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Abstract 
The purpose of this paper is introduce the concept of fuzzy α-proper mapping in fuzzy  

topological spaces. We give some characterization of fuzzy α-compact mapping and fuzzy 

α-coercive mapping. We study the relation of fuzzy proper mapping, fuzzy α-compact 

mapping and fuzzy α-coercive mapping and we obtained several properties. 

Keywords: Fuzzy topology, Fuzzy α-Proper, fuzzy α-compact 

 الخلاصة
نحن اعطينا بعض مميزات  .  السديد في الفضاءات التبولوجية الضبابيةαالهدف من هذا البحث تقديم مفهوم تطبيق 

 αو درسنا العلاقة بين التطبيق السديد الضبابي و التطبيق .  القاسي الضبابيα الضبابي وتطبيق ص المرصوαتطبيق 
 . القاسي الضبابي وحصلنا على عدة خصائصα الضبابي والتطبيق صالمرصو

1. Introduction and Preliminaries. 
The concept of a fuzzy set and fuzzy set operations were first introduced by Zadeh [9] 

in 1965. Several other authors applied fuzzy sets to various branches of mathematics. One 

of these objects is a topological space. At the first time in 1968, Chang in [2] formulated 

the natural definition of fuzzy topology on a set and investigated how some of the basic 

ideas and theorems of point-set topology behave in generalized setting. Changʼs definition 

on a fuzzy topology is very similar to the general topology by exchange all subsets of a 

universal set by fuzzy subset but this definition is not investigate some properties if we 

comparison with the general topology. For example in ageneral topology, any constant 

mapping is continuous while this idea is not true in Changʼs definition on fuzzy topology. 

One of the very important concepts in fuzzy topology is the concept of mapping. There are 

several types of mapping.The purpose of this paper is to introduced and study the concept 

of fuzzy α-proper mapping in fuzzy setting. Throughout this paper (X, T) (or simply X), we 

shall mean a fuzzy topological space (fts, for short) in Chang’s [2] sense. A fuzzy point [3] 

with support x ∈ X and value r (0< 𝑟 ≤ 1) at x ∈ X will be denoted by xr , and for fuzzy set 

A, xr ∈ A iff r ≤ A(x). Two fuzzy points xr  and ys  are said to be distinct iff their supports 

are distinct. For two fuzzy sets A  and B , we shall write AqB  to mean that A  is quasi-

coincident (q-coincident, for short) with B, i.e., there exists x ∈ X such that A x + B x >
1, and B is said to be q-neighborhood (q-nbd, for short) of xr  if there is a fuzzy open set A 

with xrqA ≤ B, the family of all fuzzy q-nbds of xr  is called the system of fuzzy q-nbds of 

xr  and it is denoted by Nxr

Q
. If A is not q-coincident with B, then we write Aq B. Also, we 

shall write A\B = A⋀Bᶜ[7], to mean the different  between A and B. For a fuzzy set A in an 

fts X, A, A° and Aᶜ = 1X − A denote the fuzzy closure, fuzzy interior and fuzzy complement 

of A, respectively. By 0X  and 1X  we mean the constant fuzzy sets taking on the value 0 and 

1 on X, respectively.  

Definition 1.1 [2]Let X and Y be two non-empty sets, f: X ⟶ Y be a mapping. For a fuzzy 

set B in Y with membership function B(y). Then the inverse image of B under f is the fuzzy 

set f−1(B) in X whose membership function is defined by: 

f−1 B  x = B(f x )  for all  x ∈ X. (i.e., f−1 B =  B ∘ f) 
Conversely, let A be a fuzzy set in X with membership function A(x). The image of A 

under f is the fuzzy set f(A) in Y whose membership function f A (y), y ∈ Y is given by:  
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f A  y =  
sup

z∈f−1(y)
A z ,                           if f−1(y) ≠ ∅

0,                                                       if f−1(y) = ∅

  

for all y ∈ Y, where f−1 y = {x: f x = y}. 

 

Theorem 1.2 [2,8] 

Let X , Y  and Z  be non-empty sets and f: X ⟶ Y , g: Y ⟶ Z  be mappings, then the 

following statements are holds: 

(a) f−1 Bᶜ = (f−1 B )ᶜ, for any fuzzy set B in Y. 

(b) (f(A))ᶜ ≤ f Aᶜ , for any fuzzy set A in X. 

(c) If B1 ≤ B2, then f−1(B1) ≤ f−1(B2), where B1 and B2 are fuzzy sets in Y. 

(d) If A1 ≤ A2, then f(A1) ≤ f(A2), where A1 and A2 are fuzzy sets in X. 

(e) For any fuzzy set A in X: 

(1) A ≤ f−1(f A ); 

(2) A = f−1(f A ), if f is an injective mapping. 

(f) For any fuzzy set B in Y: 

(1) f(f−1 B ) ≤ B;  

(2) f(f−1 B ) = B, if f is a surjective mapping. 

(g) If g ∘ f: X ⟶ Z is the composition mapping between g and f, then: 

(1) (g ∘ f)(A) = g(f(A)), for any fuzzy set A in X. 

(2)  g ∘ f −1(C) = f−1(g−1 C ), for any fuzzy set C in Z. 

(h) f f−1 B ⋀A = B⋀f(A). 

Definition 1.3 [3]An fts X, T  is called fuzzy Hausdorff or fuzzy T2-space if and only if for 

any pair of distinct fuzzy points xr , ys  in X , there exists A ∈ Nxr

Q
, B ∈ Nys

Q
 such that 

A⋀B=0X . 

Definition 1.4 [2] A mapping f  from anyfts  X, T  into anyfts (Y, T)  is called fuzzy 

continuous if and only if the inverse image of each fuzzy open set in Y is a fuzzy open set 

in X. 

Proposition 1.5 [2,6] A composition of fuzzy continuous mappings is fuzzy continuous. 

Proposition 1.6 [5] Let X and Y be ftsʼs, and f: X ⟶ Y be a mapping, then the following 

statements are equivalent: 

(a) f is fuzzy continuous. 

(b) The inverse image of each fuzzy closed set in Y is fuzzy closed in X. 

(c) For each fuzzy set B in Y, f−1(B) ≤ f−1(B). 

(d) For each fuzzy set A in X, f(A) ≤ f(A). 

(e) For each fuzzy set B in Y, f−1(B°) ≤ (f−1 B )°.  

Definition 1.7 [6] A mapping f from an fts (X, T) into an fts (Y, T′) is called fuzzy closed if 

f(A) is fuzzy closed in Y for each fuzzy closed set A in X. 

2. Fuzzy α-Topological Concepts 

In this section, we study and investigate some definitions, examples, remarks and 

propositions fuzzy α-open set 
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Definition 2.1 [4] A fuzzy subset A of an fts X is called fuzzy α-open if A ≤ A°
°
. The 

complement of a fuzzy α-open set is defined to be a fuzzy α-closed set. 

Remark2.2 Every fuzzy open (resp. closed) set of an ftsX is fuzzy α-open (α-closed). 

Proposition 2.3 [4]Let A be a fuzzy set of an fts X, then the following statements are 

equivalent: 

(a) A is a fuzzy α-open set. 

(b) O ≤ A ≤ O
°
, for some fuzzy open set O. 

(c) O ≤ A ≤ O°
s
, for some fuzzy open set O. 

(d) A ≤ A°
s
. 

Proposition 2.4 [4]  Let A be a fuzzy set of an fts X, then the following statements are 

equivalent: 

(a) A is a fuzzy α-closed set. 

(b) A
°
≤ A. 

(c) F° ≤ A ≤ F, for some fuzzy closed set. 

Definition 2.5  A fuzzy set A in an fts X is called a fuzzy α- quasi-neighborhood of a fuzzy 

point xr  if there exists a fuzzy α-open set B in X such that xrqB ≤ A. 

The family of all fuzzy α-q-nbds of xr  is called the system of fuzzy α-q-nbds of xr  and 

it is denoted by Nxr

Qα
. 

Definition 2.6 Let A be a fuzzy set of an fts X, Then the fuzzy α-closure of A, denoted by 

A
α

, is the intersection of all fuzzy α-closed sets in X which containing A.It is evident that A 

is fuzzy α-closed if and only if A
α
= A. 

Proposition 2.7 Let xr  be a fuzzy point in X and A be any fuzzy set in an fts X, then 

xr ∈ A
α

 if and only if BqA for every B ∈ Nys

Qα
.  

Proof: 

⟹Let xr ∈ A
α

 and there exists a fuzzy α-q-nbd B of xr , Bq A. Then there exists a fuzzy α-

open set C ≤ B in X such that xrqC, which implies Cq A and hence A ≤ Cᶜ. Since Cᶜ is a 

fuzzy α-closed set, then A
α
≤ Cᶜ, then xr ∉ A

α
, which is a contradiction. 

⟸Let xr ∉ A
α

= ⋀{B: B is fuzzy α-closed in X, A ≤ B}. Then there exists a fuzzy α-closed 

set A ≤ B such that xr ∉ B. Hence xrqBᶜ, where Bᶜ is a fuzzy α-open set in X and Bᶜq A. 

Then there exists a fuzzy α-q-nbd Bᶜ of xr  with Bᶜq A. Hence the result. 

Definition 2.8 [4] A mapping f from any fts X, T  into any fts (Y, T) is calledfuzzy α- 

closed if f(A) is a fuzzy α- closed set in Y for each fuzzy closed set A in X.  

Proposition 2.9 If f: X ⟶ Y be a fuzzy closed mapping and g: Y ⟶ Z be a fuzzy α-closed 

mapping, then g ∘ f: X ⟶ Z is a fuzzy α- closed mapping. 

Proof : 

Let A be a fuzzy closed subset of X, then f(A) is a fuzzy closed set in Y. But g is a fuzzy 

α- closed mapping, then g(f A ) is a fuzzy α-closed set in Z, hence  g ∘ f (A) is a fuzzy α- 

closed set in Z. Thus g ∘ f: X ⟶ Z is a fuzzy α-closed mapping. 
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Definition 2.10 [4] A mapping f from anyfts X, T  into anyfts(Y, T) is called fuzzy α-

irresolute if f−1(A) is a fuzzy α-open set in X for each fuzzy α-open set A in Y. 

Proposition 2.11Let X and Y be fuzzy spaces, andf: X ⟶ Y be a mapping. Then f is a fuzzy 

α-irresolute mapping if and only if f−1(A) is a fuzzy α-closed set in X, for every fuzzy α-

closed set A in Y. 

Proof: 

Let A be a fuzzy α-closed set in Y. ThenAᶜ = 1 − A is fuzzy α-open in Y, so f−1(Aᶜ) is 

fuzzy α-open in X, i.e., (f−1(A))ᶜ is fuzzy α-open in X. Thusf−1(A) is a fuzzy α-open set in 

X. The proof of the converse is obvious. 

Definition 2.12 [3]A mapping 𝔉: D ⟶FP(X) is called a fuzzy net in X and is denoted by 

{𝒮 n : n ∈ D}, where D is a directed set. If 𝒮 n = xrn
n  for each n ∈ D, where x ∈ X, n ∈ D 

and rn ∈ (0,1], then the fuzzy net 𝔉 is denoted as {xrn
n : n ∈ D} or simply {xrn

n }. 

Definition 2.13[3]A fuzzy net 𝔏 ={yrm
m : m ∈ E} in X is called a fuzzy subnet of a fuzzy net 

𝔉 ={xrn
n : n ∈ D} if and only if  there exists a mapping f: E ⟶ D such that : 

1. 𝔏 = 𝔉 ∘ f, that is, 𝔏i = 𝔉f(i) for each i ∈ E. 

2. For each n ∈ D there exists some m ∈ E such that, if p ∈ E with p ≥ m, then f(p) ≥ n. 

We shall denote a fuzzy subnet of a fuzzy net {xrn
n : n ∈ D} by {xrf(m )

f(m )
: m ∈ E}. 

Definition 2.14 [3] Let (X, T) be an fts and 𝔉 ={xrn
n : n ∈ D} be a fuzzy net in X and A be a 

fuzzy set in X. Then 𝔉 is said to be: 

(a) Q-eventually with A if ∃ m ∈ D, such that xrn
n qA, ∀ n ≥ m. 

(b) Q-frequently with A if ∀ n ∈ D, ∃ m ∈ D, with m ≥ n, such that xrm
m qA. 

Proposition 2.15 [1] Let (X, T) be an fts, xr ∈ FP(X) and A be a fuzzy set in X. Then 

xr ∈ A  if and only if there exists a fuzzy net 𝔉 ={xrn
n : n ∈ D }in A , such that it’s Q -

convergent to xr . 

Definition2.16Let (X, T) be an fts, xr ∈ FP (X) and let 𝔉 = {xrn
n : n ∈ D} be a fuzzy net in X 

and xr ∈FP(X). Then 𝔉 is said to be:  

(a) α-Q-convergent to xr  and xr  is called a α-Q-limit point of 𝔉, denoted by 𝔉
Qα
  xr , if for 

each A ∈ Nxr

Qα
, 𝔉 is Q-eventually with A. 

(b) Has a α-Q-adherent point of a fuzzy net 𝔉, denoted by 𝔉 ∝Qα xr , if for each A ∈ Nxr

Qα
, 𝔉 

is Q-frequently with A. 

Proposition 2.17A fuzzy point xr  is α-Q-adherent point of a fuzzy net {xrn
n ∶ n ∈ D} in an 

fts X if and only if it has a fuzzy subnet which α-Q-convergent to xr . 

Proof : 

⟹ Let xr  be an α-Q-adherent point of the fuzzy net {xrn
n : n ∈ D}. Then for each V ∈ Nxr

Qα
 

there exists xrn
n  such that xrn

n qV. Let E denote the set of all ordered pairs (n, V) with the 

above property, i.e., n ∈ D, V ∈ Nxr

Qα
 and xrn

n qV. Let us define a relation “ ≿” on E given by 

 m, U ≿ (n, V) iff m ≥ n in D and U ≤ V. Then (E,≿) is a directed set and it is easy to see 

that 𝔏: E →FP(X) given by 𝔏 m, U = xrm
m  is a fuzzy subnet of the given fuzzy net. Let V 

be any fuzzy α- q-nbd of xr . Then there is an n ∈ D, such that (n, V) ∈ E and hence xrn
n qV. 
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Now, (m, U) ∈ E and  m, U ≿ (n, V), then 𝔏(m, U) = xrm
m qU and U ≤ V, so xrm

m qV. Hence 

𝔏 is α-Q-convergent to xr .  

⟸ It is obvious. 

Theorem 2.18Let (X, T) be an fts, xr ∈ FP(X) and A be a fuzzy set in X. Then xr ∈ A
α
 if 

and only if there exists a fuzzy net 𝔉 ={xrn
n : n ∈ D}in A, such that itʼs α-Q-convergent to 

xr . 

Proof : 

⟹ Let xr ∈ A
α

, then BqA for each B ∈ Nxr

Qα
. That is, there exists tB ∈ (0,1], such that 

xtB

B ∈ A and xtB

B qB. Let D = Nxr

Qα
.  Then  (D,≽)  is  a  directed  set  under  the  inclusion  

relation so we can define a fuzzy net 𝔉: Nxr

Qα
⟶FP(X) given by 𝔉 = xtB

B , ∀ B ∈ Nxr

Qα
 . Then 

𝔉 is a fuzzy net in A. Now, let P ∈ Nxr

Qα
, such that P ≽ B iff P ≤ B, so there exists xtP

P qP. 

Then xtP

P qB. So 𝔉
Qα
  xr . 

⟸ Let 𝔉 be a fuzzy net in A, such that  𝔉
Qα
  xr. If B ∈ Nxr

Qα
, then xrn

n qB for some n and so 

BqA. Thus by Proposition 2.7, xr ∈ A
α
. 

3. Fuzzy α-Compact Space 
The section contains the definition, properties and theorems about fuzzy compact space 

and we give a new results. 

Definition3.1 [2]A family Ω of fuzzy sets is a cover of a fuzzy set A if and only if A ≤
⋁{Gi: Gi ∈ Ω} and it is called a fuzzy open cover if and only if Ω is a cover of A and each 

member of Ω is a fuzzy open set. A subcover of Ω is a subfamily of Ω which is also a cover 

of A. 

Definition 3.2 Let (X, T) be an fts and A be a fuzzy set in X. Then A is said to be fuzzy 

compact if for every open cover of A has a finite subcover of A. 

Proposition 3.3 The fuzzy continuous image of a fuzzy compact set is fuzzy compact.  

Proof: 

It is clear. 

Proposition3.4 [1] In any ftsX, the intersection of any fuzzy closed set with any fuzzy 

compact set is fuzzy compact. 

Corollary 3.5 [1] A fuzzy closed subset of a fuzzy compact space is fuzzy compact. 

Proposition 3.6 [1] A fuzzy compact subset of a fuzzy T2-space is fuzzy closed. 

Theorem 3.7 [1] An ftsX is fuzzy compact if and only if every fuzzy net in X has aQ-

adherent point. 

Definition 3.8 Let X be an fts. A fuzzy subset V of X is called fuzzy compactly closed if for 

every fuzzy compact set K in X, V⋀K is fuzzy compact. 

Proposition 3.9 Every fuzzy closed subset of an ftsX is fuzzy compactly closed. 
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Proof : 

Let A be a fuzzy closed subset of an fts X and K be a fuzzy compact set in X. Then by 

Proposition 3.4, A⋀K be a fuzzy compact set. Thus A is fuzzy compactly closed. 

Theorem 3.10 Let X be a fuzzy T2-space. A fuzzy subset A of X is fuzzy compactly closed 

if and only if A is fuzzy closed. 

Proof : 

⟹Let A be a fuzzy compactly closed set in X and let xr ∈ A. Then by Proposition 2.15, 

there exists a fuzzy net {xrn
n }n∈D  in A, such that xrn

n
Q
→ xr . Then F ={xrn

n , xr } is a fuzzy 

compact set. Since A is fuzzy compactly closed, then A⋀F is a fuzzy compact set. But X is a 

fuzzy T2 -space, then by Proposition 3.6, A⋀F is a fuzzy closed set. Since xrn
n

Q
→ xr  and 

xrn
n ∈ A⋀F, then by Proposition 2.15, xr ∈ A⋀F. Hence A ≤ A, therefore A is a fuzzy closed 

set. 

⟸By Proposition 3.9. 

Remark 3.11 Not every fuzzy singleton point of an ftsX is fuzzy compact in general. See 

the following example. 

Example 3.12 Consider the ftsT ={0X , 1X , An} on a set X ={ x}, where An = 1 −
1

n
, and  

let the fuzzy point x0.5, then x0.5 ≤ ⋁ An
∞
n=3 , but it has no a finite subcover. 

Definition 3.13 An fts(X, T) is called fuzzy singleton compact space (fuzzy sc-space) if 

every fuzzy singleton point of X is fuzzy compact.  

Definition 3.14A family Ω of fuzzy sets is called a fuzzyα-open cover if Ω is a cover of A 

and each member of Ω is a fuzzy α-open set. A subcover of Ω is a subfamily ofΩ which is 

also a cover of A. 

Definition 3.15 Let (X, T) be an fts and A be a fuzzy set in X. Then A is said to be fuzzy α-

compact if for every α-open cover of A has a finite subcover of A. 

Proposition 3.16 Every fuzzy α-compact space is fuzzy compact. 

Theorem 3.17An fts is fuzzy α-compact if and only if each family of fuzzy α-closed sets 

which has the finite intersection property has a non-empty intersection. 

Proof : 

⟹Let {Aj: j ∈ J} be a family of fuzzy α-closed sets with the finite intersection property. 

Supposed that ⋀ Ajj∈J = 0X . Then ⋁ Aᶜj = 1Xj∈J . Since {Aᶜj: j ∈ J} is a collection of fuzzy 

α-open sets cover of X, then from the α-compactness of X it follows that there exists a finite 

subset F ⊆ J such that  ⋁ Aᶜj = 1Xj∈F . Then ⋀ Ajj∈F = 0X  which gives a contradiction and 

therefore ⋀ Ajj∈J ≠ 0X . 

⟸Let {Aj: j ∈ J} be a collection of fuzzy α-open sets cover of X. Suppose that for every 

finite subset F ⊆ J, we have ⋁ Aj ≠ 1Xj∈F . Then ⋀ Aᶜjj∈F ≠ 0X . Hence {Aᶜj: j ∈ J} satisfies 

the finite intersection property. Then from hypothesis we have ⋀ Aᶜjj∈J ≠ 0X  which implies 

⋁ Ajj∈J ≠ 1X  and this contradicting that {Aj: j ∈ J} is a fuzzy α-open cover of X. Then X is 

fuzzy α-compact.  

Theorem 3.18An ftsX is fuzzy α-compact if and only if every fuzzy net in X has an α-Q-

adherent point. 
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Proof : 

⟹ Let X be a fuzzy α-compact space. If possible, let {𝒮(n): n ∈ D},be a fuzzy net in X 

which has no α-Q-adherent point. For each fuzzy point xr , there is a fuzzy α-q-nbdVxr
 of xr  

and an nVxr
∈ D , such that xrm

m q Vxr
 for all m ∈ D  with m ≥ nVxr

. Let 𝒱  denote the 

collection of all fuzzy α- q-nbd of xrsuch Vxr
, where xr  runs over all fuzzy points in X. 

Now, we will prove that the collection  𝒲 ={1 − Vxr
: Vxr

∈ 𝒱} is a family of fuzzy α-

closed sets in X  possessing finite intersection property. In fact, let 𝒲0 = {  1 −
Vxri

i : i =1,2,….,m} be a finite subfamily of 𝒲. Then there exists k ∈ D, such that k ≥

nV
xri

i
,….,nVx rm

m  and so xrp

p
q Vxri

i  for i =1,2……,m and for all p ≥ k (p ∈ D), i.e., xrp

p
∈ 1 −

⋁ Vxri
i = ⋀ ( 1 − Vxri

i  )m
i=1

m
i=1  for all p ≥ k. Hence ⋀𝒲0 ≠ 0X . Since Xis fuzzy α-compact, 

by Theorem 3.17, there exists a fuzzy point ys  in X, such that ys ∈ ⋀{1 − Vxr
: Vxr

∈ 𝒱}=

1 − ⋁{Vxr
: Vxr

∈ 𝒱}. 

Thus ys ∈ 1 − Vxr
, for all Vxr

∈ 𝒱, and hence in particular, ys ∈ 1 − Vys
i.e., ys q Vys

. But by 

construction, for each fuzzy point xr  there exists a Vxr
∈ 𝒱, such that xrqVxr

, and we arrive 

a contradiction. 

⟸ Let 𝒜 ={Aj : j ∈ J} be a family of fuzzy α-closed sets with finite intersection property. 

Let D ={⋀ Aj : J0 ∈ Jj∈J0
 and J0  is finite}. Then 𝒜 ⊆ D. For each λj ∈ D  let us choose a 

fuzzy point xrλ j

λ j
 and consider the fuzzy net 𝔉 ={xrλ j

λ j
:λj ∈ D } with the directed set (D,≽), 

where for λ1 , λ2  ∈ D, λ1 ≽ λ2 iff λ1 ≤ λ2. By hypothesis, 𝔉  has an α-Q-adherente point xr . 

Let B ∈ Nxr

Qα
 and Aj ∈ 𝒜. Since Aj ∈ D, there is λ ∈ D with λ ≽ Aj  ( that is λ ≤ Aj ) such 

that xλqB. As xλ ≤ λ ≤ Aj  and hence AjqB. Thus xr ∈ Aj

α
= Aj , for j ∈ J0 and so ⋀ Aj ≠j∈J

0X . Hence by Theorem 3.17, X is fuzzy α-compact. 

Proposition 3.19An ftsX is fuzzy α-compact if and only if each fuzzy net in X has anα-Q-

convergent fuzzy subnet. 

Proof : 

It follows from Theorem 3.18 and Proposition 2.17. 

Proposition3.20 In any ftsX, the intersection of any fuzzy α-closed set with any fuzzy α- 

compact set is fuzzy α-compact. 

Proof : 

Let A  be a fuzzy α-closed set and B  be a fuzzy α-compact set in X . Suppose that  

{xrn
n }n∈D  be a fuzzy net in A⋀B, then {xrn

n }n∈D  in A and B. Since B is fuzzy α-compact, then 

by Proposition 3.19, {xrn
n }n∈D  has an α-Q-convergent fuzzy subnet. Since A is a fuzzy α-

closed set in X, then xr ∈ A
α

= A, therefore {xrn
n }n∈D  be a fuzzy net in A⋀B which has an 

α-Q-convergent fuzzy subnet, hence A⋀B is fuzzy α-compact. 

Corollary3.21A fuzzy α-closed subset of a fuzzy α- compact space is fuzzy α-compact. 

Proof : 

Let A be a fuzzy α-closed set in a fuzzy α-compact space X. Since A⋀1X = A, then by 

Proposition 3.20, A is a fuzzy α-compact set in X. 

Proposition 3.22Let X be a fuzzy α-compact and fuzzy T2-space and A be a fuzzy set in X. 

Then A is fuzzy compact if and only if A is fuzzy α-compact. 
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Proof : 

⟹ Let A be a fuzzy compact set in X. Since X is a fuzzy T2-space, then by Proposition 3.6, 

A is a fuzzy closed set in X, and then itʼs a fuzzy α-closed set in X. Since X is a fuzzy α-

compact space, then by Corollary 3.21, A is a fuzzy α-compact set in X. 

⟸ By Proposition 3.16. 

Proposition 3.23 Let f:  X, T ⟶ (Y, T′) be a mapping.If f is fuzzy α-irresolute, then an 

image f(A) of any fuzzy α-compact set A in X is a fuzzy α-compact subset of Y. 

Proof : 

Let Ω ={Gj: j ∈ J} be a family of fuzzy α-open set cover of f(A). Since f is fuzzy α- 

irresolute, then {f−1 Gj : j ∈ J} is a fuzzy α-open cover of A. Since A is a fuzzy α-compact 

set in X, there is a finite subfamily {f−1 Gj : j =1,2,…., n}, such that A ≤ ⋁ f−1(Gj)
n
j∈J  

which implies A ≤ f−1(⋁ Gj)
n
j∈J  and then f(A) ≤ f( f−1  (⋁ Gj)

n
j∈J  ) ≤ ⋁ Gj

n
j∈J . Therefore f(A) 

is a fuzzy α-compact set in Y. 

4. Fuzzy α-Compact Mapping 
This section will contain the concept of fuzzy α-compact mapping and we give new 

results. 

Definition 4.1 Let X and Y be ftsʼs. We say that the mapping f: X ⟶ Y is fuzzy compact if 

the inverse image of each fuzzy compact set in Y, is a fuzzy compact set in X. 

Definition 4.2 Let X and Y be ftsʼs. A mapping f: X ⟶ Y is called fuzzy α-compact if the 

inverse image of each fuzzy α-compact set in  Y, is a fuzzy compact set in X. 

Remark 4.3Every fuzzy compact mapping is fuzzy α-compact. 

Proposition 4.4 Let X and Y be ftsʼs, such that Y is a fuzzy α-compact and fuzzy T2-space. 

A mapping f: X ⟶ Y is fuzzy compact if and only if it is fuzzy α-compact. 

Proof : 

⟹ By Remark 4.3. 

⟸ Let A be a fuzzy compact set in Y. Since Y is a fuzzy α-compact and fuzzy T2-space, 

then by Proposition 3.22, A is a fuzzy α-compact set in Y, then f−1(A) is a fuzzy compact 

set in X. Hence f is a fuzzy compact mapping. 

Proposition 4.5 Let X, Y and Z be ftsʼs, and f: X ⟶ Y, g: Y ⟶ Z be mappings. Then: 

(a) If f is fuzzy compact and gis fuzzy α-compact, then g ∘ f is a fuzzy α-compact mapping. 

(b) If g ∘ f is fuzzy α-compact, f is onto and fuzzy continuous, then g is fuzzy α-compact. 

(c) If g ∘ f is fuzzy α-compact, g is one to one and fuzzy α-irresolute, then f is fuzzy α-

compact. 

Proof : 

(a) Let A be a fuzzy α-compact set in Z, then g−1(A) is a fuzzy compact set in Y, and so 

f−1 g−1 A  =  g ∘ f −1(A) is a fuzzy compact set in X. Hence g ∘ f: X ⟶ Z is a fuzzyα-

compact mapping. 

(b) Let A be a fuzzy α-compact set in Z, then  g ∘ f −1(A) is a fuzzy compact set in X and 

then (f g ∘ f −1) A  is a fuzzy compact set in Y . Now, since f  is onto, then  f g ∘
f −1  A = g−1 A , hence g−1(A) is a fuzzy compact set in Y. Therefore g is a fuzzy α-

compact mapping. 
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(c) Let A be a fuzzy α-compact set in Y, then by Proposition 3.23, g(A) is a fuzzy α-

compact set in Z, thus  g ∘ f −1(g(A)) is a fuzzy compact set in X. Since g is one to one, 

then g ∘ f −1 g A  = f−1(A), hence f−1(A) is a fuzzy compact set in X. Thus f is a fuzzy 

α-compact mapping. 

5. Fuzzy α-Coercive Mapping 
This section will contain the definition of a fuzzy α-coercive mapping and the relation 

between fuzzy α-compact mapping and fuzzy α-coercive mapping. 

Definition 5.1 Let X and Y be ftsʼs. A mapping f: X ⟶ Y is called fuzzy coercive if for 

every fuzzy compact set B in Y, there exists a fuzzy compact set A in X such that f 1X \A ≤
(1Y\B). 

Definition 5.2 Let X and Y be ftsʼs. A mapping f: X ⟶ Y is called fuzzy α-coercive if for 

every fuzzy α-compact set B in Y, there exists a fuzzy compact set A in X such thatf 1X \
A ≤ (1Y\B). 

Example 5.3 If X is a fuzzy compact space, then the mapping f: X ⟶ Y is fuzzy α-coercive. 

Let B be a fuzzy α-compact set in Y. Since X is fuzzy compact andf 1X \1X = f 0X =
0Y ≤ (1Y\B), then f is a fuzzy α-coercive mapping. 

Proposition 5.4Let f: X ⟶ Y be a fuzzy coercive mapping and g: Y ⟶ Z be a fuzzy α-

coercive mapping, then g ∘ f: X ⟶ Z is a fuzzy α-coercive mapping. 

Proof : 

Let C be a fuzzy α-compact set in Z. Since g is a fuzzy α-coercive mapping, then there 

exists a fuzzy compact set B in Y, such that g 1Y\B ≤ 1Z\C. Since f is a fuzzy coercive 

mapping, then there exists a fuzzy compact set A in X, such that f 1X \A ≤ (1Y\B), then 

g f 1X \A  ≤ g 1Y\B ≤ 1Z\C , hence  g ∘ f  1X \A ≤ 1Z\C . Thus g ∘ f  is a fuzzy α-

coercive mapping. 

Proposition 5.5 Every fuzzy coercive mapping is fuzzy α-coercive. 

Proof : 

Let f: X ⟶ Y be a fuzzy coercive mapping, and B be a fuzzy α-compact set in Y, so it is 

a fuzzy compact set, since f is fuzzy coercive, then there exists a fuzzy compact set A in X, 

such thatf 1X \A ≤ 1Y \B. Hence f is a fuzzy α-coercive mapping. 

Proposition 5.6Let X and Y be ftsʼs, such that Y is a fuzzy α-compact and fuzzy T2-space. 

Then f: X ⟶ Y is a fuzzy coercive mapping if and only if it is fuzzy α-coercive. 

Proof : 

⟹ By Proposition 5.5. 

⟸ Let B be a fuzzy compact set in Y. Since Y is a fuzzy α-compact and fuzzy T2-space, 

then by Proposition 3.22, B is a fuzzy α-compact set in Y, since f is a fuzzy α-coercive 

mapping, then there exists a fuzzy compact set A in X, such that f 1X \A ≤ 1Y\B. Hence f 
is a fuzzy coercive mapping. 

Proposition 5.7  Every fuzzy α-compact mapping is fuzzy α-coercive. 

Proof : 

Let f: X ⟶ Y be a fuzzy α-compact mapping. To prove that f  is a fuzzy α-coercive 

mapping. Let B be a fuzzy α-compact set in Y. Since f is fuzzy α-compact, then f−1(B) is a 
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fuzzy compact set in X. Thus f 1X \f−1(B) ≤ 1Y \B. Hence f: X ⟶ Y is a fuzzy α-coercive 

mapping. 

Proposition 5.8 Let X and Y be ftsʼs, such that Y is a fuzzy T2-space, and f: X ⟶ Y be a 

fuzzy continuous mapping. Then f is fuzzy α-compact if and only if f is fuzzy α-coercive 

mapping. 

Proof : 

⟹ By Proposition 5.7. 

⟸ Let B be a fuzzy α-compact set in Y, so it is fuzzy compact. To prove that f−1(B) is a 

fuzzy compact set in X. Since Y is a fuzzy T2-space and f is a fuzzy continuous mapping, 

then by Proposition 3.6 and Proposition 1.6, f−1(B) is a fuzzy closed set in X. Since f is a 

fuzzy α-coercive mapping, then there exists a fuzzy compact set A in X, such that f 1X \
A ≤ 1Y \B. Then f(Aᶜ) ≤ Bᶜ, therefore f−1(B) ≤ A, then by Corollary 3.5, f−1(B)  is a 

fuzzy compact set in X. Hence f is a fuzzy α-compact mapping. 

6. Fuzzy α-Proper Mapping 
This section will contain the definition of fuzzy α-proper mapping and addition to 

studying relation among fuzzy α-proper mapping, fuzzy α-compact mapping and fuzzy α-

coercive mapping. 

Definition 6.1 Let X and Ybe ftsʼs. A fuzzy continuous mapping f: X ⟶ Y iscalled fuzzy 

proper if: 

1. f is fuzzy closed. 

2. f−1({yr}) is fuzzy compact, for each yr ∈ FP(Y). 

Definition 6.2 Let X and Ybe ftsʼs. A fuzzy continuous mapping f: X ⟶ Y iscalled fuzzy α-

proper if: 

1. f is fuzzy α-closed. 

2. f−1({yr}) is fuzzy compact, for each yr ∈ FP(Y). 

Remark 6.3 Every fuzzy proper mapping is fuzzy α-proper. 

The converse of Remark 6.3, need not be true as the following example. 

Example 6.4 Let X ={a, b} and Y ={x, y, z} be sets, and T ={0X ,1X ,{a0.3},{b0.5},{a0.3, 

b0.5},{a0.4 , b0.6}} and T′ ={0Y ,1Y ,{x0.6}} be fuzzy topologies on X and Y, respectively. 

Let f: X ⟶ Y be a mapping which is defined by:  f a = y, f b = z. Notice that: 

f−1 0Y = 0X ∈ T, f−1 1Y = 1X ∈ T, f−1({x0.6}) = 0X ∈ T. 

Thus f is a fuzzy continuous mapping. Now, the fuzzy closed sets in X are: 0X ,1X ,{a0.7 , 

b1},{a1, b0.5},{a0.7, b0.5},{a0.6, b0.4}and since: 
f 0X = 0Y is a fuzzy α-closed set in Y. 

f 1X ={y1,z1}is a fuzzy α-closed set in Y. 

f  a0.7 , b1  = {y0.7, z1}is a fuzzy α-closed set in Y. 

f  a1 , b0.5  = {y1 , z0.5}is a fuzzy α-closed set in Y. 

f  a0.7 , b0.5  = {y0.7, z0.5} is a fuzzy α-closed set in Y. 

f  a0.6 , b0.4  = {y0.6, z0.4}is a fuzzy α-closed set in Y. 
Thus f is a fuzzy α-closed mapping. Since X and Y are finite fuzzy spaces, then f−1 {ur}  is 

a fuzzy compact set in X, for all ur ∈FP(Y). Therefore f is a fuzzy α-proper mapping. But f 
is not a fuzzy proper mapping, since 1X  is a fuzzy closed set in X, but f 1X ={y1,z1} is not 

a fuzzy closed set in Y. Hence f is not a fuzzy closed mapping, and then f is not a fuzzy 

proper mapping. 
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Proposition 6.5 Let f: X ⟶ Y be a fuzzy proper mapping and g: Y ⟶ Z be a fuzzy α-proper 

mapping, then g ∘ f: X ⟶ Z is a fuzzy α-proper mapping.  

Proof : 

Since f and g are fuzzy continuous mappings, theng ∘ f is fuzzy continuous. Also, since 

f is a fuzzy  proper mapping, then f is fuzzy closed. Similarly, since g is a fuzzy α-proper 

mapping, then g  is fuzzy α-closed. Thus by Proposition 2.9, g ∘ f  is a fuzzy α-closed 

mapping. Let zr ∈ FP(Z), since g is a fuzzy α-proper mapping, then g−1  zr   is a fuzzy 

compact set in Y , since f  is a fuzzy proper mapping, then f−1 g−1  zr    is a fuzzy 

compact set in X. But g ∘ f)−1  zr   = f−1 g−1  zr   , hence   g ∘ f −1({zr}) is a fuzzy 

compact set in X, then g ∘ f is a fuzzy α-proper mapping.  

Proposition 6.6 Letf: X ⟶ Yand g: Y ⟶ Z  be fuzzy continuous mappings, such that g ∘
f: X ⟶ Z is a fuzzyα-proper mapping. If f is onto, then g is a fuzzy α-proper mapping. 

Proof : 

Let A be a fuzzy closed set in Y, since f is fuzzy continuous, then f−1(A) is a fuzzy 

closed set in X. Since g ∘ f is a fuzzy α-proper mapping, then (g ∘ f )(f−1(A)) is a fuzzy α-

closed set in Z. But f is onto. Thus g is a fuzzy α-closed mapping. Let  zr ∈ FP(Z), since 

g ∘ f  is a fuzzy α-proper mapping, then (g ∘ f)−1  zr  = f−1(g−1  zr  )  is a fuzzy 

compact set in X. Now, since f is fuzzy continuous and onto, then f   f−1 g−1  zr    =

g−1( zr ) is fuzzy compact in Y, for each zr ∈ FP(Z). So g is a fuzzy α-proper mapping.     

Proposition 6.7Let f: X ⟶ Y andg: Y ⟶ Z be mappings, such thatg ∘ f: X ⟶ Z is a fuzzy α-

proper mapping. If f is a fuzzy continuous mapping and g is a one to one and fuzzy α-

irresolute mapping. Then f is a fuzzy α-proper mapping. 

Proof : 

Let A be a fuzzy closed set in X, since g ∘ f is a fuzzy α-proper mapping, then g ∘ f (A) 

is a fuzzy α-closed set in Z, since g is fuzzy α-irresolute, then by Proposition 2.11,g−1 g ∘
f (A) is a fuzzy α-closed set in Y. But g is one to one, then g−1 g ∘ f  A = f(A). Hence 

f(A)  is a fuzzy α-closed set in Y . Thus f  is a fuzzy α-closed mapping. Let yr ∈  FP 

(Y),g yr = (g y )r = zr ∈ FP (Z). Now, since g ∘ f: X ⟶ Z is fuzzy α-proper and g is a 

one to one mapping, then the fuzzy set (g ∘ f)−1  zr  =  g ∘ f −1 g  yr   =

f−1(g−1(g({yr}) = f−1( yr ) is fuzzy compact in X. Thus the mapping  f: X ⟶ Y is fuzzy 

α-proper.  

Proposition 6.8 If  f: X ⟶ Y is a fuzzy α-proper mapping, then f is a fuzzy α-compact 

mapping. 

 

Proof : 

Let A  be a fuzzy α-compact subset of Y  and let {Vλ}λ∈Λ  be a fuzzy open cover of 

f−1(A) . Put  B = {xr ∈FP  Y : A x = r} . Since f  is a fuzzy α-proper mapping, then 

f−1({xr}) is a fuzzy compact set, ∀ xr ∈ B. 

But f−1(xr) ≤ f−1(A) ≤ ⋁ Vλλ∈Λ , thus there exists λ1 ,λ2 ,…..,λn , such that f−1(xr) ≤
⋁ Vλ i

n
i=1 , let Vλxr

= ⋁ Vλ i

n
i=1 , so for all xr ∈ B, f−1(xr) ≤ Vλxr

. Notice that, for all xr ∈ B, 

f−1(xr)q (1X − Vλxr
) , hence xrq f(1X − Vλxr

) , therefore xr ∈ 1Y − (f(1X − Vλxr
)) , then 

A ≤ ⋁ (xr∈B 1Y − (f(1X − Vλxr
)) ). Since Vλxr

 is a fuzzy open set, then 1X − Vλxr
 is a fuzzy 

closed set, thus f(1X − Vλxr
) is a fuzzy α-closed set, then 1Y − (f(1X − Vλxr

)) is a fuzzy α-

open set. Since A is a fuzzy α-compact set in Y and ⋁ (xr∈B 1Y − (f(1X − Vλxr
)) is a fuzzy 
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α-open cover of A, i.e., A ≤ ⋁ (xr∈B 1Y − (f(1X − Vλxr
)) ), then there existsyr1

1 ,yr2
2 ,…..,yrm

m  

in A, such that: A ≤ ⋁ (1Y − (f(1X − Vλ
y ri

i
)) )m

i=1 , so f−1(A) ≤ ⋁ Vλ
y ri

i

m
i=1 . Therefore f−1(A) 

is a fuzzy compact set in X. Hence the mapping f: X ⟶ Y is a fuzzy α-compact mapping.   

The converse of Proposition 6.8, is not true in general as in the following example. 

Example 6.9 Let X ={a, b} and Y ={x,y} be sets and T ={0X ,1X ,{a0.4},{a0.5, b0.7}} and 

T′ = { 0Y , 1Y ,{ x0.4 }} be fuzzy topologies on X  and Y , respectively. Let f: X → Y  be a 

mapping which is defined by:f a = x, f b = y. 

Since X and Y are finite fuzzy spaces, then f−1(A) is a fuzzy compact set in X, for each 

fuzzy α-compact subset A of Y. Hence f: X ⟶ Y is a fuzzy α-compact mapping. 

Notice that f is a fuzzy continuous mapping. But f is not fuzzy α-closed, since {a0.5,b0.3} is 

a fuzzy closed set in X, but f({a0.5 ,b0.3}) ={x0.5,y0.3} is not a fuzzy α-closed set in Y. 

Hence f: X ⟶ Y is not a fuzzy α-proper mapping.  

Theorem 6.10Let X and Y be ftsʼs, such that Y be a fuzzy T2-space and fuzzy sc-space. If  

f: X ⟶ Y  is a fuzzy continuous mapping. Then f is fuzzy α-proper if and only if  f is fuzzy 

α- compact. 

Proof : 

⟹ By Proposition 6.8. 

⟸Let F be a fuzzy closed subset of X. To prove that f F  is a fuzzy α-closed set in Y, let K 

be a fuzzy α-compact set in Y, then f−1 K  is a fuzzy compact set in X, thus by Proposition 

3.4, F⋀f−1(K) is a fuzzy compact set. Since f is fuzzy continuous , then by Proposition 

3.3, f F⋀f−1 K   is a fuzzy compact set in Y. But f F⋀f−1 K  = f F ⋀K, then f F ⋀K is a 

fuzzy compact set in Y. Therefore f F  is a fuzzy compactly closed set in Y. Since Y is a 

fuzzy   T2-space, then by Theorem 3.10, f(F) is a fuzzy closed set in Y and so it is fuzzy α-

closed. Hence f is a fuzzy α-closed mapping. Let yr ∈ FP (Y), then {yr} is fuzzy α-compact 

in Y . Since f  is a fuzzy α-compact mapping, then f−1( yr )  is fuzzy compact in X . 

Therefore f is a fuzzy α-proper mapping.  

Theorem 6.11 Let X and Y be ftsʼs, such that Y is a fuzzy T2-space and fuzzy sc-space. If 

f: X ⟶ Y  is a fuzzy continuous mapping. Then the following statements are equivalent: 

(a) f is a fuzzy α-coercive mapping.  

(b) f is a fuzzy α-compact mapping.  

(c) f is a fuzzy α-proper mapping. 

Proof : 

(a)⟹(b) By Proposition 5.8.  

(b)⟹(c) By Proposition 6.10.  

(c)⟹(a) Since f is fuzzy α-proper mapping, then by Proposition 6.8, f is a fuzzy α-compact 

mapping, hence by Proposition 5.7, f: X ⟶ Y is a fuzzy α-coercive mapping. 
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