
Lemma 2. For x € [0, c), the following conditions are holds

() Ly (1, qn; %) = 1;

[n]x + qn[a]
[n + B]

(In]x)? + [nlx + 2q3 [al[n]x + g7" [a]?
[n + B]?

(ii) L, (t,q,; x) = > Xxasn — oo;

> x2asn - oo;

(iit) Ly (¢2, gn; %) =
(iv) Ly (%, 4n; %)

= s ([l + (b2 + g + 308 )

+ [n]x(1 + 3q%[a] + 3¢2"[@]?) + g2 [a]®) - x3 asn — .
Proof. By applying Lemma 1
(i) The proof easily.

1
[n + B8]

(i6) L (&, @i ) = DTk +p+al Sppey (@)

k=0
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Z k + p] Sn,k+p (qn' x) + qn [a] Z Sn,k+p (qn' .X')
k= k=0

[n+ ,B]
_rtqpla
~ [n+B] '
(iii) Ln(tzi qn; X) = [Tl B2 [k+p+ 6!] nk+p (qn; %)
k=0
1
= | 2. Swien (@) Tk + 01 + 242 allk + p] + g2 [a]?)
k=0
Tt ,8]2 (([n]x)? + [n]x + 2g7 [a][n]x + g™ [a]®)
_ ([n]x)* + [n]x + 2q7[al[n]x + g7*[a]*
= [n+,8]2 —> X" asn — oo,
(iv) Ln(t3: qn; X) = [Tl [E k+p+a] nk+p(CIn:x)
k=0
1 [ee]
= g\ 2, Swien (@) Tk + 01 + 32 Lallk + I + 30" [a [k + p]
k=0
+q3"[a]®)
1
BTEYIER ((In]x)* + ([n]x)*(2 + q,, + 3qi[a]) + [n]x(1 + 3q;; [a] + 3¢5 [a]?)

3

+ g2 [a]®) - x3 asn - oo, [ |

Theorem 1. Suppose that f € C, [0, o), for some h > 0 and f exists at a point x € (0, ),
then

1im Ly (f, i %) = £(0). (24)
Further, if f exist and is continuous on (a —n, b + 1) c (0,),n > 0, then (2.4) holds

uniformly on [a, b].
Proof. By using Lemma 2, the proof of above theorem is holds. ]

3. The g-moment of the operators L,,(f, qn; x).
In this section we defined the m-th order g-moment for the operators L, (f, q,; x)

which is denoted by E,, ., (x).
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Definition 2. For m € N?, the m-th order g- moment E,, ,,, (q,,; x) for the operator L, (f, q,; x)
Is defined as:

[k+p+a]_x>m

En,m (qn'x) = Ln((t - x)gln' anx) Z Sn Jk+p (Qn'x) ( [ ,8]

Lemma 3. For the function E,, ,,, (q; x), we have:

(l) En,O(qn;x) =1;

qn ([a] = x[B])
[n+pB]

(”) En,l (qn' X) =

(iii) En,Z (Qn;x)
_ 1
~[n+ B2
x ([nx(1 + qr[al(1 = q) — xqr [B1[2D) + ¢2" (1 — x)([a] — gnx[a]))

Proof. By direct computation, we can easily prove (i).

[nlx +qnlal gqn(lal - x[ﬁ])'

(ll)En,l (qn: X) = Ln (tr qn; X) - an(]., qn; X) = [Tl n ﬁ] —Xx = [n n ﬁ]

(iit) En2(qn; ¥) = L ((t = X)3 ., qn; X)
= Ln(tzr qn; x) — [Z]XLn (t, qn; x) + qn szn(lr Qn;x)

_ ([n]0)? + [nlx + 2q; [a][n]x + q;" [a]? 2l [n]x + g7 [a] ta o2
= [t A1 [n + f] n

1

RIS ([n]x(1 + qrlal(X = q,) — xq7 [B1[2])

+g2" (1 = x)([a] — gnx[a])). m

4. The recurrence relation for the g-moments of the operators L, (f, q,; x).
In this section we give some lemmas which help us to prove Voronovskaja-type asymptotic
formula for the operators L, (f, g,,; x).

Lemma 4. Form € N9;

[Tl + ,8] nm+1(qn' X)
= xan En,m (Qn; x) + qn([a] - x[ﬁ])En,m (Qn; x) + [m]xEn,m—l(qn; qnx)

+ [TL + ,B]x(l - q;n)En,m (Qn; x)- (41)
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Further more

a. E, . (gqy;x) isapolynomial in x of degree < m, whenever n is sufficiently large.

_[m_“
b. Forevery x € [0,00), Eyp(qn;x) =0 ([n] 2 )
where [c] is an integer part of ¢ > 0.

Proof.

En,m(CIn;x) = Ln((t o x)Z:l’qn’x) Z Sn k+p(anx) < [TL + ﬁ]

n

[k+p+a]_x>m
q

an En,m (qn; x)

= [k +p+ a] "
= Z <— -X an Sn,k+p (CIn; x)

k=0 [n + ﬁ] An
[k +p+a] m
- [m] z <W - an> Sn,k+p (Qn; an)
k=0 qn

xan En,m (Qn; x)

(o] k m
Z( :i;a x>q ([k + p] = [n]x) Sy p+p (qn; %)

n

- m]XEn,m—l (Qn; an)

B - ' [k +p+ a] " (k+p+al m m
= [n+ﬁ]kzzo S je+p (@ X) (W_x>q (W—x% +xqn —

_ ga(la] - x[8D)
[n+ 5]

) - [m]xEn,m—l(qn; an)

= [n+ BlEnym+1(qn; %) = [n + Blx(1 = g7 ) Ey jn (G X) — qn([a] = x[BDEy 1 (G5 X)
— [mlxEp m-1(qn; gnx)
[n + BlEnm+1(qn; x)
= %Dy, By m (qn; %) + qn([a] = X[BDEpm (qn; %) + [M]xEp 1n—1(qn; gnX)
+[n+ Blx(1 — qu" ) Epm (g0 %).
Now, the consequence (a) can be prove easily by using (4.1) and the induction on m. So the
details are omitted.
Now, the proof of (b) is doing by using the induction on m. So, we get:

The consequence, is true for m = 1.
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Now, let this consequence be true for m, we have:
[+ B1En 1 @20 = 0 (1 F5) + 0 (1 7571) + 0 (1 T51)
=0 ([n]_[mTH]> +0 ([n]—[%])

~ ([n]_[mTH]) if misodd;

0
0 [n]_[%]) if miseven.
m+3
0 ([n]_[T]) if misodd
ThenEn,m+1 (qn' x) = m+2
0 ([n]_[T]) if miseven
m+1
Enm+1(qn;x) =0 ([n]_[T]), so the result is true for m + 1.

m+1
Hence, E;, 1 4+1(qn;x) = 0 ([n]_[T ) for every x € [0, ). [
Lemma 5. Let § and a be any two positive real numbers and [a, b] < (0, ). Then, for any

s > 0 we have:

sup [ D S @uinelt| = 001 ™).
x€lab] [k+p+al]
[n+5]

Making use of g-Taylor's expansion, Schwarz inequality for summation and Lemma 4 (b), the

—x|26

proof of this Lemma easily follows, hence the details are omitted.

5. Voronovaskaja-type asymptotic formula for L,,(f, q; x).
The next theorem is a Voronovaskaja-type asymptotic formula for the operators L,, (f, q; x).
Theorem 2. Let f € C,[0, ) for some a > 0. If D, f, DZ f are exist at a point x € (0, ©),

then for sufficiently large n we have:

Yim ()L (F (8, 405) = £ () = (L] = x[8DD,, £G) + (55) D3, £ (5.1)

Proof. By using g-Taylor's expansion [4] of f, we get:

f@®)=f0)+ ? fQ) (= x)q, + iy fe - x5, +rtx)( —x);
- [1]! qn [2]! qn ’ qn’
where r(t;x) » O ast - x.
Then
DQn

L (f (£, Gn; %) = £ () L (1, @n; %) + =50 £ (0) L ((¢ = X)g,,, G5 %)

[1]!

10
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2
* l[)zq]nl f(x) Ln((t - X)zn' dn; X) + Ln(r(t; x)(t - X)Zn,qn; .X')

_ an E . D‘?n E i
- f(X) + [1]|f(x) n,l(Qnrx) + [2]| f(X) n,Z(anx)

< [k +p+ ]
+ Sn, + (qn'x) <

kZo wr [+ 5]
_x)z

[k+p+al
. r <W,x> (52)

Let

_oo _ [k +p+a] ? [k +p+al
p= Z Snic+p (qn; x) (W - x)qn r <Wx>

Since r(t;x) = 0 as t - x, for a given £ > 0 there exist § > 0 such that | (k+p;;"],x)| <

&, Whenever 0 < |M - | < 8, for |[k+p+“ | > &, there exists a constant C > 0 such
[k+p+al 2 [k+p+al ([k[:i;?])

that ( 1] —x)an( ] ;x) < Ceqn

Hence,

lpl = Z Sn,k+p(Qn;x)< [n+ 8]

‘[k+p +a]
[n+p]

—x‘<6

+ |C z S k+p (@n; X) ef}rf = A + A,.

|[k+p +a]
[n+B]

Now, by using Schwarz inequality for summation, we get:

00 1/2 00 1/2
k 4
M <c¢ (z Sn,k+p (qn; x) (% - x> ) <Z Sn,k+p (qn; x) >
k=0 dn k=0

Now, by using Lemma 4, and since ¢ is arbitrary, hence:

—x|25

M < (s (@) "2 = 0([n]) = 0(1) asn - o,
In view of Lemma 5, we have:
A1 =C0([n]™*) = 0([n]™*).

Hence: |p| = 0(1) asn — oo.

11
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2
lim = z S e+p (@ X) ([k[+p ;]a] x> r<%;x> -0 asn - oo.
an

By applying this result in (5.2), we get:
Jim ()L (F(6),403) = £ () = () = (8D, £ () + (57) D7, )

To prove the uniformly assertion, it is sufficient to remark that §(¢) in the above proof can be
chosen to be independent of x € [a, b], and also the other estimates hold uniformly in

x € [a, b]. The proof is completed. n
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