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ABSTRACT
In this paper, we study the conditions under which the zero solution is
stable in the semi- liner case for certain third order differential equation of
the form :

V' PO+ PO+ ps () y =h(t,y,)', ¥")

Where
p,=7lg,+w,(0)] , q,€C, w(@®:4>C , s=123
teA=[a,©0) , a € N

The characteristic equation of the above differential equation has complex
roots of the form :
A, =-4, =id, , A, > 0 and the other root has the following

property Re A, <-M,M >0
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1- INTRODUCTION

Critical cases in the theory of stability for differential equation
means , that cases when the real part of all roots of the characteristic
equation are nonpositive with the real part of at least one root being zero ,
other express which is neither stable nor unstable [3] .

In the critical case the non-liner terms begin to influence the stability of a
stationary point and the investigation of the first approximation for stability
1s in general impossible .

In [4,5] studied the conditions of stability zero solution for certain
differential equation in the semi-linear case when the characteristic
equation has roots of the form: A, = id,,4, > 0
and the others satisfying the propertyRe A, <-M,M > O,k =2,....n.

[4,6] studied the same conditions to find the center of gravity for
nonoutonomous quasi-linear differential equation of n-th order .

In this paper, we study the conditions under which the zero solution is stable
in the semi-linear case of differential equation which has the form :

V' PO+ PO+ ps () y =h(t, 3, ), ¥") e
Where
ps=7'lg, +wi@®], 95, € C ,w():4>Cs=123
teAd=[a,©0),a € N

7r* (t) are continuos functions for all s and « times differentiable and

satisfies the following conditions :
7:4> (0,0), 7 27" =01), t >

hidxct o ¢ |hyy | < E o+ ]+l
L":4—[0,0) , >0 and the characteristic equation of ( 1) has roots,
A =—A, =iA,, A, > O and the other root has the following property
ReA; <-M,M >0.

2- Definitions :
Definition 1 [3] : The zero solution of the differential equation ( 1) is said
tobestableas ¢t - o« ,if Vg > 0 there exist 0 >0 such that

!!|]1+ﬂ

the solution y = y(t) of the differential equation (1) with the initial

condition| (T )| < ¢ satisfies the inequality| y(t)| <g,Vt =T

Definition 2 [3]: If the conditions of definition(1) are satisfied and
Lim x(t) = 0(1) then, zero solution of ( 1) is said to be asymptotically

stable .
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3 — Helping Transformations
In order to find the conditions under which the zero solution of
differential equation ( 1) is stable , we use the following lemmas :
Lemmal [2]:
The transformation ;

y=mn.7Z
y' =12, o)
y'= . 75

transform the differential equation ( 1 ) to the differential system of the
form :

7= gz + nZ,

Zz' = -27‘5_17'5'22 + TCZ3 ) ...(3)
Z5' = -ps(On?Z, - po()n'Zy -G w+pi(t)) Zs+F (t,2)
where
IFi(t, z)| <L [Zi+ nZ,+ n*Z3]""P, L=L"n"? >
_/
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Lemma 2 [2] :

The transformation ;

X =BZ ()
where
(i20) + q1(i2g) + ¢ i20 + 4y 1
B=|(=ik) +q(id)+q,  —idg+q 1
1 0 0

qi,q2 €C , det B=2iAg
transform the differential system (3) to the system of the form :
Xy = [idoX i+ (-(iho)-qu(iho)*- qrito-q3) X3 ]+F2

X' = [qiXit (<iho- 1) Xa + (((ho)+(1h0) qitikoda-q3) Xs]+F (5)
SR S

A= ”[21'/10 Y 2il, =

where limz2r'=o(l) }gg W (t) = o(1) ,

1+
| F21< M [_;;+,z2(_,~,10 ~gpW 7 - (i + Xy +[-2i4 +* Z(i%)3 +2q1(i%)2 +205i2)1X;
- —ZMO
M>0
Lemma 3 [2] :
By using the following transformation

Xi1=yi

%=y (6)
X3= kyit+ ky2tys

where k, k €C

we transform the differential system ( 5 ) into the following differential
system :

yi' = [(ikoteik) y1 + (c1k) ya+ c1ys] + F3 )
y2' = l(qitek) yit (-iko-qitez K )yateays]+Fs
1 _ - 1 E— - ..(7)
»'=n [E —k(idy +cik)—k(q, +c, k) Iy +[_E —kgk—k(=i%y—q, +c k), + >
[hai ~hes by |-Falk+4] )
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(7 + 2 (=idy + q,) + k[-2i2y + 12 (2(i4)° +2¢,(i20)* +2q,i2) -
1

| F3|< ML -
=2ik,

(=72 (=idy + )+ k[=2iAg + 72 (2iA)® + 24, (i20)> + 2041 dy)]
—2il,

Va2

. 2 . 3 . 2 . I+
A= 2idg + 77 (2(iA)” +2q,(idy)” +2q,ily)

—2id,

1v3

Now , we use the following lemma which leads to the auxiliary system :
Lemma 4 [5] :
the transform

y1 = Witbwatbsws
y2 = bwitwyt bsws (8)
Y3 = W3

where b,b;eC , bztl

wi'= ———[idg +cik = b(qy + k) + by(b - 1] — k(idg + cik) \

1-b° 2iky
ki (qy+ k)] + bley k= b(—idg — gy + cy k) + by(b—1)
1 - - -
[-——— ke k=—k(=idy —q, + c, N P, +
2l/10

T

[b[il0 + ik —b(g, +crk)+ by (b-1)

—k(ily + c |k
1—b2 2110 ( 0 1)

k(g + k)] + e k= b(=idy — g+ cy k) + by(b—1) - — ke k-

LAy
k(=idy —q+ c, )1, +
T

+
1-b°

[By[i2g + ik — (g, +c k) + by (b—1)[=k(id +cik) — k(g +cxk)]+¢; k—

b(=iJg — gy +Cy k) + by (h—D)[—ke, k— k(=i — gy + k) [+ ¢ —bey +by(b—1)

1
B2

Fyll-b—by(b-1)(k+5)]

[—kq —l_ccz]]W3 + "
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T

1-b? 2idg

— k(g + cok)] + b[—bc, k—idg — gy + ¢y k+ by(b —1)

1 - = .
(=5 kek =k (=ido = gy + e NP +

)

T 1
b[-b(ily +cik)+ g, +c bk +by(b—1 —k(idy + ck
l—bz[[ (idy k) +q, 2 3( )[21,/10 (idy k)
C (g, + k)] = be k- idg — g, + ¢y k+ by (b =)= —— — ke, k—
4

k(=idg — g, + ¢, KW,
+ 1 ﬁbz D30 = b(idg + c1k) + gy + ek + by (b = D[ =k(idy + ¢ k)

— k(g + cak)] = bey k—idy — gy + ¢y k+ by (b — D[ ke, k-

1
1-52

+ Full=b—by(b—1)(k + k)]

1 - 1 - - -
wy'=7] o —k(ig +ck)—k(g, +c2k)+b(—ﬁ —kq k—k(=id —q; +¢, k) +
1 - 1 - - -
+ b(% k(i +cik) (g, +c2k)>—ﬁ —k k(=i g, +¢, KW

b + )~ (g, + o) g k(=i — gy +CyR)]— g ey by — Fy(k+)
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i ) 24 P+ 24P )

o
U714, +ap) +H=202 + T Qi) + 241V + 252 T

+_21-20 e+ iy ) 2+ i) + 241+ 2]

107X+ ) +H=20 3+ T2 Qi) + 244 iA) >+ 2052y

+ﬁ[b3[—%ﬂ2 210+ iR + 203+ 205
1+ 4

+H-210 + 2 Uide) + 2 0)” + 2 )20 + 7 Aidy )+ 244(i0)* + 2 W

| FAKML

Lemma 5 [2] :
the transform

w; = re?

_ -0
wy = re .(10)
W3 = -1I3

where 0 [0,2x]

transform ( 9 ) into the following differential system :
-if - N
F= r + s +167F5[1 —b—by(b-1)(k + k)]

i0

x " e - S (1)
r'= v+ s +WF5[1—b—b3(b—l)(k+k)]

=y r+ 1y = Fslk+ k] J

where
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. 1 .
- _”bz [i2g + ik — b(gy + cyk) + by(b — 1)[21./10 — k(i2g + cik)
—K(qy + eyk)] + Be, k=bl=idg — gy + ¢y k) + by(b = D)= ——— ke, k
Ay
- /;(—Mo —q,+¢; ];)]]
. 1 .
+ #[b[mo +oyk = b(gy + cyk) + by (b= 1) TN k(idy + cik)
—k(gy + k)] + ¢, k= b(idg — gy + ¢y k) + by (b — D[~ . 1/1 — ke, k-
A
k(=idg — g, + ¢y k)]
—i0 —
e . .
= R b3[idy + etk —b(q, + ¢ k) + by (b —D[—k(idy + c1k) —k(q, +
Crk) 1+ ¢ k=b(=idy — gy + ¢y k) + by (b —1)[—kcy k—k(=idy — q; + ¢, k)]]
—i0 —

e
— e by +hy (b= Dke ~key)l

\ , 1 .
ul = 1 _7Z'b2 [-b(idy + c1k) + g + ¢k + by (b - 1) i —k(idy + k)
k(q, + eyk)] + B[=be, k= idg — gy + ¢y k+ by(b— )= ——— ke, k

Ay
— k(=idy — gy + ¢; k)]
. 1 .

+ 1 _ﬁb2 [b[-b(idy + c1k) + gy + ¢k + by (b —1)] i, —k(idy + c k)

— k() + cyk)]] = bey k—idg — gy + ¢ k+ by (b — D)~ 2,1/1 ke k-
Ay

k(=ido = q, + ¢ K)]]
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i0 _
1 =— ;sz B[Ny +cik) +qy + ok +by(b—D[=k(iAy + k) — k(g +
)b k—idy — g+, ke by(b— D)k k—k(=i%g — g, +¢, B)]]
i0 _
7 [-ba +¢, +bs(b—D[~kg —c, k]

= —n[ﬁ — k(iAo + k)~ k(g + k) +b[—ﬁ —key k-

~k(=idg — g+, k)]

—ﬂ{b[ﬁ —k(i%y +ck) k(g +c2k)]—ﬁ — ke k—k(—iZy —qy +c, K]
Ly = 1oy [ k(i + i) — k(g + k) — ke k—k(=idg — gy + ¢y )]

—nt[—kc, — l_ccz ]

| F5)< ML{ - 21%0 [+ w2 (=il +qp) + K=2i2 + 72 2i%)> +2q1(i4g)? +245i2)]
+ 7 -2 idy +qp) + H-2i2g + 72 (2ig)> +241(i29)? +2q,i4)1Tk'?
b=+ w2 A + qy) + =22 + 12 (2i4)> + 241 (2)% +24,5i4)]]
7= Ay +qp) + H-2i2 + 12 (i) +24,(i4g)? + 24,40 )r
1

—%[% [2iAg? + Tk +k1(=2iy + 7% (2iAg)> +24,(i2)* +24,i2))]

1+ 4
—~2idy + 7% iAg)> +24)(i2)? +24,ik ]r3]

4 — Fundamental results :
Theorem :
In the equation ( 1) if :
1- p,:A=[a,0)>C , h:4xC" > C ,

ron” * ’ n 1+5
(e, y, v 0" < Ly + )+ 1]
L":A— [0,0) |, £=0
2- limz*2'=o0() tli_)rvi(t)ZO(l)
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and

. t
a— if [ Re wdt > < @S t—> oo

J.Re pdt i[Re pdt
b- e [me ™ dt = o(l),t > ©
T

then the zero solution of ( 1) is stable

c— if J.Re,udt—>oo as t— o

then the zero solution of ( 1) is unstable

proof
on applying the transformation (2) ,(4) ,(8) and (10) into (1) we get the
auxiliary system :

e F6[1 b~ by(b - Dk + ©)]

" —,U "+ ﬂ252 F6[1 b—by(b 1)k +F)] a2

where , & =¢&(f) s an arbitrary variant function and it is continuous

for all "t2>2T  the auxiliary system ( 12 ) solved by the method
Variation of parameters " [ 1 ]

t

chyldt o0 — _[Reu(t)dt

|ri<e’ r(T)+j(y2§3 b Fell-b-bs(b-1)(k+k)e T dt]  ...(13)
j.Re,u dt R - —[Re uy (t)dt

|ri<er r(T)+J.(,u2§2 Y F6[1 b-—by(b-1)k+k)e " dt] ...(14)
jRe ,u; dt - —jRe s (t)de

N j (17" &) = Fl(k + ke L (15)

Now it is clear if

¢ ! t
IRe udt J.Re pdt IRe urdt
1- e’ =0, 2-e" =0 , 3- ¢ =0

then the zero solution of equation ( 1) is stable
To explain our fundamental results the following example is given:
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y" + w[(1-)+(Int) ' (2+30)]y" + w[4+(Int)*(1-4i)]y+r[(4-4i)+ ' (3-6i)]y
= LAly[Hy [Hy"|]P o (A),  Be[00)
The characteristic equation to homogeneous part of equation ( A )

Contains roots form: A=21 , A=-21 , A3= -1ti

when limz27'=0(l) ;lgg /8 (1) =o0(1)
b=1+ , by=1 , k=2+ , k =2-i
. t ‘%
for example if 7 =e or mT=-t then limz2z'=0(1)

on applying the transformation (2) ,(4) ,(8) and (10) into ( A ) we get the
following table :

0

unstable unstable unstable

unstable
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