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ABSTRACT: 

The main aim of this research is to find the complete solution of some kinds of  linear  

partial differential equations of   third order with constant coefficients  which have the 

general form 

AZxxx+BZyyy+CZxxy+DZxyy+EZxx+FZyy+GZxy+HZx+IZy+JZ=0 

By using the assumption 

e
dyyvdxxuyxZ  )()(),(  

 This assumption will transform the above equation to the non-linear second  order 

ordinary differential equation with two independent  functions  which have the 

general form . 

Note :-  we used u instead of u(x) also v instead of v(y).   
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  :لملخصا
الجزئية الخطية من الرتبة الهذف الرئيسي لهزا البحث هى إيجاد الحل التام لبعض أصناف المعادلات التفاضلية 

الثالثة رات المعاملات الثابتة والتي صيغتها العامة 

 

AZxxx+BZyyy+CZxxy+DZxyy+EZxx+FZyy+GZxy+HZx+IZy+JZ=0   

:-باستخذام الفرضية   

e
dyyvdxxuyxZ  )()(),(  

تحىل المعادلة أعلاه إلى معادلة تفاضلية اعتيادية لا خطية من الرتبة الثانية بذالتين مستقلتين هزه الفرضية سىف 

 والتي صيغتها العامة
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1- INTRODUCTION 

          Many of researches tried to find new methods for solving (P.D.Es).  

The researcher Kudaer [5],2006 studied the linear second order (O.D.Es) ,which have 

the form    0 )( )(  yxQyxPy  

and used the assumption  
dxxZ

xy
 )(

e )(   to find the general solution of it , and  

the  solution depends  on  the  forms  of   P(x) and Q(x) .  

        The researcher Abd Al-Sada [1], 2006 studied the linear second order (P.D.Es) 

with constant coefficients and which have the form  

AZxx+BZxy+CZyy + DZx+EZy+FZ=0 . 

 Where A , B , C , D , E and F are arbitrary constants , and used   

  the assumption     
dyyvdxxu

yxZ
 )(   )(

e ),(   to find the complete solution of 

it, and the solution dependeds on the values of  A , B , C , D , E and F  . 

       The researcher Hani [3],2008, studied the linear second order (P.D.Es) ,which 

have three independent variables , and it s general form 

AZxx+BZxy+CZxt +DZyy+EZyt+FZtt +GZx+HZy+IZt+JZ=0 

Where A,B,C,…,I and J  are arbitrary constants , and used the assumption   

  


dttwdyyvdxxu
etyxZ

)()()(
),,(   

 to find the complete solution of it . The solution depended on the values of 

A,B,C,…,I and J. 

        The researcher Hanon [4] , 2009, studied the linear second order (P.D.Es) , with 

variable coefficients which had the form 

A(x,y)Zxx+B(x,y)Zxy+C(x,y)Zyy+ D(x,y)Zx +E(x,y)Zy +F(x,y)Z=0 

  Where  some of  A(x,y),B(x,y),C(x,y),D (x,y),E(x,y) and F(x,y) , 

are  functions of  x  or  y or both  x and y . To solve this  kind of equations , she used 

the assumptions 

 dy y
yv  dx x

xu

x,yZ

  dy
y

yv
 dxxu

x,y   ,   Z
 dyyv  dx x

xu
x,yZ




 
 



)()(

e)(                           

                      

     and  

)(
  )(

e)(
)()(

e)(

 

 These assumptions  give the complete solution of the above equation  and the 

solution depends on the forms of A(x,y),B(x,y),C(x,y),D(x,y),        E(x,y) and F(x,y) . 

Finally , the researcher Mohsin [6] , 2010 , studied the nonlinear second order 

(P.D.Es) ,of homogeneous degree which have the general form 

   
   
    0,,,,,,,F,,,,,,,E

,,,,,,,D,,,,,,,C

,,,,,,,B,,,,,,,A







ZyyZxyZxxZyZxZZyxyZyyZxyZxxZyZxZZyx

xZyyZxyZxxZyZxZZyxyyZyyZxyZxxZyZxZZyx

xyZyyZxyZxxZyZxZZyxxxZyyZxyZxxZyZxZZyx

 

Where A,B,C,D,E and F are linear functions of dependent variable Z and partial 

derivatives of dependent variable with respect to the independent variables  x  and y , 

by using the following assumptions 


dyyvdxxu

eyxZ
)()(

),(    ,  


dyyvdxx
xu

eyxZ
)()(

),(  
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


dyy

yvdxxu
eyxZ

)()(
),(     and    




dyy
yvdxx

xu

eyxZ

)()(

),(  , 

to find the complete solutions of the above  kind of equations 

In our work  we search functions u(x)and  v(y) , such that the assumption 


dyyvdxxu

eyxZ
)()(

),(   , gives the complete solutions of linear third order 

partial differential equations, which have the general form given by 

AZxxx+BZyyy+CZxxy+DZxyy+EZxx+FZyy+GZxy+HZx+IZy+JZ=0 

and it depends on the values of A,…,I and  J 

This assumption transforms the above (P.D.Es) to the nonlinear second order ordinary 

differential equation with two independent functions u(x) and v(y) .  

2- Solving  Special  Types   of   the   Linear  Third  Order      Partial Differential 

Equations with Constant Coefficients : 

The general form of these equations are given by: 

AZxxx+BZyyy+CZxxy+DZxyy+EZxx+FZyy+GZxy+HZx+IZy+JZ=0 

    To obtaine the complete solution of these equations we classify the above equation  

to the following cases : 

Case (1) : 

CZxxy+ EZxx+FZyy+GZxy=0 ( i.e.  A=B=D=H= … =J=0 ) s.t. C,E,F and G are not 

identically zero . 

Case (2) : 

BZyyy+DZxyy+ EZxx+FZyy+GZxy=0  ( i.e. A=C=H= … =J=0 ) s.t. B,D,E,F and G 

are not identically zero . 

Case (3) : 

DZxyy+ HZx+IZy+JZ=0 . ( i.e. A=B=C= … =G=0 ) s.t. D,H,I and J are not 

identically zero . 

Case (4):  

               AZxxx +DZxyy+HZx+IZy+JZ=0 .( i.e. B=C= … =G=0 ) s.t. A,D,H,I and J are 

not identically zero . 

Case (5):  

CZxxy+ EZxx+FZyy+GZxy +HZx+IZy+JZ=0  ( i.e. A=B=0 ) s.t. C,D, 

E,F,G,H,I and J are not identically zero . 

Case (6):  

AZxxx+CZxxy+DZxyy+ EZxx+FZyy+GZxy + HZx+IZy+JZ =0  ( i.e.  B=0 ) s.t. 

A,C,D,E,F,G,H,I and J are not identically zero . 

 

3. Description of the suggested method : 

       Let us consider the linear third order partial differential equations which have the 

general form 

AZxxx+BZyyy+CZxxy+DZxyy+EZxx+FZyy+GZxy+HZx+IZy+JZ=0         … (1) 

In order to find the complete solution of  equation (1) , we search  two independent 

functions  u(x) and v(y) , such that the assumption 

e
dyyvdxxu

yxZ 
)()(

),(         ,                                                        … (2) 

 given the complete solution of it, this assumption will transform equation (1) to non-

linear second order ordinary differential equation. By finding  Zx, Zxx, Zxxx, Zxy, Zxxy, 

Zxyy, Zy, Zyy and  Zyyy from the equation (2), we get 
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 
dyyv dx xu

xuxZ
 )( )(

e  )( , 

 
dyyv dx xu

uxuxxZ
 )( )(

e (x)]2)([  

 
dyyv dx xu

yvyZ
 )( )(

e  )( , 

 
dyyv dx xu

vyvyyZ
 )( )(

e (y)]2)([  

 
dyyv dx xu

yvxuxyZ
 )( )(

e )( )( , 

e
dyyvdxxu

xuxuxuxuxxxZ  
)()(

)](3)()(3)([  

e
dyyvdxxu

xuxuyvxxyZ 
)()(

))](2)()(([  

e
dyyvdxxu

yvyvxuxyyZ  
)()(

))](2)()(([  

  e
dyyvdxxu

yvyvyvyvyyyZ  
)()(

)](3)()(3)([ , 

and by substituting  Z ,Zx, Zxx , Zxxx , Zxy , Zxxy , Zxyy , Zy , Zyy and  Zyyy into the equation 

(1) , we get  

0
)()(

})2()2(

)2()2()33()33({


 





e
dyyvdxxu

JIvHuGuvvvFuuE

uvvuDvuuvCvvvvBuuuuA

Since 

            0
)()(


e

dyyvdxxu
    , so , 

)3...(0)()()()())(2)(())(2

)(())(2)()()(())(2)()()((

))(3)()(3)(())(3)()(3)((







JyIvxHuyvxGuyvyvFxu

xuEyvxuyvxuDxuyvxuyvC

yvyvyvyvBxuxuxuxuA

 

Equation(3)is non-linear second order ordinary differential equation and contains two 

independent functions u(x) and v(y) . 

4. The Complete  Solution  of  the  Linear P.D.Es  of  third order : 

         To find  the  complete  solution  of  the linear partial differential equation of  

third order with constant coefficients we go back to the previous cases on the 

beginning of this paper :- 

Case (1) ):-   If  A=B=D=H= … =J=0 ,so, the P.D.E is given by :- 

CZxxy+ EZxx+FZyy+GZxy=0 , then the equation(3) becomes 
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0)2()2()2(  GuvvvFuuEvuuvC  

And the complete solution is given by :- 

i)

]2)
2

2
(

2
sin

2

2)
2

2
(

2
cos

1
[2

2
),(

y
F

CG

F

E
d

y
F

CG

F

E
de

y
F
CGx

yxZ
















    

 ; d1= A3 cos f1 , d2=A3 sin f1 

If   2)
2

2
(

2

F

CG

F

E  
  

Where  d1,d2 and   are arbitrary constants 

ii)  e
y

F
CGx

cyAyxZ 2

2
)

1
(

3
),(

 
    ;  e

g
A 
3

 

If    2)
2

2
(

2

F

CG

F

E  
  

Where  A3 and   are arbitrary constants .    

 

 Proof : Since    

  0)2()2()2(  GuvvvFuuEvuuvC  

Here also we cann´t separate the variables in this equation , so we suppose that  u=  

where   is an arbitrary constant, then the last equation becomes 

0

22
20222 




F

E
v

F

CG
vvvGFvvFEvC


  

i)  If  2)
2

2

(

2

F

CG

F

E  
    , we get : 

0

2
1

2]
2

2
[








dy

l
F

GC
v

dv


  ; 

2)
2

2
(

2
2
1 F

CG

F

E
l

 
  

yc
l

F

GC
v

l






1

]

1

2

2

[1tan

1

1



 
F

GC
ylflv

2

2
)

11
tan(

1
 

   ; f1=l1c1,so,    

e
gy

F
GCylfx

e
dy

F
GCylfldx

yxZ



 2

2
|)

11
cos(|ln)

2

2

)
11

tan(
1

(
),(


 

e
y

F
GCx

ylfAyxZ 2

2

)
11

cos(
3

),(
 

          e
g

A 
3

;  

And the complete solution is given by :-  
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i)  

]2)
2

2
(

2
sin

2

2)
2

2
(

2
cos

1
[2

2

),(

y
F

CG

F

E
d

y
F

CG

F

E
de

y
F
CGx

yxZ
















 

 ; d1= A3 cos f1 , d2=A3 sin f1 

Where  d1,d2 and   are arbitrary constants 

Domain : - ∞ < x < ∞   , - ∞ < y < ∞    

ii) If  2)
2

2

(

2

F

CG

F

E  
   , we get : 

F

CG

cy
yv

2

2

1

1
)(

 



 , therefore 

  e
e

gy
F
CGcyxdy

F
CG

cy
dx

yxZ
 







2
|

1
|ln]

2

1

1[
),(


 

And the complete solution is given by :-  

e
y

F
CGx

cyAyxZ 2

2

)
1

(
3

),(
 

      ;  e
g

A 
3  

Where  A3 and   are arbitrary constants 

Domain :  - ∞ < x < ∞   , - ∞ < y < ∞    

 

Example : To solve the P.D.E : 

04
4

1
23  xyZyyZ

xx
ZxxyZ  , here  4,

4

1
,2,3  GFEC  

Since   2)
2

2

(

2

F

CG

F

E  
  , then by using the formula ( as in case-1- i) 

We get the complete solution which is form 

]
2

56
3

96
4

36sin
2

2
56

3
96

4
36cos

1
[

)268(
),( ydyde

yx
yxZ 







Where d1 , d2 and   are arbitrary constants 

 

  Case (2) ):-   If A=C=H= … =J=0,so, the P.D.E is given by :- 

BZyyy+DZxyy+ EZxx+FZyy+GZxy=0 , then the equation(3) becomes 

0)2()2()2()33(  GuvvvFuuEuvvuDvvvvB
 And the complete solution is given by :-  

    

 

 

 

 

 

 

 

 ; d1= A3 cos f1 , d2=A3 sin f1 

If  .2)
2

2
(

23

E

DG

E

FB  



 

i)  

]2)
2

2

(

23

sin
2

2)
2

2

(

23

cos
1

[
2

2

),(

x
E

DG

E

FB
d

x
E

DG

E

FB
de

x
E

DG
y

yxZ























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Where  d1,d2 and   are arbitrary constants 

ii)  e
x

E
DGy

cxAyxZ 2

2

)
1

(
3

),(
 

   ;  e
g

A 
3

 

If    .2)
2

2
(

23

E

DG

E

FB  



 

Where  A3 and  are arbitrary constants . 

 

Proof :   Since    

0)2()2()2()33(  GuvvvFuuEuvvuDvvvvB
 

Here also we cann´t separate the variables in this equation ,so we suppose that  v =   

where   is an arbitrary constant, then the last equation becomes 

0

322
202223 







E

BF
u

E

DG
uuuGEuuEFuDB




 

i)  If  
2)

2

2
(

32

E

DG

E

BF  



  , we get :    

E

DG
xbfbu

2

2
)

11
tan(

1
 

 ; f1=b1c1 ,
2)

2

2
(

32
2
1 E

DG

E

BF
b

 



  ,so,   




 


 e
gx

E
DGxbfy

e
dydx

E
DGxbfb

yxZ 2

2
|)

11
cos(|ln)

2

2
)

11
tan(

1
(

),(


e
x

E
DGy

xbfAyxZ 2

2

)
11

cos(
3

),(
 

    e
g

A 
3

;  

And the complete solution is given by :-  

]2)
2

2

(

23

sin
2

2)
2

2

(

23

cos
1

[
2

2

),(

x
E

DG

E

FB
d

x
E

DG

E

FB
de

x
E

DG
y

yxZ
























                                     

; d1= A3 cos f1 , d2=A3 sin f1 

Where d1,d2 and   are arbitrary constants 

Domain :  - ∞ < x < ∞   , - ∞ < y < ∞     

ii)  If  
2)

2

2
(

32

E

DG

E

BF  



 , we get :

E

DG

cx
u

2

2

1

1  



  , therefore 

e
e

gx
E
DGcxydx

E
DG

cx
dy

yxZ
 





 2

2
|

1
|ln]

2

2

1

1[
),(


  

And the complete solution is given by :-  

e
x

E
DGy

cxAyxZ 2

2

)
1

(
3

),(
 

    ;  e
g

A 
3

 

Where  A3 and   are arbitrary constants 
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Domain : - ∞ < x < ∞   , - ∞ < y < ∞   

 

Example : To solve the P.D.E : 

024
3

1

2

1
 xyZyyZ

xx
Z

xyy
ZyyyZ , here 

2,4,
3

1
,

2

1
,1  GFEDB  

Since 
2)

2

2
(

32

E

DG

E

BF  



 , then by using the formula ( as in case-2- i) 

We get the complete solution which is form 

]
4

93
12

2
3sin

24

93
12

2
3cos

1
[)

2

2

3
3(),(

44
xdxde xyyxZ  

Where d1 , d2 and   are arbitrary constants 

 

Case (3): If  A=B=C= … =G=0 , so the P.D.E is given by : 

DZxyy+ HZx+IZy+JZ=0 , then the equation (3) becomes 

0)()())(2)()()((  JyIvxHuyvxuyvxuD  

And the complete solution is given by  

i)

]2)
22

(
2

sin
2

2)
22

(
2

cos
1

[22

2
),(

y
D

I

D

J

D

H
d

y
D

I

D

J

D

H
de

y
D

Ix
yxZ



















                                   

     ; d1= A3 cos f1 , d2=A3 sin f1 

If  0,2)
22

(
2




 
 D

I

D

J

D

H
 

Where  d1,d2 and   are arbitrary constants 

ii)  e
y

D

Ix
cyAyxZ 22

2
)

1
(

3
),( 

 
  ;  e

g
A 

3
 

If  0,2)
22

(
2




 
 D

I

D

J

D

H
 

Where  A3 and   are arbitrary constants . 

 

Proof :  Since   

0)2(0)2(  JIvHDvvDuJIvHuuvvuD  

Here we can separable the variables [2], and we can write  

2
2







HDvvD

JIv
u     , so , u=

2  , and      

0
22

202)2( 
D

H

D

J
v

D

I
vvHDvvDJIv


   

0
22

2 




 D

J

D

H
v

D

I
vv      
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i)  If  0,2)
22

(
2




 
 D

I

D

J

D

H
  , we get : 

22
)

11
tan(

1
D

I
ykfkv


     ; f1=k1c1, 

2)
2

2

(
2

2
1

 D

I

D

J

D

H
k


   , so, 





 e

gy
D

Iykfx
e

dy
D

Iykfkdx
yxZ 22

|)
11

cos(|ln2)
22

)
11

tan(
1

(2
),( 






e
y

D

Ix
ykfAyxZ 22

2
)

11
cos(

3
),( 

 
              e

g
A 

3
;  

And the complete solution is given by :-  

]2)
2

2

(
2

sin
2

2)
2

2

(
2

cos
1

[22

2
),( y

D

I

D

J

D

H
dy

D

I

D

J

D

H
de

y
D

Ix
yxZ




 








 ; d1= A3 cos f1 , d2=A3 sin f1 , where  d1,d2 and   are arbitrary constants 

Domain: - ∞ < x < ∞   , - ∞ < y < ∞ 

ii) If  
2)

2
2

(
2

 D

I

D

J

D

H 
   ,we get : 2

21

1

D

I

cy
v





  , therefore 

e
e

gy

D

I
cyxdy

D

I
cy

dx
yxZ




 






 2

2

|
1

|ln2
]

2
21

1[2
),( 






 

And the complete solution is given by :-  

e
y

D

I
x

cyAyxZ 2
2

2
)

1
(

3
),(







  ;  e

g
A 

3
 

Where  A3 and   are arbitrary constants 

Domain :  - ∞ < x < ∞   , - ∞ < y < ∞ . 

 

Example : To solve the P.D.E : 

033  ZyZ
x

ZxyyZ  , here  3,1,1,3  JIHD  

Since 0,2)
2

2

(
2




 

 D

I

D

J

D

H
, then by using the formula ( as in case-3- i) 

We get the complete solution which is form 

0;

]
2

6

1
2

36
4

12
sin

22
6

1
2

36
4

12
cos

1
[2

6

12
),(



















 ydyde yxyxZ

Where d1 , d2 and   are arbitrary constants 

 

Case (4) :-  If  B=C= … =G=0 , so the P.D.E is given by :                                                                                                                    

AZxxx +DZxyy+HZx+IZy+JZ=0 , then the equation (3) becomes 

0)2()33(  JIvHuuvvuDuuuuA  

And the complete solution is given by :-  
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i) 

]2)
2

(
3

sin
2

2)
2

(
3

cos
1

[2),(

y
D

I

D

JHA
d

y
D

I

D

JHA
de

y
D
Ix

yxZ






















                                                  

; d1= A3 cos f1 , d2=A3 sin f1 , where  d1,d2 and   are arbitrary constants . 

If  0,2)
2

(
3









D

I

D

JHA
 

ii)   e
y

D
Ix

cyAyxZ 


2)
1

(
3

),(


   ;  e
g

A 
3

 

If  0,2)
2

(
3









D

I

D

JHA
 

Where  A3 and   are arbitrary constants . 

 

Proof :    since  

0)2()33(  JIvHuuvvuDuuuuA  

Here we cann´t separate the variables in this equation , so we suppose that  u=  

where   is an arbitrary constant, then the last equation becomes 

0
3

2023 










D

JHA
v

D

I
vvvDvDIvJHA  

i)  If  0,2)
2

(
3









D

I

D

JHA
  , we get : 

D

I
yrfrv

2
)

11
tan(

1
   ; f1=r1c1, 0,2)

2
(

3
2

1



 





D

I

D

JHA
r  , so , 




  e
gy

D
Iyrfx

e
dy

D
Iyrfrdx

yxZ 





2
|)

11
cos(|ln)

2
)

11
tan(

1
(

),(  

e
y

D
Ix

yrfAyxZ 


2)
11

cos(
3

),(


        ; e
g

A 
3

 

And the complete solution is given by :-  

]2)
2

(
3

sin
2

2)
2

(
3

cos
1

[2),(

y
D

I

D

JHA
d

y
D

I

D

JHA
de

y
D
Ix

yxZ






















 

; d1= A3 cos f1 , d2=A3 sin f1 

Where  d1,d2 and   are arbitrary constants 

Domain : - ∞ < x < ∞   , - ∞ < y < ∞ 

ii) If  0,2)
2

(
3









D

I

D

JHA
, we get :

D

I

cy
v

2
1

1



   , therefore 

e
e

gy
D
Icyxdy

D
I

cy
dx

yxZ
  




 



 2

|
1

|ln]
21

1[
),(  

And  the complete solution is given by :-  
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e
y

D
Ix

cyAyxZ 


2)
1

(
3

),(


    ;  e
g

A 
3

 

Where  A3 and   are arbitrary constants 

Domain :  - ∞ < x < ∞   , - ∞ < y < ∞ 

 

 Example : To solve the P.D.E : 

0
2

1
3  ZyZxZ

xyy
ZxxxZ  , here  A=3 , D=

2

1
 , H= 1 , I= -1 , J= -1 

Since   
2)

2
(

3





D

I

D

JHA



 , then by using the formula ( as in case-4- i) 

We get the complete solution which is form 

0;

]
12

2
2

4
6

sin
2

12
2

2
4

6
cos

1
[

1

),(





















yydyde

yx
yxZ  

Where d1 , d2 and   are arbitrary constants 

 

Case (5) : -  If  A=B=D=0 , so the P.D.E is given by : 

CZxxy +EZxx +FZyy +GZxy +HZx +IZy +JZ=0 , then the equation (3.3) becomes 

0)2()2()2(  JIvHuGuvvvFuuEvuuvC  

And the complete solution is given by :-  

i) 

]2)
2

2
(

2
sin

2

2)
2

2
(

2
cos

1
[2

2

),(

y
F

IGC

F

JHE
d

y
F

IGC

F

JHE
de

y
F

IGCx
yxZ

















 

; d1= A3 cos f1 , d2=A3 sin f1 

If   .2)
2

2
(

2

F

IGC

F

JHE 


 
 

Where  d1,d2 and  are arbitrary constants 

ii)  e
y

F
IGCx

cyAyxZ 2

2

)
1

(
3

),(





   ;  e
g

A 
3

 

If    .2)
2

2
(

2

F

IGC

F

JHE 


 
 

Where  A3 and   are arbitrary constants . 

 

Proof:Since    

0)2()2()2(  JIvHuGuvvvFuuEvuuvC  

Here also we cann´t separate the variables in this equation , so we suppose that  u(x)=

  where   is an arbitrary constant, then the last equation becomes 
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0

22
2

0222











F

JHE
v

F

IGC
vv

JIvHvGFvvFEvC





 

i)  If  2)
2

2
(

2

F

IGC

F

JHE 


 
  , we get : 

F

IGC
ytftv





2

)
11

tan(
1

; f1=t1c1 ,

.2)
2

2
(

2
2
1 F

IGC

F

JHE
t








  , so, 

e
gy

F

IGC
ytfx

e
dy

F

IGC
ytftdx

yxZ
















2
|)

11
cos(|ln)

2
)

11
tan(

1
(

),(

e
y

F

IGC
x

ytfAyxZ









2

)
11

cos(
3

),(          e
g

A 
3

 

And the complete solution is given by :-  

]2)
2

2
(

2
sin

2

2)
2

2
(

2
cos

1
[2

2

),(

y
F

IGC

F

JHE
d

y
F

IGC

F

JHE
de

y
F

IGCx
yxZ

















                           

; d1= A3 cos f1 , d2=A3 sin f1 

Domain : - ∞ < x < ∞   , - ∞ < y < ∞  

Where  d1,d2 and   are arbitrary constants 

ii) If  .2)
2

2
(

2

F

IGC

F

JHE 


 
  , we get : 

F

IGC

cy
v

2

2

1

1 






    , therefore 

e
e

gy
F

IGCcyxdy
F

IGC
cy

dx
yxZ

 





 2

2
|

1
|ln]

2

2

1

1[
),(


 

And the complete solution is given by :-  

e
y

F
IGCx

cyAyxZ 2

2

)
1

(
3

),(





  ;  e
g

A 
3

 

Where  A3 and   are arbitrary constants 

Domain :  - ∞ < x < ∞   , - ∞ < y < ∞  . 

Note : If we  suppose that v ,we get the complete solution by the same method . 

Example : To solve the P.D.E : 

022  ZyZxZ
yy

ZxxZxxyZ , here  

C=1 , E=1, F= -1 , G= 0 , H= -1 , I= -2 , J= - 2 
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Since   2)
2

2
(

2

F

IGC

F

JHE 


 
 , then by using the formula ( as in case-5-i 

) 

We get the complete solution which is form 

]
2

4
44

sin
2

2

4
44

cos
1

[
2

)2
2

(

),( ydyde
yx

yxZ


 






  

Where d1 , d2 and   are arbitrary constants 

 

Case (6) : 

 If  B= 0 , so, the P.D.E is given by :                                                                                                                                               

AZxxx+CZxxy+DZxyy+ EZxx+FZyy+GZxy + HZx+IZy+JZ =0 , 

then the equation (3) becomes 

0)2()2(

)2()2()33(





JIvHuGuvvvFuuE

uvvuDvuuvCuuuuA
  

And the complete solution is given by :-  

i) 

]2)
)(2

2
(

23
sin

2

2)
)(2

2
(

23
cos

1
[)(2

2

),(

y
FD

IGC

FD

JHEA
d

y
FD

IGC

FD

JHEA
de

y
FD

IGCx
yxZ










































 

  d1= A3 cos f1 , d2=A3 sin f1 

If   
D

F

FD

IGC

FD

JHEA 



















,2)

)(2

2
(

23
 

Where  d1,d2 and   are arbitrary constants . 

ii)    e
y

FD
IGCx

cyAyxZ )(2

2

)
1

(
3

),( 


 


   ;  e
g

A 
3

 

If    
D

F

FD

IGC

FD

JHEA 



















,2)

)(2

2
(

23
 

Where  A3 and   are arbitrary constants . 

 

Proof :  since  

0)2()2(

)2()2()33(





JIvHuGuvvvFuuE

uvvuDvuuvCuuuuA
 

Here we cann´t separate the variables in this equation , so we suppose that  u(x)=  

where   is an arbitrary constant, then the last equation becomes 
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0
232

2

022223














FD

JHEA
v

FD

IGC
vv

JIvHvGFvvFEvDvDvCA











 

i)  If  2)
)(2

2
(

23

FD

IGC

FD

JHEA

















  , we get : 

)(2

2
)

11
tan(

1 FD

IGC
ywfwv









    ; f1=w1c1 , 

2)
)(2

2
(

23
2
1 FD

IGC

FD

JHEA
w


















,so, 

e
gy

FD
IGCywfx

e
dy

FD
IGCywfwdx

yxZ





 
 )(2

2
|)

11
cos(|ln)

)(2

2
)

11
tan(

1
(

),( 





 

e
y

FD
IGCx

ywfAyxZ )(2

2

)
11

cos(
3

),( 


 


     e
g

A 
3

;  

And the complete solution is given by :-  

]2)
)(2

2
(

23
sin

2

2)
)(2

2
(

23
cos

1
[)(2

2

),(

y
FD

IGC

FD

JHEA
d

y
FD

IGC

FD

JHEA
de

y
FD

IGCx
yxZ










































             

 ; d1= A3 cos f1 , d2=A3 sin f1 

Where  d1,d2 and   are arbitrary constants 

Domain : - ∞ < x < ∞   , - ∞ < y < ∞ . 

ii) If  
2)

)(2

2
(

23

FD

IGC

FD

JHEA

















 , we get : 

)(2

2

1

1

FD

IGC

cy
v












  

, therefore 

e
e

gy
FD

IGCcyxdy
FD

IGC
cy

dx
yxZ



  





 )(2

2
|

1
|ln]

)(2

2

1

1[
),( 





 

And the complete solution is given by :-  

e
y

FD
IGCx

cyAyxZ )(2

2

)
1

(
3

),( 


 


  ;  e
g

A 
3

 

Where  A3 and   are arbitrary constants 
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Domain :  - ∞ < x < ∞   , - ∞ < y < ∞ . 

Example : To solve the P.D.E : 

04222  ZyZxZ
xy

Z
yy

Z
xx

Z
xyy

Z
xxy

ZxxxZ  , here 

4,1,2,1,1,2,1,2,1  JIHGFEDCA  

Since   2)
)(2

2
(

23

FD

IGC

FD

JHEA

















 , then by using the formula ( as in 

case-4- i) 

We get the complete solution which is form 

1];

48
2

4

1710
2

11
3

16
sin

2

48
2

4

1710
2

11
3

16
cos

1
[

22

1
2

2

),(
































yyd

yde
yx

yxZ

 

Where d1 , d2 and   are arbitrary constants 
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