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Abstract: 

    For given positive integers t and d , "Edge-addition problem" can stated as: Given a 

graph G with diameter d and a positive integer 'd ( 'd <d ) to obtain a graph H from G , 

how many edges must be added to G such that the resulting H has diameter of at most 

'd . Let ( , )F t d denoted the minimum diameter of an altered graph obtained by adding 

t  extra edges to a graph with diameter d . And let ( , )p t d (res. cycle) denoted the 

minimum diameter of graph obtained by adding t  extra edges to a path (res. cycle) with 

diameter d . Clearly that ( , ) ( , )F t d p t d .Let ( , )pT P d  denoted the minimum number 

of edges that have to be add to a path of length d in order to obtain a graph of diameter at 

most P . In this paper we find exact value to ( , )p t d , ( , )pT P d for some t and d (res. P

and d ). Also we prove ( , ) ( ', ')C t d C t d  if ( 'd d and 't t ) or ( 'd d and 't t ) .  

Keywords : Diameter , Altered graph , Edge addition  . 

:الملخص  

 d وبقطس G اعداد صحٍحه مىجبه فأن مسئهة اظبفة حبفه ٌمكه ان وعسفهب بمب ٌهً افتسض انبٍبن d و  tافتسض 

d'وٌكه ندٌىب عدد صحٍح مىجب  ( 'd <d  مب هى عدد انحىاف انتً ٌمكه اظبفتهب G مه H نهحصىل عهى بٍبن (

 تسمز انى اقم قطس نهبٍبن الاخس انري وحصم F(t,d)نتكه  . d' نه قطس عهى الاكثس H بحٍث ٌكىن انبٍبن Gانى 

 tتسمز انى اقم قطس نبٍبن وحصم عهٍه بأظبفة  (حهقه ) p(t,d) ونٍكه d مه انحبفبت انى انبٍبن بقطس tعهٍه ببظبفة  

)مه انىاظح ان  . dبقطس  (حهقه(مه انحبفبت انى مسبز  , ) ( , )F t d p t d نٍكه ( , )pT P d ٌسمز انى عدد 

فً هرا انبحث سىجد  . P نهحصىل عهى بٍبن بقطس عهى الاكثس dانحبفبت انري ٌىبغً اظبفتهب انى انمسبز بطىل 

)انقٍمه اندقٍقه انى  , )p t d , ( , )pT P d نبعط قٍم t و d( P و d) .  كرانك وبسهه( , ) ( ', ')C t d C t d اذا كبن 

( 'd d , 't t ) او ( 'd d , 't t ) 

1.  Introduction 

In this note, a graph ( , )G V E  always means a simple undirected (without loops and 

multiple edges)with vertex –set V and edge-set E .( In general, we follow the graph-

theoretic terminology of [2] )G . The distance  ( , )Gd u v between two vertices 

, ( )u v V G is the length ( number of edges)of a shortest path in G joining u and v ; if no 

such path exists , we set ( , )Gd u v  . The diameter ( )D G is the maximum value of

( , )Gd u v taken over all pairs of  vertices , ( )u v V G , thus a graph has finite diameter if 

and only if it is connected. It is well – known that when the underlying topology of an 

interconnection network of a system is modeled by a graph G , the Diameter of  G is an 

important measure for communication efficiency and message delay of the System [13]. 

The edge – addition and deletion problems are well-known [3] . 
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Let ( , )F t d denoted the minimum diameter of an altered graph obtained by adding t 

extra edges to a graph with diameter d . Determining the exact value of  ( , )F t d is fairly 

difficult in general since it has been proved by Schoone , Bodlander  and Van LeuWeen 

[13] . For given integers t ,d and a connected graph G ,constructing an altered graph  'G

of G by adding  t extra  edges toG such 'G has diameter of at most d in NP-complete. 

Thus, the problem of determining sharp upper bounds of ( , )F t d is of interesting. 

Let ( , )p t d (res. ( , )C t d ) denoted the minimum diameter of a graph obtained by adding  

t extra  edges to a path (res.cycle) with diameter d . In [4]Deng and Xu show that 

( , ) ( , )F t d p t d  for any integer t and .d  

For some small t 's and special d 's,the exact value of ( , )p t d have been determined. for 

example, 
1

(1, )
2

d
p d

 
  
 

 for 2d  , 
1

(2, )
3

d
p d

 
  
 

for 3d  ,
2

(3, )
4

d
p d

 
  
 

for

5d  , determined by Schoone  el at [3]. ( , ) 1
1 1

d d
p t d

t t

   
         

for 4,5t   and 

4d  and ( ,(2 1)( 1)) 1 2p t k t k    for any positive integer k  determined by Deng and 

Xu in [4]. In 2006 A.A.Najim and Xu, J. [6] established the best bound for ( , )p t d which 

is 
2 2

( , ) 1
1 1

d d
p t d

t t

    
         

,  for 6t  and 3d  . 

Let ( , )T p d be minimum number of edges that have to be add to a path of length d to 

transform it to a graph of diameter at most p . Schoone in [11] proved that it is NP-

complete to determine the ( , )T p d . Alon [1] determined (2, ) 2T d d    for 273d   and 

in general, ( , ) ( 1) /
2

p
T p d d

 
   

 
. 

The results are: 

1. ( , ) 2P t d  for 4,5t  and 4 1d t   . 

2. ( , ) 4p t d  for 6t    and  3 4d t  ,3 5t  .   

3. ( , ) 2p t d k  for  2t  , 1k    and  ( 1) 5d k t   . 

4. ( , ') ( , )C t d C t d if 'd d . 

5. ( , ) ( ', )C t d C t d if 't t  .  

6. ( , ) 4PT p d      For  7p  and 5( 1)d p   . 

7. ( , ) 1PT p d k m    Where 12p   , 0 3r   and   
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(7,0, 8) 0,1 ............., (1)

(7,1, 5) 0 7 ...............(2)

( , , )

(5,0, 8) 0 3 ................(3)

(5,3,8) 0 4 .................(4)

where k

where k p

m i j

where k

where k

 


    


 
   




 

 

Lemma 2.1 :-
2

( , ) 1 2
1

d
P t d

t

 
    

 for 4,5t  and 4 1d t   . 

proof :- Let 0 1... dp x x x  be an 0( )dx x - path and let G  be an altered  graph  

 

obtained from p  by adding  t extra edges and having  diameter, ( ) ( , )d G p t d  

 

Where 4 1d t   and 4,5t  . 

 

From Deng Z.G.  [4],  we have      1 ( , ) 2P t d  . 

We show that       ( , ) 1p t d  . Suppose that  ( , ) 1p t d  . 

Thus  G   is complete undirected  graph . 

From  lemma A. A. Najim  [8] the number of the extra edges is equal to   
( 1)

2
d

d d
t


  

6t  contradiction    since 4,5t    .  Thus      ( , ) 2p t d   .∎  

Lemma 2.2 :- ( , ) 4p t d    for  6t    and  3 4d t  , 3 5t  .  

 

proof:-  At first  we prove that     ( , ) 4p t d     where     3 4d t  , 3 5t  . 

From  A.A.Najim.  [9] ( , ) 4p t d  where 4t  ,3 1 3 3t d t    and 

 

 From S. A. AL-Bachary [12] ( , ) ( , ')p t d p t d  if 'd d ; then we get ( , ) 4p t d  . 

From A.A.Najim.  [10]
2

( , ) 1
1

d
p t d

t

 
   

,   for   6t  ; we get   

( , ) 4p t d  .So,       ( , ) 4p t d  .∎ 

 

Theorem 2.1:- 

 

( , ) 2p t d k  for  2t  , 1k    and  ( 1) 5d k t   . 

 

proof :- 

Let G  be an altered graph  construct from a single path 0 1... dP x x x   plus t  extra 

edges  

such that the diameter of G  is ( , )p t d . 
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Construction of theorem   2.1                            

Let  ( 1) 5d k t   .   we add t   extra edges: 
                           

1 0 2 3ke x x 
. 

( 1) 5r h k re x x    where 2,3,...,r t and
1 ,

2 3 ,

k if r is even
h

k if r is odd


 

  

Now the end – vertices of these edges divide P into 1t   segments : 

1 0 1( , )kP x x   

2 1 2 3( , )k kP x x   

3 2 3 3 5( , )k kP x x   

( 1) 5 5( , )i i k ikP x x      where 3t   and 4,5,..., 1i t   

                            

It is easy to see that : 

1( ) 1p k    

( ) 2ip k          where  2,3.i   

 

( )ip k  where 4,5,..., 1i t  . 

 

We will prove the distance between any two vertices  x  and y  of  ( )V G  , is less than 

 

or equal  2k  . 

Now  we define  
( 1)

2

t t 
 cycles ,  

( 1)

1 2 2, ,..., :
t t

c c c as
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1
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t i i i i
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C p p e e

C p p e e e
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where 4t  , 
4

( 1)
i

r

q r m


  , 4,5,...,i t ,  
0 4

1 4

if r
m

if r


 
 

 . 

 

10 '

4 1 2 3 1

i q

t i t i i j jC p p e e e e 

          where 5t  , 
4

'
j

r

q r


 , 0,1,..., 4i j  , 4,5,..., 1j t   . 

Their lengths are : 

( ) 2 4i

tC k   where 1,4,5i  . 

( ) 2 5i

tC k   where  2,3i  . 
6( ) 2 3tC k   . 

9( ) 2 5

( ) 2 4

q

t

S q

t

C k

C k









  


  

where , 7,8S  ,
4

( 1)
i

r

q r m


   and 
0 4

1 4

if r
m

if r


 
 

 . 

 

10 '( ) 2 4i q

tC k     where 5t  , 
4

'
j

r

q r


 , 0,1,..., 4i j  , 4,5,..., 1j t   . 

( 1)

2( ) 2 2
i i

tC k


  where  4,5,...,i t . 

 

It is easy to see that any  two  vertices  x  and y  of ( )V G  , are contained  in cycle  

( 1)

2

t t

c


  define above the fact  : 
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( 1) 2 5

max ( ) : 1,2,...,
2 2

Z

t

t t k
d C Z

  
   

 
 

 

2k  . 

 

Means  that ( , ( 1) 5) 2 .p t k t k    . .........(1)  

Now  ,  fromKerjouas[7] we have 

 

( 1) 5 3
( , ( 1) 5

1

k t t
p t k t

t

   
  


 

1
1

1
k

t
  


 

then   ( , ( 1) 5) 2p t k t k    .........(2)  

 

From equations (1)  and (2)  we get 

 

( , ( 1) 5) 2p t k t k     .    ∎ 

 
                          

 

NowLet 0 1( ... )dC x x x  be a cycle of length  d and let ( , )C t d  be a minimum diameter 

of  C after adding t  extra edges . SupposeG isthe new graph after addition . 

 

 

Lemma 2.3 :- ( , ') ( , )C t d C t d        if     'd d . 

proof :-    Let d  and 'd be two positive integer such that  'd d . 

Let ( , )C t d and ( , ')C t d be  minimum diameter of altered graph  G and 'G obtained from  

a single paths 0 1( , ,... )dP x x x  and 0 1 '' ( , ,... )dP x x x respectively plus t -extra edges.  

Then there are , ( )x y V G and ', ' ( ')x y V G  such that 

'

( , ) ( , )
............(1)

( , ') ( ', ')

G

G

C t d d x y

C t d d x y

 


 
 

Suppose that ( , )C t d > ( , ').........(2)C t d  

 

Since ( , ) ( )C t d d G  and ( , ') ( ')C t d d G  

Then    '( , ') ( ', ')GC t d d u v    ,  ', ' ( ')u v V G   

 '( , ') ( , )GC t d d u v      ,  0 1, , ,..., du v x x x   

 '( , ') ( , )GC t d d x y  

  From   (1) and (2)  above we get 

 ( , )Gd x y > ' ( , )Gd x y but this contradiction 
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Then ( , ') ( , )C t d C t d ∎ 

 

 

 

 

 

'G G  

Lemma (2.4) :- ( , ) ( ', )C t d C t d       if    't t  . 

proof :- Let t and  't  be two positive integer such that  't t  

Let ( , )C t d and ( ', )C t d be  minimum diameter of altered graph  G and 'G obtained from 

a  

single path 0 1( , ,... )dP x x x  plus t -extra edges and 't -extra edges respectively. 

This mean ( ) ( ')V G V G there are , ( )x y V G  and ', ' ( ')x y V G   such that 

( , ) ( , )GC t d d x y , and '( ', ) ( ', ')GC t d d x y  

Since  ( , ) ( , )G Gd x y d u v  , , ( )u v V G   

 ( , ) ( ', ')G Gd x y d x y  

Since    ( , ) ( ', ')G Gd x y d x y  

 '( , ) ( ', ')G Gd x y d x y  

Then  ( , ) ( ', )C t d C t d .     ∎ 
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X 

X
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X
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X
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Definition  2.1:-The  regular segment is a sub paths of the path np containing in its 

interior endpoint of an edge in subgraph H of G . 

Lemma 2.5 :- The number of regular segments in any simple graph contains Hamilton 

path np  is 2( ) 1.n    

proof:-  LetG be simple connected graph have Hamilton  path 0 1...n nP x x x . Suppose 

t n  and  1 1 2, ,..., tE e e e is a set of extra edges adding to np . 

      Let  1H E  denoted the subgraph of G induced by the set of edges 1E . And let  

( )V H  be the set of the end points of extra edges. Then 

( ) 2V H t , since each segment is a maximal sub path of  np   and every regular 

segment includes only two vertices from ( )V H .  

Then  the number of  regular segments is ( ) 1V H  .  

Then the  number of  regular segments are 2( ) 1.n   ∎ 

Theorem 2.2 :- ( , ) 1pT P d k m    

where 12p   ,  ( )( )d k m p i r j       ,  0 3r    and 

( , , )m i j 

 
 
 
 

 
 
 

(7,0, 8)           where        0,1k  ........(1)

(7,1, 5)            where       0 7k p   ........(2)

(5,0, 8)           where      0 3k  ........(3)

(5,3,8)              where     0 4k  ........(4)

  

proof :- Let ( )( )d k m p i r j      

from equations (1)  , (3)  and from  A.A.Najim[10]we get 

( , )pT P d 1
d

p

 
  
 

( )( )
1

k m p i r j

p

    
  
 

 

( , )pT P d
( )( )

1
k m p i r j

p

    
  
 

( )
1

i k m r j
k m

p
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8
1

r
k m

p

 
     

 
since 0i   and  8j    

1k m     ;since
8

0
r

p

 
 

 
. So , ( , )pT P d 1k m    

from equations (1)  , (2) , (3)  and from A.A.Najim[10]  we get 

2 ( )( ) 2
( , ) 1 1

2 2
p

d k m p i r j
T P d

p p

        
      

    
 

( )( ) ( ) 2
1

2

k m p i s s k m r j

p

        
  

 
where  

2 , 0

1 , 1

if i
S

if i


 



( ) 2
1

2

s k m r j
k m

p

    
     

 
   .      Since   

( ) 2
0

2

s k m r j

p

    
 

 
 

So     ( , )pT P d  1k m   

from equations (2)  , (4)  and from A.A.Najim [10]  we get 

( , )pT P d 
2

1
1

d

p

 
 

 


( )( ) 2
1

1

k m p i r j

p

     
 

 

 

( , )pT P d
( )( ) ( ) 2

1
1

k m p i s s k m r j

p

        
  

 
where   

0 , 1

2 , 3

if i
S

if i


 

 

 

( ) 2
1

1

s k m r j
k m

p

    
     

 
;   Since   

( ) 2
0

1

s k m r j

p

    
 

 
 

So , ( , )pT P d 1k m    

from equations (4)  and  from  A.A.Najim[10]  we get 

( , )pT P d
7 ( )( ) 7

1 1
3 3

d k m p i r j

p p

        
      

    

7
1

3

r j
k m

p

  
     

 
 

Since   
7

0
3

r j

p

  
 

 
.So      ( , )pT P d  1k m   

From above result we get ( , ) 1pT P d k m   . ∎ 
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Lemma 2.6 :-  ( , ) 4pT P d  For 7p  and 5( 1)d p   . 

proof :-From Kerjouas [7]  we have 

( , )
1

d
p t d

t

 
   

      ,        put     ( , )P p t d  

1

d
P

t

 
   

5( 1)

1

p

t

 
   


5 5

1

p
P

t





 

5
4 4t

P

 
   

 
.      since 7p  .So      ( , ) 4pT P d  . 

From  A.A.Najim[10]  we have 

 

7
( , ) 1

3
p

d
T P d

p

 
  

 

5( 1) 7
1

3

p

p

  
  

 
 

3
( , ) 5 1

3
pT P d

p

 
   

 
 ( , ) 4pT P d  ,since  7p  .Thus          ( , ) 4pT P d  .∎ 
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