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Abstract 

In  this  paper, we introduce and study a new type q-Szãsz Mirakjan operators 𝐿𝑛 𝑓, 𝑞𝑛 ; 𝑥  

based on the q-integers in the case 𝑞𝑛 ∈  0,1 , where 𝑞𝑛 → 1 𝑎𝑠 𝑛 → ∞. First, we prove that 

these operators are converging to the function being approximated. Then, we define the m-th 

order q-moments and find a recurrence relation for these q-moments. Finally, we prove 

Voronovskaja-type asymptotic formulas for the operators 𝐿𝑛 𝑓, 𝑞𝑛 ; 𝑥 . 

Keywords: q-integers; q- Szãsz Mirakjann operators; linear positive operators; sequence of 

positive numbers; Voronovskaja-type asymptotic formulas 

:الملخص  

,𝐿𝑛 𝑓نقدم وندرس صيغح جديدج هي  , في هذا الثحث 𝑞𝑛 ; 𝑥   هن الوؤثزاخ هن النوط q-Szãsz الوتضونح q-integers 

𝑞𝑛في الحالح  ∈ 𝑞𝑛حيث , , 0,1  → 𝑛 عندها  1 → في الثدايح تزهنا هذه الوؤثزاخ تتقارب الى الدالح الوستخدهح  . ∞

سكي للتقارب ڤوأخيزا أثثتنا صيغح فىرونى.  وأوجدنا الصيغح التكزاريح لها𝑞 هن النوط 𝑚في التقزية ثن عزفنا العزم 

Voronovskaja-type asymptotic formula))  للوؤثزاخ𝐿𝑛 𝑓, 𝑞𝑛 ; 𝑥 . 

1. Introduction and preliminaries 

The approximation of functions by using linear positive operators introduced via q-Calculus is 

currently under intensive research. Aral in [1]  proposed  and studies a generalization of Szãsz 

Mirakjan operators [8], (1950)  involving on  the  q-integers. In [2], (2006), [6], (2010), and 

[7], (2010) the reader can be finding a study of modifications for  q-Szãsz Mirakjan operators. 

In this paper, we  first introduce a new generalization of the operators defined by Mahmudov 

[8] and study the weighted function properties of the generalize q-Szãsz Mirakjan operators 

with the help of the Korovkin type approximation theorem. We also gives the quantitative 

Voronovskaja-type asymptotic formula. Throughout the paper we employ the standard 

notations of q-calculus, see [3], [4]. 

Let 𝑞𝑛 ∈ (0,1) and for any 𝑛 ∈ 𝑁0 =  0,1, …  the q-integer  𝑛  is defined by 
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 𝑛 : =  

𝑞𝑛
𝑛 − 1

𝑞𝑛 − 1
= 1 + 𝑞𝑛 + 𝑞𝑛

2 + ⋯ + 𝑞𝑛
𝑛−1 , 𝑖𝑓 𝑞𝑛 ≠ 1

   𝑛                                                              , 𝑖𝑓 𝑞𝑛 = 1

  

and the q-factorial  𝑛 ! by 

 𝑛 !: =    
1                                                𝑖𝑓  𝑛 = 0,
 𝑛 ×  𝑛 − 1 × … ×  1        𝑖𝑓  𝑛 ≥ 1.

  

For the integers 𝑛, 𝑘, the q-binomial, or the Gaussian coefficients are defined by 

 
𝑛
𝑘
 =  

 𝑛 !

 𝑘 !   𝑛 − 𝑘 !
, 𝑛 ≥ 𝑘 ≥ 0,

0,                             otherwise.

  

The  q-derivative of a function 𝑓: 𝑅 → 𝑅 denoted by 𝐷𝑞𝑓 is defined by 

𝐷𝑞𝑓 𝑥 =
𝑑𝑞𝑓(𝑥)

𝑑𝑞𝑥
=

𝑓 𝑞𝑥 − 𝑓(𝑥)

 𝑞 − 1 𝑥
  , 𝑥 ≠ 0, 𝑞 ∈ 𝑅+  1  . 

Note that  

lim
𝑞→1

𝐷𝑞𝑓 𝑥 =
𝑑𝑓(𝑥)

𝑑𝑥
 and  lim

𝑛→∞
 𝑛 =

1

1 − 𝑞
.  

The q-derivative of a function 𝑓, denoted by  𝐷𝑞𝑓, the q-derivative of sum defined as 

𝐷𝑞 𝑢 𝑥 + 𝑣 𝑥  = 𝐷𝑞 𝑢(𝑥) + 𝐷𝑞 𝑣(𝑥) , 

and the formula for the q-derivative of a product of two functions is defined by 

𝐷𝑞 𝑢 𝑥  𝑣 𝑥   

= 𝐷𝑞 𝑢(𝑥)  𝑣 𝑥 + 𝑢 𝑞𝑥  𝐷𝑞 𝑣(𝑥) . 

Also, it is known that 𝐷𝑞𝑥
𝑛 =

 𝑞𝑥 𝑛 − 𝑥𝑛

 𝑞 − 1 𝑥
=

𝑞𝑛 − 1

𝑞 − 1
𝑥𝑛−1 =  𝑛 𝑥𝑛−1. 

The q-analuge of  𝑡 − 𝑥 𝑚  is defined as: 

 𝑡 − 𝑥 𝑞
𝑚 =   

1                                                         𝑖𝑓  𝑚 = 0,

 𝑡 − 𝑥  𝑡 − 𝑞𝑥 …  𝑡 − 𝑞𝑚−1𝑥   𝑖𝑓  𝑚 ≥ 1.
  

The − exponential function is defined as  𝑒𝑞𝑛
 

=  
𝑥𝑘

 𝑘 !
   such that

∞

𝑘=0

 

𝐷𝑞𝑛
 𝑒𝑞𝑛

 𝑎𝑥  = 𝑎𝑒𝑞𝑛
 𝑎𝑥   and 𝐷1 𝑞𝑛  𝑒𝑞𝑛

 𝑥  = 𝑒𝑞𝑛
 𝑞𝑛

−1𝑥 . 

Let  𝐶 0, ∞  denote the class of all continuous function on interval  0, ∞ . For ℎ > 0 and 

𝑓 ∈ 𝐶ℎ  0, ∞ =  𝑓 ∈ 𝐶 0, ∞ :  𝑓(𝑡) ≤ 𝐶𝑒𝑞𝑛
ℎ𝑡   𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝐶 > 0 . 
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Definition 1. Let 0 < 𝑞𝑛 < 1,   𝑛 ∈ 𝑁  and 𝑞𝑛 → 1  𝑎𝑠  𝑛 → ∞. For 𝑓 ∈ 𝐶ℎ  0, ∞ , we define 

the operators as  

𝐿𝑛 𝑓, 𝑞𝑛 ; 𝑥 =  𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥  𝑓  
 𝑘 + 𝑝 + 𝛼 

 𝑛 + 𝛽 
 

∞

𝑘=0

      (1.1) 

where, 𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥 =
1

𝑞𝑛
𝑘+𝑝 𝑘+𝑝−1 2 

 
 𝑛 𝑘+𝑝𝑥𝑘+𝑝

 𝑘 + 𝑝 !
𝑒𝑞𝑛

 − 𝑛 𝑞𝑛
−(𝑘+𝑝)

𝑥 . 

Clearly whenever 𝛼 = 𝛽 = 𝑝 = 0, then 𝐿𝑛 𝑓, 𝑞𝑛 ; 𝑥  becomes the operators in [7]. 

2. Some properties of the weight function 𝑺𝒏,𝒌+𝒑 𝒒𝒏; 𝒙 . 

The next lemmas exposition some importance properties of the weight functions 

 𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥 . 

Lemma 1. For 𝑥 ∈  0, ∞  and  𝑚 ∈ 𝑁0 , we have 

 𝑖   𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥  

∞

𝑘=0

= 1; 

 𝑖𝑖   𝑥𝐷𝑞𝑛
  𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥 =   𝑘 + 𝑝 −  𝑛 𝑥  𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥 ;       (2.1) 

 𝑖𝑖𝑖   𝐿𝑛 𝑡𝑚+1, 𝑞𝑛 ; 𝑥 =
𝑥

 𝑛 + 𝛽 
𝐷𝑞𝑛

 𝐿𝑛 𝑡𝑚 , 𝑞𝑛 ; 𝑥 +
 𝑥 𝑛 + 𝑞𝑛 𝛼  

 𝑛 + 𝛽 
𝐿𝑛 𝑡𝑚 , 𝑞𝑛 ; 𝑥 ; 

 𝑖𝑣  Suppose that 

𝜑𝑛 ,𝑚 𝑞𝑛 ; 𝑥 =   𝑘 + 𝑃 𝑚   𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥 ,

∞

𝑘=0

 

then 

𝜑𝑛 ,𝑚+1 𝑞𝑛 ; 𝑥 = 𝑥𝐷𝑞𝑛
𝜑𝑛 ,𝑚 𝑞𝑛 ; 𝑥 +  𝑛 𝑥 𝜑𝑛 ,𝑚 𝑞𝑛 ; 𝑥 ;     (2.2) 

and 

𝜑𝑛 ,𝑚 𝑞𝑛 ; 𝑥 =   𝑛 𝑥 𝑚  

+    𝑚 − 1 − 𝑗 𝑞𝑛
𝑗

𝑚−1

𝑗 =0

    𝑛 𝑥 𝑚−1 +  𝑇. 𝐿. 𝑃.  𝑥 ,                (2.3) 

where 𝑇. 𝐿. 𝑃.  𝑥  are the terms in lower power of 𝑥; 

 𝑣    𝑘 + 𝑝  

∞

𝑘=0

𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥 =  𝑛 𝑥; 

    𝑣𝑖    𝑘 + 𝑝 2 

∞

𝑘=0

 𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥 =   𝑛 𝑥 2 +  𝑛 𝑥; 
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 𝑣𝑖𝑖    𝑘 + 𝑝 3 

∞

𝑘=0

 𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥 =   𝑛 𝑥 3 +  2 + 𝑞𝑛   𝑛 𝑥 2 +  𝑛 𝑥; 

 𝐼    𝑘 + 𝑝 4  

∞

𝑘=0

 𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥 

=   𝑛 𝑥 4 +  3 + 2𝑞𝑛 + 𝑞𝑛
2   𝑛 𝑥 3 +  3 + 3𝑞𝑛 + 𝑞𝑛

2   𝑛 𝑥 2 +  𝑛 𝑥. 

Proof. (𝑖) For a fixed 𝑥 ∈  0, ∞ , using the q-Taylor's theorem [4], (2000) for the function 

𝑓 𝑡 , we obtain 

𝑓 𝑡 =  
 𝑡 − 𝑥 

1 𝑞𝑛 
𝑘+𝑝

 𝑘 + 𝑝 !1 𝑞𝑛 
 𝐷1 𝑞 

𝑘+𝑝  𝑓 𝑥 .

∞

𝑘=0

 

Also we have  −𝑥 
1 𝑞𝑛 
𝑘+𝑝 =  −1 𝑘+𝑝  𝑥𝑘+𝑝  𝑞𝑛

𝑘+𝑝 𝑘+𝑝−1 2 
, 

and 𝐷1 𝑞𝑛 
𝑘+𝑝  𝑒𝑞𝑛

 − 𝑛 𝑥 =  −1 𝑘+𝑝   𝑞𝑛
𝑘+𝑝 𝑘+𝑝−1 2 

 𝑒𝑞𝑛
 − 𝑛 𝑞𝑛

− 𝑘+𝑃 
𝑥 .  

Hence we get 

1 = 𝑒𝑞𝑛
 0 = 𝑓 0 =  

 −𝑥 
1 𝑞𝑛 
𝑘+𝑝

 𝑘 + 𝑝 !1 𝑞𝑛 
 𝐷1 𝑞𝑛 

𝑘  𝑓 𝑥 =  
1

𝑞𝑛
𝑘+𝑝 𝑘+𝑝−1 2 

 
 𝑛 𝑘+𝑝

 𝑘 + 𝑝 !

∞

𝑘=0

∞

𝑘=0

× 

𝑒𝑞𝑛
 − 𝑛 𝑞𝑛

−(𝑘+𝑝)
𝑥 =  𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥  

∞

𝑘=0

. 

 𝑖𝑖  𝑥𝐷𝑞𝑛
  𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥 =  𝑘 + 𝑝 

1

𝑞𝑛
𝑘+𝑝 𝑘+𝑝−1 2 

 
 𝑛 𝑘+𝑝𝑥𝑘+𝑝

 𝑘 + 𝑝 !
× 

𝑒𝑞𝑛
 − 𝑛 𝑞𝑛

− 𝑘+𝑝 
𝑥  

− 𝑛 𝑥
1

𝑞𝑛
𝑘+𝑝 𝑘+𝑝−1 2 

 
 𝑛 𝑘+𝑝𝑥𝑘+𝑝

 𝑘 + 𝑝 !
× 

𝑒𝑞𝑛
 − 𝑛 𝑞𝑛

−(𝑘+𝑝)
𝑥  

=   𝑘 + 𝑝 −  𝑛 𝑥  𝑆𝑛 ,𝑘+𝑝 𝑞𝑛  ; 𝑥 . 

 𝑖𝑖𝑖  𝑥𝐷𝑞𝑛
 𝐿𝑛 𝑡𝑚 , 𝑞𝑛 ; 𝑥 =    

 𝑘 + 𝑝 + 𝛼 

 𝑛 + 𝛽 
 

𝑚∞

𝑘=0

  𝑘 + 𝑝 −  𝑛 𝑥  𝑆𝑛 ,𝑘+𝑝 𝑞𝑛  ; 𝑥  

=  𝑛 + 𝛽    
 𝑘 + 𝑝 + 𝛼 

 𝑛 + 𝛽 
 

𝑚∞

𝑘=0

 
 𝑘 + 𝑝 + 𝛼 

 𝑛 + 𝛽 
− 𝑥 −

𝑞𝑛  𝛼 − 𝑥 𝛽  

 𝑛 + 𝛽 
  𝑆𝑛 ,𝑘+𝑝 𝑞𝑛  ; 𝑥  
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=  𝑛 + 𝛽    
 𝑘 + 𝑝 + 𝛼 

 𝑛 + 𝛽 
 

𝑚+1∞

𝑘=0

𝑆𝑛 ,𝑘+𝑝 𝑞𝑛  ; 𝑥 

−  𝑥 𝑛 + 𝑞𝑛 𝛼     
 𝑘 + 𝑝 + 𝛼 

 𝑛 + 𝛽 
 

𝑚∞

𝑘=0

𝑆𝑛 ,𝑘+𝑝 𝑞𝑛  ; 𝑥  

𝐿𝑛 𝑡𝑚+1, 𝑞𝑛 ; 𝑥 =
𝑥

 𝑛 + 𝛽 
𝐷𝑞𝑛

 𝐿𝑛 𝑡𝑚 , 𝑞𝑛 ; 𝑥 +
 𝑥 𝑛 + 𝑞𝑛  𝛼  

 𝑛 + 𝛽 
𝐿𝑛 𝑡𝑚 , 𝑞𝑛 ; 𝑥 . 

 𝑖𝑣  𝑥𝐷𝑞𝑛
𝜑𝑛 ,𝑚 𝑞𝑛  ; 𝑥 =   𝑘 + 𝑝 𝑚    𝑘 + 𝑝 −  𝑛 𝑥 𝑆𝑛 ,𝑘+𝑝 𝑞𝑛  ; 𝑥 

∞

𝑘=0

 

𝑥𝐷𝑞𝑛
𝜑𝑛 ,𝑚 𝑞𝑛  ; 𝑥 =   𝑘 + 𝑝 𝑚+1 𝑆𝑛 ,𝑘+𝑝 𝑞𝑛  ; 𝑥 

∞

𝑘=0

 

− 𝑛 𝑥   𝑘 + 𝑝 𝑚  𝑆𝑛 ,𝑘+𝑝 𝑞𝑛  ; 𝑥 

∞

𝑘=0

 

     𝜑𝑛 ,𝑚+1 𝑞𝑛  ; 𝑥  

= 𝑥𝐷𝑞𝑛
𝜑𝑛 ,𝑚 𝑞𝑛  ; 𝑥 +  𝑛 𝑥 𝜑𝑛 ,𝑚 𝑞𝑛  ; 𝑥 . 

To prove (2.3) using the induction on 𝑚, then from (2.2) we get: 

𝜑𝑛 ,1 𝑞𝑛  ; 𝑥 =  𝑛 𝑥, 

𝜑𝑛 ,2 𝑞𝑛  ; 𝑥 =   𝑛 𝑥 2 +  𝑛 𝑥, and   

𝜑𝑛 ,3 𝑞𝑛  ; 𝑥 =   𝑛 𝑥 3 +  2 + 𝑞𝑛   𝑛 𝑥 2 +  𝑛 𝑥. 

Suppose that the relation is true for 𝑚, then we must prove it for 𝑚 + 1. 

By using (2.2) we have: 

𝜑𝑛 ,𝑚+1 𝑞𝑛 ; 𝑥 = 𝑥   𝑚  𝑛 𝑚  𝑥𝑚−1 +    𝑚 − 1 − 𝑗 𝑞𝑛
𝑗

𝑚−1

𝑗 =0

  𝑚 − 1  𝑛 𝑚−1 𝑥𝑚−2

+ 𝑇. 𝐿. 𝑃. (𝑥)  

+ 𝑛 𝑥   𝑛 𝑚  𝑥𝑚 +    𝑚 − 1 − 𝑗 𝑞𝑛
𝑗

𝑚−1

𝑗 =0

  𝑛 𝑚−1 𝑥𝑚−1  

+𝑇. 𝐿. 𝑃. (𝑥) 

=  𝑛 𝑚+1 𝑥𝑚+1 +    𝑚 − 1 − 𝑗 𝑞𝑛
𝑗

𝑚−1

𝑗 =0

+  𝑚   𝑛 𝑚  𝑥𝑚 + 𝑇. 𝐿. 𝑃. (𝑥) 
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=  𝑛 𝑚+1 𝑥𝑚+1 + (𝑚 +  𝑚 − 1 𝑞𝑛 +  𝑚 − 2 𝑞𝑛
2 + ⋯ + 2𝑞𝑛

𝑚−2 + 𝑞𝑛
𝑚−1) 𝑛 𝑚  𝑥𝑚  

+𝑇. 𝐿. 𝑃. (𝑥) 

=  𝑛 𝑚+1 𝑥𝑚+1 +    𝑚 − 𝑗 𝑞𝑛
𝑗

𝑚

𝑗 =0

 × 

 𝑛 𝑚  𝑥𝑚 + 𝑇. 𝐿. 𝑃.  𝑥 . 

To prove  𝑣 ,  𝑣𝑖  and  𝑣𝑖𝑖 ,  put 𝑚 = 0, 1, 2 respectively in (2.2), then we get the proof. 

Now , to proof (𝐼) put 𝑚 = 3 in (2.2) then we get 

𝜑𝑛 ,4 𝑞𝑛 ; 𝑥 =    𝑘 + 𝑝 4 

∞

𝑘=0

 𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥 = 𝑥  3  𝑛 3𝑥2 +  2  2 + 𝑞𝑛  𝑛 2 𝑥 +  𝑛   

+ 𝑛 𝑥  𝑛 3𝑥3 +  2 + 𝑞𝑛  𝑛 2𝑥2 +  𝑛 𝑥  

=  3  𝑛 3𝑥3 +  2  2 + 𝑞𝑛  𝑛 2 𝑥2 +  𝑛 𝑥 +  𝑛 4𝑥4 +  2 + 𝑞𝑛  𝑛 3𝑥3 +  𝑛 2𝑥2 

=  𝑛 4𝑥4 +   3 +  2 + 𝑞𝑛   𝑛 3𝑥3 +   2  2 + 𝑞𝑛 + 1  𝑛 2 𝑥2 +  𝑛 𝑥 

=  𝑛 4𝑥4 +  3 + 2𝑞𝑛 + 𝑞𝑛
2  𝑛 3𝑥3 +  3 + 3𝑞𝑛 + 𝑞𝑛

2  𝑛 2 𝑥2 +  𝑛 𝑥.                ■ 

Lemma 2. For 𝑥 ∈  0, ∞ , the following conditions are holds 

 𝑖  𝐿𝑛 1, 𝑞𝑛 ; 𝑥 = 1; 

 𝑖𝑖  𝐿𝑛 𝑡, 𝑞𝑛 ; 𝑥 =
 𝑛 𝑥 + 𝑞𝑛

𝑛 𝛼 

 𝑛 + 𝛽 
 → 𝑥 𝑎𝑠 𝑛 → ∞; 

 𝑖𝑖𝑖  𝐿𝑛 𝑡2 , 𝑞𝑛 ; 𝑥 =
  𝑛 𝑥 2 +  𝑛 𝑥 + 2𝑞𝑛

𝑛 𝛼  𝑛 𝑥 + 𝑞𝑛
2𝑛  𝛼 2

 𝑛 + 𝛽 2
 → 𝑥2  𝑎𝑠 𝑛 → ∞; 

 𝑖𝑣  𝐿𝑛 𝑡3, 𝑞𝑛 ; 𝑥 

=
1

 𝑛 + 𝛽 3
   𝑛 𝑥 3 +   𝑛 𝑥 2 2 + 𝑞𝑛 + 3𝑞𝑛

𝑛 𝛼  

+  𝑛 𝑥 1 + 3𝑞𝑛
𝑛 𝛼 + 3𝑞𝑛

2𝑛  𝛼 2 + 𝑞𝑛
3𝑛  𝛼 3  → 𝑥3  𝑎𝑠 𝑛 → ∞. 

Proof. By applying Lemma 1 

 𝑖  The proof easily. 

 𝑖𝑖  𝐿𝑛 𝑡, 𝑞𝑛 ; 𝑥 =
1

 𝑛 + 𝛽 
   𝑘 + 𝑝 + 𝛼  

∞

𝑘=0

 𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥  
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=
1

 𝑛 + 𝛽 
    𝑘 + 𝑝  

∞

𝑘=0

 𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥 + 𝑞𝑛 𝛼    

∞

𝑘=0

 𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥   

=
 𝑛 𝑥 + 𝑞𝑛

𝑛 𝛼 

 𝑛 + 𝛽 
 → 𝑥 𝑎𝑠 𝑛 → ∞. 

 𝑖𝑖𝑖  𝐿𝑛 𝑡2 , 𝑞𝑛 ; 𝑥 =
1

 𝑛 + 𝛽 2
   𝑘 + 𝑝 + 𝛼 2 

∞

𝑘=0

 𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥  

=
1

 𝑛 + 𝛽 2
    

∞

𝑘=0

 𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥    𝑘 + 𝑝 2 + 2𝑞𝑛
𝑛 𝛼  𝑘 + 𝑝 + 𝑞𝑛

2𝑛 𝛼 2   

=
1

 𝑛 + 𝛽 2
   𝑛 𝑥 2 +  𝑛 𝑥 + 2𝑞𝑛

𝑛  𝛼  𝑛 𝑥 + 𝑞𝑛
2𝑛 𝛼 2  

=
  𝑛 𝑥 2 +  𝑛 𝑥 + 2𝑞𝑛

𝑛 𝛼  𝑛 𝑥 + 𝑞𝑛
2𝑛 𝛼 2

 𝑛 + 𝛽 2
 → 𝑥2  𝑎𝑠 𝑛 → ∞. 

 𝑖𝑣  𝐿𝑛 𝑡3, 𝑞𝑛 ; 𝑥 =
1

 𝑛 + 𝛽 3
   𝑘 + 𝑝 + 𝛼 3 

∞

𝑘=0

 𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥  

=
1

 𝑛 + 𝛽 3
    

∞

𝑘=0

 𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥    𝑘 + 𝑝 3 + 3𝑞𝑛
𝑛 𝛼  𝑘 + 𝑝 2 + 3𝑞𝑛

2𝑛 𝛼 2 𝑘 + 𝑝 

+ 𝑞𝑛
3𝑛 𝛼 3   

=
1

 𝑛 + 𝛽 3
×    𝑛 𝑥 3 +   𝑛 𝑥 2 2 + 𝑞𝑛 + 3𝑞𝑛

𝑛 𝛼  +  𝑛 𝑥 1 + 3𝑞𝑛
𝑛 𝛼 + 3𝑞𝑛

2𝑛  𝛼 2 

+ 𝑞𝑛
3𝑛 𝛼 3 → 𝑥3  𝑎𝑠 𝑛 → ∞.                 ■ 

Theorem 1. Suppose that 𝑓 ∈ 𝐶ℎ  0, ∞ , for some ℎ > 0 and 𝑓 exists at a point 𝑥 ∈  0, ∞ , 

then  

lim
𝑛→∞

𝐿𝑛 𝑓, 𝑞𝑛 ; 𝑥 = 𝑓 𝑥 .                      (2.4) 

Further, if 𝑓 exist and is continuous on  𝑎 − 𝜂, 𝑏 + 𝜂 ⊂  0, ∞ , 𝜂 > 0, then (2.4) holds 

uniformly on  𝑎, 𝑏 . 

Proof. By using  Lemma 2, the proof of above theorem is holds.                         ■ 

3. The q-moment of the operators 𝑳𝒏 𝒇, 𝒒𝒏; 𝒙 . 

In this section we defined the m-th order q-moment for the operators 𝐿𝑛 𝑓, 𝑞𝑛 ; 𝑥  

which is denoted  by 𝐸𝑛 ,𝑚 (𝑥). 
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Definition 2. For 𝑚 ∈ 𝑁0 , the m-th order q- moment 𝐸𝑛 ,𝑚 𝑞𝑛 ; 𝑥  for the operator 𝐿𝑛 𝑓, 𝑞𝑛 ; 𝑥  

is defined as: 

𝐸𝑛 ,𝑚 𝑞𝑛 ; 𝑥 = 𝐿𝑛  𝑡 − 𝑥 𝑞𝑛
𝑚 , 𝑞𝑛 ; 𝑥 =  𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥   

 𝑘 + 𝑝 + 𝛼 

 𝑛 + 𝛽 
− 𝑥 

𝑞

𝑚∞

𝑘=0

. 

Lemma 3. For the function 𝐸𝑛 ,𝑚 𝑞; 𝑥 , we have: 

 𝑖  𝐸𝑛 ,0 𝑞𝑛 ; 𝑥 = 1; 

 𝑖𝑖  𝐸𝑛 ,1 𝑞𝑛 ; 𝑥 =
𝑞𝑛

𝑛  𝛼 − 𝑥 𝛽  

 𝑛 + 𝛽 
; 

 𝑖𝑖𝑖  𝐸𝑛 ,2 𝑞𝑛 ; 𝑥 

=
1

 𝑛 + 𝛽 2

×   𝑛 𝑥 1 + 𝑞𝑛
𝑛 𝛼  1 − 𝑞 − 𝑥𝑞𝑛

𝑛 𝛽  2  + 𝑞𝑛
2𝑛 1 − 𝑥   𝛼 − 𝑞𝑛𝑥 𝛼    

Proof. By direct computation, we can easily prove  𝑖 . 

 𝑖𝑖 𝐸𝑛 ,1 𝑞𝑛 ; 𝑥 = 𝐿𝑛 𝑡, 𝑞𝑛 ; 𝑥 − 𝑥𝐿𝑛 1, 𝑞𝑛 ; 𝑥 =
 𝑛 𝑥 + 𝑞𝑛

𝑛  𝛼 

 𝑛 + 𝛽 
− 𝑥 =

𝑞𝑛
𝑛  𝛼 − 𝑥 𝛽  

 𝑛 + 𝛽 
. 

 𝑖𝑖𝑖  𝐸𝑛 ,2 𝑞𝑛 ; 𝑥 = 𝐿𝑛  𝑡 − 𝑥 𝑞𝑛
2 , 𝑞𝑛 ; 𝑥 

= 𝐿𝑛 𝑡2 , 𝑞𝑛 ; 𝑥 −  2 𝑥𝐿𝑛 𝑡, 𝑞𝑛 ; 𝑥 + 𝑞𝑛  𝑥2𝐿𝑛 1, 𝑞𝑛 ; 𝑥  

=
  𝑛 𝑥 2 +  𝑛 𝑥 + 2𝑞𝑛

𝑛 𝛼  𝑛 𝑥 + 𝑞𝑛
2𝑛 𝛼 2

 𝑛 + 𝛽 2
 −  2 𝑥  

 𝑛 𝑥 + 𝑞𝑛
𝑛  𝛼 

 𝑛 + 𝛽 
 + 𝑞𝑛  𝑥2 

=
1

 𝑛 + 𝛽 2
×   𝑛 𝑥 1 + 𝑞𝑛

𝑛 𝛼  1 − 𝑞𝑛 − 𝑥𝑞𝑛
𝑛 𝛽  2  

+ 𝑞𝑛
2𝑛 1 − 𝑥   𝛼 − 𝑞𝑛𝑥 𝛼   .                         ■ 

4. The recurrence relation for the q-moments of the operators 𝑳𝒏 𝒇, 𝒒𝒏; 𝒙 . 

In this section we give some lemmas  which help us to prove Voronovskaja-type asymptotic 

formula for the operators 𝐿𝑛 𝑓, 𝑞𝑛 ; 𝑥 . 

Lemma 4. For 𝑚 ∈ 𝑁0; 

 𝑛 + 𝛽 𝐸𝑛 ,𝑚+1 𝑞𝑛 ; 𝑥 

= 𝑥𝐷𝑞𝑛
𝐸𝑛 ,𝑚 𝑞𝑛 ; 𝑥 + 𝑞𝑛  𝛼 − 𝑥 𝛽  𝐸𝑛 ,𝑚  𝑞𝑛 ; 𝑥 +  𝑚 𝑥𝐸𝑛 ,𝑚−1 𝑞𝑛 ; 𝑞𝑛𝑥 

+  𝑛 + 𝛽 𝑥 1 − 𝑞𝑛
𝑚  𝐸𝑛 ,𝑚 𝑞𝑛 ; 𝑥 .        (4.1) 
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Further more 

a. 𝐸𝑛 ,𝑚 𝑞𝑛 ; 𝑥  is a polynomial in 𝑥 of degree ≤ 𝑚, whenever 𝑛 is sufficiently large. 

b. For every  𝑥 ∈  0, ∞ ,   𝐸𝑛 ,𝑚 𝑞𝑛 ; 𝑥 = 𝑂   𝑛 − 
𝑚 +1

2
  , 

where  𝑐  is an integer part of 𝑐 ≥ 0. 

Proof. 

𝐸𝑛 ,𝑚 𝑞𝑛 ; 𝑥 = 𝐿𝑛  𝑡 − 𝑥 𝑞𝑛
𝑚 , 𝑞𝑛 ; 𝑥 =  𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥   

 𝑘 + 𝑝 + 𝛼 

 𝑛 + 𝛽 
− 𝑥 

𝑞𝑛

𝑚∞

𝑘=0

. 

𝐷𝑞𝑛
𝐸𝑛 ,𝑚 𝑞𝑛 ; 𝑥 

=    
 𝑘 + 𝑝 + 𝛼 

 𝑛 + 𝛽 
− 𝑥 

𝑞𝑛

𝑚

𝐷𝑞𝑛

∞

𝑘=0

𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥 

−  𝑚    
 𝑘 + 𝑝 + 𝛼 

 𝑛 + 𝛽 
− 𝑞𝑛𝑥 

𝑞𝑛

𝑚−1∞

𝑘=0

𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑞𝑛𝑥  

𝑥𝐷𝑞𝑛
𝐸𝑛 ,𝑚 𝑞𝑛 ; 𝑥 

=    
 𝑘 + 𝑝 + 𝛼 

 𝑛 + 𝛽 
− 𝑥 

𝑞𝑛

𝑚∞

𝑘=0

  𝑘 + 𝑝 −  𝑛 𝑥  𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥 

−  𝑚 𝑥𝐸𝑛 ,𝑚−1 𝑞𝑛 ; 𝑞𝑛𝑥  

 

=  𝑛 + 𝛽   𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥   
 𝑘 + 𝑝 + 𝛼 

 𝑛 + 𝛽 
− 𝑥 

𝑞𝑛

𝑚∞

𝑘=0

 
 𝑘 + 𝑝 + 𝛼 

 𝑛 + 𝛽 
− 𝑥𝑞𝑛

𝑚 + 𝑥𝑞𝑛
𝑚 − 𝑥

−
𝑞𝑛  𝛼 − 𝑥 𝛽  

 𝑛 + 𝛽 
 −  𝑚 𝑥𝐸𝑛 ,𝑚−1 𝑞𝑛 ; 𝑞𝑛𝑥  

=  𝑛 + 𝛽 𝐸𝑛 ,𝑚+1 𝑞𝑛 ; 𝑥 −  𝑛 + 𝛽 𝑥 1 − 𝑞𝑛
𝑚 𝐸𝑛 ,𝑚 𝑞𝑛 ; 𝑥 − 𝑞𝑛  𝛼 − 𝑥 𝛽  𝐸𝑛 ,𝑚 𝑞𝑛 ; 𝑥 

−  𝑚 𝑥𝐸𝑛 ,𝑚−1 𝑞𝑛 ; 𝑞𝑛𝑥  

 𝑛 + 𝛽 𝐸𝑛 ,𝑚+1 𝑞𝑛 ; 𝑥 

= 𝑥𝐷𝑞𝑛
𝐸𝑛 ,𝑚 𝑞𝑛 ; 𝑥 + 𝑞𝑛  𝛼 − 𝑥 𝛽  𝐸𝑛 ,𝑚 𝑞𝑛 ; 𝑥 +  𝑚 𝑥𝐸𝑛 ,𝑚−1 𝑞𝑛 ; 𝑞𝑛𝑥 

+  𝑛 + 𝛽 𝑥 1 − 𝑞𝑛
𝑚  𝐸𝑛 ,𝑚  𝑞𝑛 ; 𝑥 . 

Now, the consequence  𝑎  can be prove easily by using (4.1) and the induction on 𝑚. So the 

details are omitted. 

Now, the proof of  𝑏  is doing by using the induction on 𝑚. So, we get: 

The consequence, is true for 𝑚 = 1. 
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Now, let this consequence be true for 𝑚, we have: 

 𝑛 + 𝛽 𝐸𝑛 ,𝑚+1 𝑞𝑛 ; 𝑥 = 𝑂   𝑛 − 
𝑚 +1

2
  + 𝑂   𝑛 − 

𝑚 +1

2
  + 𝑂   𝑛 − 

𝑚

2
    

= 𝑂   𝑛 − 
𝑚+1

2
  + 𝑂   𝑛 − 

𝑚
2

   

=  
𝑂   𝑛 − 

𝑚+1
2

   𝑖𝑓 𝑚 𝑖𝑠 𝑜𝑑𝑑 ;

𝑂   𝑛 − 
𝑚
2

   𝑖𝑓 𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛 .

  

Then𝐸𝑛 ,𝑚+1 𝑞𝑛 ; 𝑥 =  
𝑂   𝑛 − 

𝑚+3
2

   𝑖𝑓 𝑚 𝑖𝑠 𝑜𝑑𝑑

𝑂   𝑛 − 
𝑚+2

2
   𝑖𝑓 𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛

  

𝐸𝑛 ,𝑚+1 𝑞𝑛 ; 𝑥 = 𝑂   𝑛 − 
𝑚 +1

2
  , so the result is true for 𝑚 + 1. 

Hence, 𝐸𝑛 ,𝑚+1 𝑞𝑛 ; 𝑥 = 𝑂   𝑛 − 
𝑚 +1

2
   for every 𝑥 ∈  0, ∞ .                                       ■                                               

Lemma 5. Let 𝛿 and 𝛼 be any two positive real numbers and  𝑎, 𝑏 ⊂  0, ∞ . Then, for any 

𝑠 > 0 we have: 

sup
𝑥∈ 𝑎 ,𝑏 

   𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥 𝑒𝑞𝑛
ℎ𝑡

 
 𝑘+𝑝+𝛼 
 𝑛+𝛽 

−𝑥 ≥𝛿

  = 𝑂  𝑛 −𝑠 . 

Making use of q-Taylor's expansion, Schwarz inequality for summation and Lemma 4 (b), the 

proof of this Lemma easily follows, hence the details are omitted. 

5. Voronovaskaja-type asymptotic formula for 𝑳𝒏 𝒇, 𝒒; 𝒙 . 

The next theorem is a Voronovaskaja-type asymptotic formula for the operators 𝐿𝑛 𝑓, 𝑞; 𝑥 . 

Theorem 2. Let 𝑓 ∈ 𝐶ℎ [0, ∞) for some 𝛼 > 0. If 𝐷𝑞𝑓, 𝐷𝑞
2𝑓 are exist at a point 𝑥 ∈  0, ∞ , 

then for sufficiently large 𝑛 we have: 

lim
𝑛→∞

 𝑛  𝐿𝑛 𝑓 𝑡 , 𝑞𝑛 ; 𝑥 − 𝑓(𝑥) = 𝑞𝑛  𝛼 − 𝑥 𝛽  𝐷𝑞𝑛
𝑓 𝑥 +  

𝑥

 2 
 𝐷𝑞𝑛

2  𝑓 𝑥               (5.1) 

Proof. By using q-Taylor's expansion [4] of 𝑓, we get: 

𝑓 𝑡 = 𝑓 𝑥 +
𝐷𝑞𝑛

 1 !
𝑓 𝑥   𝑡 − 𝑥 𝑞𝑛

+
𝐷𝑞𝑛

2

 2 !
 𝑓 𝑥  𝑡 − 𝑥 𝑞𝑛

2 + 𝑟 𝑡; 𝑥  𝑡 − 𝑥 𝑞𝑛
2 , 

where 𝑟 𝑡; 𝑥 → 0 𝑎𝑠 𝑡 → 𝑥. 

Then 

𝐿𝑛 𝑓 𝑡 , 𝑞𝑛 ; 𝑥 = 𝑓 𝑥  𝐿𝑛 1, 𝑞𝑛 ; 𝑥 +
𝐷𝑞𝑛

 1 !
𝑓 𝑥  𝐿𝑛  𝑡 − 𝑥 𝑞𝑛

, 𝑞𝑛 ; 𝑥  
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+
𝐷𝑞𝑛

2

 2 !
 𝑓 𝑥  𝐿𝑛  𝑡 − 𝑥 𝑞𝑛

2 , 𝑞𝑛 ; 𝑥 + 𝐿𝑛 𝑟 𝑡; 𝑥  𝑡 − 𝑥 𝑞𝑛
2 , 𝑞𝑛 ; 𝑥  

= 𝑓 𝑥 +
𝐷𝑞𝑛

 1 !
𝑓 𝑥 𝐸𝑛 ,1 𝑞𝑛 ; 𝑥 +

𝐷𝑞𝑛
2

 2 !
 𝑓 𝑥  𝐸𝑛 ,2 𝑞𝑛 ; 𝑥 

+   𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥   
 𝑘 + 𝑝 + 𝛼 

 𝑛 + 𝛽 

∞

𝑘=0

− 𝑥 
𝑞𝑛

2

𝑟  
 𝑘 + 𝑝 + 𝛼 

 𝑛 + 𝛽 
; 𝑥 .                             (5.2) 

Let 

 𝜌 =   𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥   
 𝑘 + 𝑝 + 𝛼 

 𝑛 + 𝛽 
− 𝑥 

𝑞𝑛

2∞

𝑘=0

𝑟  
 𝑘 + 𝑝 + 𝛼 

 𝑛 + 𝛽 
; 𝑥 . 

Since 𝑟 𝑡; 𝑥 → 0 𝑎𝑠 𝑡 → 𝑥, for a given 𝜀 > 0 there exist 𝛿 > 0 such that  𝑟  
 𝑘+𝑝+𝛼 

 𝑛+𝛽 
; 𝑥  <

𝜀, whenever 0 <  
 𝑘+𝑝+𝛼 

 𝑛+𝛽 
− 𝑥 < 𝛿, for  

 𝑘+𝑝+𝛼 

 𝑛+𝛽 
− 𝑥 ≥ 𝛿, there  exists a constant 𝐶 > 0 such 

that   
 𝑘+𝑝+𝛼 

 𝑛+𝛽 
− 𝑥 

𝑞𝑛

2

𝑟  
 𝑘+𝑝+𝛼 

 𝑛+𝛽 
; 𝑥  ≤ 𝐶𝑒𝑞𝑛

ℎ 
 𝑘+𝑝+𝛼 

 𝑛+𝛽 
 
.  

Hence, 

 𝜌 =    𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥  
 𝑘 + 𝑝 + 𝛼 

 𝑛 + 𝛽 
− 𝑥 

𝑞𝑛

2

 
 𝑘+𝑝+𝛼 
 𝑛+𝛽 

−𝑥 <𝛿

𝑟  
 𝑘 + 𝑝 + 𝛼 

 𝑛 + 𝛽 
; 𝑥   

+   𝐶  𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥  𝑒𝑞𝑛
ℎ𝑡

 
 𝑘+𝑝+𝛼 
 𝑛+𝛽 

−𝑥 ≥𝛿

  ≔ 𝜆1 + 𝜆2. 

Now, by using Schwarz inequality for summation, we get: 

𝜆1 ≤ 𝜀    𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥   
 𝑘 + 𝑝 + 𝛼 

 𝑛 + 𝛽 
− 𝑥 

𝑞𝑛

4∞

𝑘=0

 

1
2 

   𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥  

∞

𝑘=0

 

1
2 

. 

Now, by using Lemma 4, and since 𝜀 is arbitrary, hence: 

𝜆1 ≤ 𝜀 𝐸𝑛 ,4(𝑞𝑛 ; 𝑥) 
1

2 = 𝜀𝑂  𝑛 −2 = 𝑜 1   𝑎𝑠 𝑛 → ∞. 

In view of Lemma 5, we have: 

𝜆1 = 𝐶 𝑂  𝑛 −𝑠 = 𝑂  𝑛 −𝑠 . 

Hence:   𝜌 = 𝑜 1   𝑎𝑠 𝑛 → ∞. 
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Then 

lim
𝑛→∞

=   𝑆𝑛 ,𝑘+𝑝 𝑞𝑛 ; 𝑥   
 𝑘 + 𝑝 + 𝛼 

 𝑛 + 𝛽 
− 𝑥 

𝑞𝑛

2∞

𝑘=0

𝑟  
 𝑘 + 𝑝 + 𝛼 

 𝑛 + 𝛽 
; 𝑥 → 0  𝑎𝑠 𝑛 → ∞. 

By applying this result in (5.2), we get: 

lim
𝑛→∞

 𝑛  𝐿𝑛 𝑓 𝑡 , 𝑞𝑛 ; 𝑥 − 𝑓(𝑥) = 𝑞𝑛  𝛼 − 𝑥 𝛽  𝐷𝑞𝑛
𝑓 𝑥 +  

𝑥

 2 
 𝐷𝑞𝑛

2  𝑓 𝑥  

To prove the uniformly assertion, it is sufficient to remark that 𝛿 𝜀  in the above proof can be  

chosen to be independent of 𝑥 ∈  𝑎, 𝑏 ,  and also the other estimates hold uniformly in 

𝑥 ∈  𝑎, 𝑏 . The proof is completed.                                                 ■ 
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