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Abstract:

For given positive integerst and d , "Edge-addition problem™ can stated as: Given a
graph G with diameter d and a positive integer d ' (d *'<d ) to obtain a graph H from G,
how many edges must be added to G such that the resulting H has diameter of at most
d'. Let F(t,d)denoted the minimum diameter of an altered graph obtained by adding

t —extra edges to a graph with diameter d . And let p(t,d)(res. cycle) denoted the
minimum diameter of graph obtained by adding t — extra edges to a path (res. cycle) with
diameter d . Clearly that F(t,d)=p(t,d).Let T (P,d) denoted the minimum number
of edges that have to be add to a path of length d in order to obtain a graph of diameter at
most P . In this paper we find exact value to p(t,d), T,(P,d)for some tand d (res. P

and d ). Alsowe prove C(t,d)>C(t'd") if(d >d'andt =t')or (d =d'and t <t ') .
Keywords : Diameter , Altered graph , Edge addition .
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1. Introduction

In this note, a graph G = ,E) always means a simple undirected (without loops and
multiple edges)with vertex —set v and edge-set E .( In general, we follow the graph-
theoretic terminology of [2] )G. The distance  dg (u,v)between two vertices
u,v €V (G)is the length ( number of edges)of a shortest path in G joining u and v ; if no
such path exists , we set d; (u,v)=co. The diameter D (G)is the maximum value of

d. (u,v)taken over all pairs of verticesu,v eV (G), thus a graph has finite diameter if

and only if it is connected. It is well — known that when the underlying topology of an
interconnection network of a system is modeled by a graph G , the Diameter of G is an
important measure for communication efficiency and message delay of the System [13].
The edge — addition and deletion problems are well-known [3] .
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LetF (t,d) denoted the minimum diameter of an altered graph obtained by adding t —
extra edges to a graph with diameter d . Determining the exact value of F(t,d)is fairly
difficult in general since it has been proved by Schoone , Bodlander and Van LeuWeen
[13] . For given integers t ,d and a connected graph G ,constructing an altered graph G
of G by adding t —extra edges toG suchG 'has diameter of at most d in NP-complete.
Thus, the problem of determining sharp upper bounds of F (t,d) is of interesting.

Let p(t,d)(res.C (t,d)) denoted the minimum diameter of a graph obtained by adding

t —extra edges to a path (res.cycle) with diameter d . In [4]Deng and Xu show that
F(t,d)=p(t,d) forany integer t andd.

For some small t 's and special d 's,the exact value of p(t,d)have been determined. for

example, pd)=| 72| for az2, p2d)=| 92 ffor 0 =a.pd) < 41 fo

d >5, determined by Schoone el at [3]. [d——‘s p(t,d)g{d—}tlfort =4,5 and
t+1 t+1

d >4and p(t,(2k —1)(t +1)) +1= 2k for any positive integer k determined by Deng and

Xu in [4]. In 2006 A.A.Najim and Xu, J. [6] established the best bound for p(t,d) \hich

d-2 d-2
: <p(,d)< 1 fort>6andd >3.
'S(t+l—‘ pt.d) L+1—I+ ’ . .

Let T,(p,d) be minimum number of edges that have to be add to a path of length d to
transform it to a graph of diameter at most p . Schoone in [11] proved that it is NP-
complete to determine theT,(p,d) . Alon [1] determined T,(2,d)=d -2 ford =273 and

in general, T,(p,d) <(d +1)/{%J.

The results are:

1.P(t,d)=2fort =4,5and4<d <t +1.
2.p(t,d)=4fort >6 and d =3t +4,3t +5.
3.pt,d)=k +2for t >2, k >1 and d =k (t +1)+5.
4.C(t,d")=C(t,d)ifd'>d.
5Ct.d)=C(t'd)ift <t'.

6.T,(p,d)=4 For p>7andd =5(p 1) .

7.T,(p,d)=k +m -1 Wherep >12 ,0<r <3 and
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(7,0,-8) where k =01 ... ()

(7,1,-5) where 0<k <p-7 .rene. (2)
(m,i,j)=

(5,0,-8) where 0<k <3 ... (3)

(5,3,8) where 0<k <4 ... (4)

Lemma 2.1 :-P(t,d):ﬁ;lz—lﬂzz fort =4,5and4<d <t +1.
+

proof :- Let p =X,X,..X, bean (x,—X,)- path and let G be an altered graph
obtained from p by adding t —extraedges and having diameter, d (G) = p(t,d)

Where4<d <t +1and t =4,5

From Deng Z.G. [4], wehave 1<P(t,d)<2.
We show that p(,d)=1. Suppose that p(t,d)=1.

Thus G is complete undirected graph .
d(d -1)

From lemma A. A. Najim [8] the number of the extra edges is equal to t, >

t > 6contradiction sincet =4,5 . Thus p(t,d)=2 .m
Lemma2.2:- p(t,d)=4 for t>6 and d =3t +4, 3t +5.

proof:- Atfirst we provethat p(t,d)>4 where d =3t+4, 3t+5.
From A.A.Najim. [9] p(t,d)=4wheret > 4,3t +1<d <3t +3and

From S. A. AL-Bachary [12] p(t,d)>p(t,d ) ifd >d'; thenwe getp(t,d)>4.

From A.A.Najim. [1O]p(t,d)£ﬁI _12—I+1, for t>6;we get
+

p(t,d)<4.S0, pt,d)=4.m
Theorem 2.1:-
pt,d)=k +2for t =2 k >1 and d =k (t +1)+5.

proof :-
Let G be an altered graph construct from a single path P =X x,...X, plus t —extra

edges
such that the diameter of G is p(t,d).
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%o Xskes  Xaias Xokss Xg

Construction of theorem 2.1

Let d =k (t +1)+5. weaddt — extra edges:
e1:X0X2k+3.

k +1 ,if r iseven

- wherer =2,3,....,t andh =
er Xth(r+l)+5 r ’3’ ’t {2'( +3 y |f r is Odd

Now the end — vertices of these edges divide P into t +1 segments :
P = (XO’Xk+1)
P, = (Xk+1'X2k+3)

Py = (X o130 X 3y25)
P, = (X k.5 Xiss) Wheret >3 and i =4,5,..,t +1

It is easy to see that :
e(p) =k +1

g(p;)=k+2  where i =2,3.
e(p;)=k where i =4,5,...,t +1.
We will prove the distance between any two vertices x and y of V (G) , is less than

orequal k +2.
t(t+1)

cycles, c',c?,...c 2 as:

Now we define

t(t+1)
2
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Ct1: P, VP, +€
c’=p,Up,+e +e, J
Cts =P, UP;+€,

Ct4 =p,Up,te, +E;+E€,

5
C’=p,up,+e,+e,

Ct6 =p;UpP, +€;

7+q __
C.=p,up,,te +e +e

8
C.M=p,up,,+€_+€

i
N wheret >4, q = r-)m,i=4,5,..,t, m=
Co' =Py P, e, +8 , +€, : ;( ) {

i (i +1)
C. 2 =pup.,+t€_,+¢

o i

CloM =P, UPLy +€,; +€;,; +€, +€,,,wheret >5 q'=> r,i =01..,j -4, =4,5..,t 1.
r=4

Their lengths are :

&(C!)=2k +4wherei =1,4,5.
&(C/!)=2k +5where i =2,3.
£(CP) =2k +3.

eC2)=2k +5 }

i 0 if r=4
where ,S =7,8,=> (r-1)m and m = _
eC) =2k +4 1

r=4

o i
eC""")=2k +4where t =25 q'=>r,i =01..,j—4,j=45..t-1.
r=4
i(i+1)

eC, 2 )=2k +2where i =4,5,...,t.

It is easy to see that any two vertices x and y ofV (G) , are contained in cycle

t(t+1)
¢ 2 define above the fact :
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2y:7 =12 tt+1) }<[2k +5J
; 2= <| =

tpt,kt+)+5)<k+2. ....... @
mKerjouas[7] we have

Kt+1)+5+t-3

1)+5>
t+1

1
+1
kt+1)+5) >k +2......... (2

tions (1) and (2) we get

+5)=k +2 .

NowLet C =(x,X,..X,) be acycle of length d and let C (t,d) be a minimum diameter
of C after adding t —extra edges . SupposeG isthe new graph after addition .

Lemma23:-C(,d")>C(t,d) if d'>d.

proof ;- Let d and d 'be two positive integer such that d '>d .
Let C (t,d)and C (t,d ) be minimum diameter of altered graph G and G 'obtained from

asingle paths P = (X,,X,,..X,) and P'=(X,,X,,..X,.) respectively plus t -extra edges.
Then there are x,y €V (G)and x ',y 'eV (G ") such that

C(t.d)=ds(x,y) }

Ct.d)=ds.(x"y)
Suppose that C (t,d)>C (t,d )......... @)

SinceC(t,d)=d@G) andC(t,d)=dG")

Then C({t,d)>d, (U V) , ¥V uyv'ev@G)
= C@td)=d;uyv) VYV uVve{XyX,..Xg}
= C(t,d)>d..(x,y)

From (1)and (2) above we get

= d; (X,y)>d;.(x,y)but this contradiction
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ThenC(t,d)>C(t,d) m

Lemma (2.4) :-C(t,d)>C(t'd) if t<t’
proof :- Let t and t ' be two positive integer such that t <t

Let C(t,d)and C (t',d)be minimum diameter of altered graph G and G 'obtained from
a

single path P =(X,,X,,..X4) plus t -extra edges andt '-extra edges respectively.
ThismeanV (G) =V (G )thereare x,y €V (G) and x'y'eV (G") such that
C(t,d)=d,(x,y),andC(t"'d)=d;.(x"y")

Since d; (x,y)=d,(U,v) ,Yuyv eV G)

=ds (x,y)2ds (x,y )

Since d;(x,y)=d;(x"y)

=dg (X,y) 2dg.(x "y )

Then C(t,d)>C(t'd). m

Xa Xo
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Definition 2.1:-The regular segment is a sub paths of the path p,containing in its
interior endpoint of an edge in subgraphH of G .

Lemma 2.5 :- The number of regular segments in any simple graph contains Hamilton
path p, is2(e—n)-1.

proof:- LetG be simple connected graph have Hamilton path P, =XX;..X . Suppose
t=c-nand E, = {el,ez,...,et } is a set of extra edges adding to p,, .

Let H = [El] denoted the subgraph of G induced by the set of edges E,. And let
V (H) Dbe the set of the end points of extra edges. Then

|V (H)|£2t, since each segment is a maximal sub path of p,6 and every regular
segment includes only two vertices fromV (H).

Then the number of regular segments is|V (H)|-1.

Then the number of regular segments are 2(¢ —n)—-1. @
Theorem2.2:-T (P,d)=k +m -1

wherep>12, d =(k +m)(p—i)+r+j , 0<r<3 and

( (7,0,-8) where k=01..... @

(7,1,-5) where 0<k <p-7.....(2)

(m,i,j)= 1
(5,0,-8) where 0<k <3...... (©))

L (5,398) where 0<k <4...... 4
proof :- Letd =(k +m)(p—i)+r +j

from equations (1) , (3) and from A.A.Najim[10]we get

T.(P.d) 2_%—‘_1:{& +m)(pp—i)+r+j 1_1

T,(P.d) | & +m)(pp‘i)”” —‘—1:k +m—1+(_i (k +";)+r+jw
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=k +m—1+{rTWsincei =0gand J =-8

=k +m-1 ;since{%—lzo.So T,(P,d)>k +m-1

from equations (1) , (2),(3) and from A.A.Najim[10] we get

Tp(P’d)SLd;ZJ_lzvk +m)(p—i)+r+] —ZJ_l

-2 p—2

:{W+ﬂ0m—i—9+ﬂk+mﬁ4+j—2}4 MMﬂeS:{Z if i=0
p-2 Jf i =1

:k+m_1+|‘s(k+m)+r+1_2J Since \‘S(k+m)+r+j—2J:0
p—2 p_2

So T,(P,d)<k+m-1

from equations (2) , (4) and from A.A.Najim [10] we get

TpG%d)z{Q:%w_lz[“‘”“Xp—i)+r+j—21_1

_._ ._ 0 ’-f
Tp(P,d)z((ker)(p i —s)+s(k +m)+r+ 2}_1 where S:{ i
p-1 -2 | if
:k+m_1+[s(k+m)+r+1—21; Since (s(k+m)+r+1—2—|:0
p-1 p-1

So,T,(P,d) >k +m—1

from equations (4) and from A.A.Najim[10] we get

T (P,d) SLEJ_:L:VI( +m)(p—i)+r+]j _7J_1:k +m—1+{MJ
p 3 p_3 p_3

+] =7
p-3

Since r JzO.So T,(Pd)<k+m-1

From above result we get T (P,d)=k +m-1. g
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Lemma2.6:- T, (P,d)=4Forp>7andd =5(p-1) .

proof :-From Kerjouas [7] we have

p(t,d)z[d—l , put P =p(,d)

t+1

Pz[ d }:[S(p_l)}:pzﬂ
t+1 t+1 t+1

tz4—[§J=4. since p >7.S0 T,(P,d)=4.

From A.A.Najim[10] we have

T (P,d)s{d;?J—lz{—S(p _1)_7J—1
P 3 p-3

Tp(P,d)sS{%J—l:Tp(P,d)s&since p >7.Thus T,(Pd)=4.m
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