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ORIGINAL STUDY

A New Generalized Gamma-Weibull Distribution
and Its Applications

Nihimat I. Aleshinloye a, Samuel A. Aderoju a,*, Alfred A. Abiodun b, Bako L. Taiwo a

a Department of Mathematics and Statistics, Kwara State University, Malete, P.M.B. 1530, Ilorin, Nigeria
b Department of Statistics, University of Ilorin, P.M.B. 1515, Ilorin, Nigeria

Abstract

In this paper, a New Generalized Gamma-Weibull (NGGW) distribution is developed by compounding Weibull and
generalized gamma distribution. Some mathematical properties such as moments, R�enyi entropy and order statistics are
derived and discussed. The maximum likelihood estimation (MLE) method is used to estimate the model parameters.
The proposed model is applied to two real-life datasets to illustrate its performance and flexibility as compared to some
other competing distributions. The results obtained show that the new distribution fits each of the data better than the
other competing distributions.

Keywords: Weibull, Generalized gamma, Moments, Hazard function, Goodness-of-fit

1. Introduction

L ifetime models have witnessed some improve-
ment due to their rapid expansion concerning

methodology, theory, fields of application and
constant research for decades [1]. Some of the
researchers (see [2e6]) have revealed that many
classical statistical distributions can be made more
flexible to capture several real-life problems by the
introduction of an additional parameter using
various methods.
Parametric statistical methods used for modelling

data require that such data follow some specific
statistical distributions. In practice, however, many
classical statistical distributions have been observed
to be inadequate in modelling certain kinds of
datasets. Weibull distribution is an important life-
time distribution and has extensive applications in
survival and reliability studies. The distribution has
undeniable popularity in probability and statistics
due to its versatility in modelling real-world data [7].
In recent years, it has been observed that many
well-known distributions used to model such data-
sets do not offer enough flexibility to provide

adequate fit. Hence, researchers and authors
continue to work on distributions that can produce
more flexible models and as such, they have intro-
duced distributions that are the generalization of the
existing ones. However, the search and need for
more flexible distributions continue.
Lindley distribution [8], which is a two-compo-

nent mixture of exponential and gamma distribu-
tions. This is one of the foundation distributions in
the context of Fiducial and Bayesian Statistics. Many
authors have studied the Lindley distribution in
great detail and have attempted to modify it using
various methods to come up with other distributions
that have been known to be more flexible in terms of
their properties.
The Lindley distribution was however discovered

to have some setbacks hence [9], studied the distri-
bution and its applications in great detail. Their
study revealed that there are some occasions in
which the Lindley distribution may not be suitable
from a theoretical or application point of view.
Therefore [10], proposed Power Lindley distribution
using the power transformation technique. They
observed that the distribution is more flexible.
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[11] proposed two-parameter Rama distribution
(TPRD) which was coined from the Lindley distribu-
tion. This distribution is a mixture of exponential (qÞ
and gamma ð4; qÞ distributions. The two-parameter
Rama distribution yielded a better fit than some of the
existing distributions [3]. introduced a two-parameter
distribution called the Samade Probability Distribu-
tion (SPD), which is a mixture of exponential ðqÞ and
gamma ð4; qÞ distributions. The distribution was
applied to real-life datasets and compared with other
distributions to determine its performance. The dis-
tributionwas found to provide a betterfit compared to
some contemporary distributions.
[12] introduced a Weibull-Generalized Gamma

(W-GG) distribution, which is obtained by com-
pounding Weibull and generalized gamma distri-
butions. The model contains some existing lifetime
distributions as its special cases such as the Weibull,
Lindley, and exponential distributions, among
others. The model is capable of modelling various
shapes of ageing and failure criteria.
[13] proposed a distribution called the Nwipke

Distribution. The distribution is a one-parameter
distribution that was derived using a two-compo-
nent additive mixture of gamma (q; 6) and expo-
nential distributions. They also applied the
distribution to real-life data and compared its
goodness-of-fit with some existing distributions.
Other models have been developed over time [14].
extended Hamza distribution, which was intro-
duced earlier by [15]. [2] studied the Lomax-
Kumaraswamy distribution and detailed some
insightful qualities of the model [6]. introduced a
power generalized Akash distribution and studied
the properties and application of the model to real-
life data [16]. introduced MaxwelleWeibull Distri-
bution with its properties discussed. The model
flexibility in Modeling Lifetime datasets was exten-
sively discussed [17]. proposed a novel trigono-
metric version of the Weibull model called a new
alpha power cosine-Weibull (NACos-Weibull) dis-
tribution. Certain distributional properties of the
NACos-Weibull model were derived and the esti-
mators of the model were derived by implementing
the maximum likelihood approach. They demon-
strated the effectiveness of the NACos-Weibull
model through applications from the hydrological
and engineering sectors.
The aim of this paper is to introduce a New two-

parameter lifetime distribution, which is expected to
bring more flexibility in modeling survival data. The
rest of the paper is organized as follows: The ma-
terials and method are presented in Section 2,
where the New Generalized Gamma-Weibull Dis-
tribution (NGGW) is derived and studied in detail.

Some mathematical properties of the distribution
are presented in Section 3. In section 4, the param-
eters estimation of the NGGW distribution, using
the method of maximum likelihood is presented.
The proposed model is applied to data sets in Sec-
tion 5. Concluding remarks are given in Section 6.

2. Materials and method

Consider the pdf of a kth component additive
mixture distribution for a random variable X
defined as

f ðx;qÞ¼
Xk
j¼1

fj
�
x;qj

�
uj;

Xk
j¼1

uj¼1; ð1Þ

where qj is the vector of parameters for the mixture
model and uj; is the mixture proportion.
Theorem 1: Suppose a random variable X follows

a New Generalized Gamma-Weibull distribution
denoted as Xjq; l � NGGWðq; lÞ, then the pdf of X
is given as:

f1ðx;q;lÞ¼ lq3

12
�
q2 þ 10

� �lq3x5lþ12
�
xl�1e�qxl ;

x > 0;q > 0;l > 0

ð2Þ

Proof 1: Recall the pdf of a kth component ad-
ditive mixture distribution given in (1), then the pdf
in (2) is a two-component mixture of Weibull (q; lÞ
and Generalized Gamma (6; q; lÞ with the mixing
proportion, p ¼ q2

q2þ10
and can be written as:

f1ðx;q;6;lÞ¼pg1ðq;lÞ þ ð1�pÞg2ð6;q;lÞ;

where

g1ðx; q;lÞ¼lqxl�1eqx
l

;and

g2ðx : 6;q;lÞ¼lq6x5lxl�1eqxl

120
This gives

f1ðxjq;lÞ¼ q2

q2 þ 10

�
lqxl�1e�qxl

�
þ 10
q2 þ 10

 
lq6x5lxl�1eqxl

120

!

¼ 120q3lþ 10q6lx5l

120
�
q2 þ 10

� xl�1e�qxl

¼ 12q3lþ q6lx5l

12
�
q2 þ 10

� xl�1e�qxl
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¼ lq3

12
�
q2 þ 10

��lq3x5lþ12
�
xl�1e�qxl

Therefore, the pdf given in (2) is the probability
density function of the NGGW distribution.
Note that when l assumes the value of 1, the

NGGW distribution reduces to the One-Parameter
Nwipke distribution proposed by [13].

2.1. Validity check of the New Generalized
Gamma-Weibull distribution

Theorem 2: Suppose a random variable X follows
a New Generalized Gamma-Weibull distribution
denoted Xjq; l � TwWGGðq; lÞ, then the pdf of X is
a true pdf if it satisfies the condition thatZ∞
�∞

f1ðx;q;lÞdx¼1

Proof 2: Since x2R; and f1ðx; q; lÞ to be 2
ð0;∞Þ; thenZ∞
�∞

f1ðx;q;lÞdx¼
Z∞
0

lq3

12
�
q2 þ 10

��q3x5lþ12
�
xl�1e�qxldx

¼ lq3

12
�
q2 þ 10

� Z∞
0

�
q3x5lþ12

�
xl�1e�qxldx

¼ lq3

12
�
q2 þ 10

� 12�q2 þ 10
�

lq3

!
¼ 1

Hence, the pdf of the random variable X is a
true pdf.
Fig. 1 presents the shapes of the pdf of the pro-

posed NGGW distribution for varying values of q

and l while Fig. 2 presents the shapes of its cdf for
varying values of the parameters.
Consequently, The cdf of the NGGW distribution

is given as

F1ðt;q;lÞ¼
Zx
t¼0

f1ðt;q;lÞdt

¼
Zx
t¼0

lq3

12
�
q2 þ 10

��lq3t5lþ12
�
tl�1e�qtldt

The graphs of the CDF of NGGW are given below.

3. Mathematical properties of then NGGW
distribution

Some of the mathematical properties of the
NGGW distribution are derived and presented
in this section. The properties include the mo-
ments, reliability analysis, entropy and the order
statistics.

3.1. Moments

The rth moment of a random variable X with the
NGGW distribution is obtained by:

EðxrÞ¼m0
r ¼
Z∞
0

xrf1ðx;q;lÞdx ð4Þ

¼
Z∞
0

xr
"

lq3

12
�
q2 þ 10

� �q3x5lþ12
�
xl�1e�qxl

#
dx

¼ lq3

12
�
q2 þ 10

��Z∞
0

xr
�
q3x5lþ12

�
xl�1e�qxldx

�

¼ lq3

12
�
q2 þ 10

��Z∞
0

q3x6lþr�1e�qxldxþ
Z∞
0

12xrþl�1e�qxldx
�

¼ lq3

12
�
q2 þ 10

��q3Gðrþ 6lÞ!
lqrþ6l þ12

12Gðrþ lÞ!
lqrþl

�

¼ lq3

12
�
q2 þ 10

��q3Gðrþ 6l� 1Þ!
lqrþ6l þ12

12Gðrþ l� 1Þ!
lqrþl

�
;

ð5Þ

where r is a positive integer.
From (5), we can express the first four moments as

ðr¼ 1; 2; 3; 4Þ as follows:

m0
1¼

q�1=l�G�6þ 1
l

	þ 12q2G
�
1
l

	�
12
�
10þ q2

�
l

m0
2¼

q�2=l�G�6þ 2
l

	þ 12q2G
�
2þl
l

	�
12
�
10þ q2

�

∴F1ðx;q;lÞ¼
"
1�
 
1þq5x5l þ 5q3x3lð4þ xlÞ þ 60xlqðqxl þ 2Þ

12
�
q2 þ 10

� !
e�qx

#
; if x;q;l>0 ð3Þ
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m0
3¼

q�3=l�G�6þ 3
l

	þ 12q2G
�
3þl
l

	�
12
�
10þ q2

�
m0
4¼

q�4=l�G�6þ 4
l

	þ 12q2G
�
4þl
l

	�
12
�
10þ q2

�
3.2. Renyi's entropy

The Renyi's Entropy of NGGW is given as

RHðx;q;lÞ¼ 1
1� p

log
Z∞
0

�
f1ðxjq;lÞ

	pdx

RHðx;q;lÞ¼ 1
1� p

log
Z∞
0"

lq3

12
�
q2 þ 10

� �q3x5l þ 12
�
xl�1e�qxl

#p
dx

¼ 1
1� p

log
Z∞
0

"
lq3p�

12
�
q2 þ 10

�	p�q3x5l þ 12
�p
xpl�pe�qpxldx

#

¼ 1
1� p

log
Z∞
0

lq3p�
12
�
q2 þ 10

�	p
1þ q3x5l

12

�p

xpl�pe�qpxldx

Fig. 1. Graph of the PDF of NGGW Distribution for varying values of parameters.

Fig. 2. Graph of the CDF of the NGGW Distribution for varying values of parameters.
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¼ 1
1�p

log
lq3p�

12
�
q2þ10

�	pX∞
j¼1



p
j

�

q3

12

�jZ∞
0

x5ljþ1e�qpxldx

¼ 1
1�p

log
lq3p�

12
�
q2þ10

�	pX∞
j¼1



p
j

�

q3

12

�j
Gð5ljþ1Þ�
qp
�5ljþ1 ð6Þ

3.3. Order statistics

Let X1, X2, …,Xn denote the random sample from
NGGW distribution, then the density function of the
kth order statistics, denoted as fxðkÞðx; q; lÞ is given by

fxðkÞðx;q;lÞ¼ n!
ðk� 1Þ!ðn� kÞ!f1ðxÞ½F1ðxÞ�

k�1½1� F1ðxÞ�n�k

where f1ðxÞ and F1ðxÞ are the pdf and cdf defined in
(2) and (4) respectively
Hence, the density function of the kth order sta-

tistics of the NGGW distribution becomes

" 
q5x5lþ5q3x3l

�
4þ tl

�þ60xlqðqxlþ2Þ
12
�
q2þ10

� !
e�qx

#n�k

; ð7Þ

where ns0.
Particularly, the density functions of the first and

nth order statistics can be easily derived from (7) to
give respectively

3.4. Reliability analysis

The reliability analysis of a distribution is deter-
mined by the survival and hazard rate function of
the distribution. These are obtained as follows.
The Survival, S(x) function of the NGGW distri-

bution is

Sðx;q;lÞ¼1� F1ðx;q;lÞ
Using (3), this implies

Sðx;q;lÞ¼1�"
1�
 
1þq5x5lþ5q3x3lð4þxlÞþ60xlqðqxlþ2Þ

12
�
q2þ10

� !
e�qx

#

¼
 
1þ
�
120xlqþ60x2lq2þ20x3lq3þ5x4lq4þx5lq5

�
12
�
10þq2

� !
e�qxl

ð9Þ

Similarly, the hazard rate function, h(x), of the
NGGW distribution is obtained as

hðx;q;lÞ¼ f1ðx;q;lÞ
1� F1ðx;q;lÞ¼

f1ðx;q;lÞ
Sðx;q;lÞ

Using (2) and (9), we have

hðx;q;lÞ¼
lq3

12ðq2þ10Þ
�
q3x5l þ 12

�
xl�1e�qxl


1þ ð120xlqþ60x2lq2þ20x3lq3þ5x4lq4þx5lq5Þ
12ð10þq2Þ

�
e�qxl

fxðkÞðx;q;lÞ¼ n!lq3

ðk� 1Þ!ðn� kÞ!12�q2 þ 10
��q3x5lþ12

�
xl�1e�qxl

"
1�

 
q5x5l þ 5q3x3l

�
4þ tl

�þ 60xlqðqxl þ 2Þ
12
�
q2 þ 10

� !
e�qx

#k�1

fxð1Þðx;q;lÞ¼ n!lq3

ðk� 1Þ!ðn� kÞ!12�q2 þ 10
��q3x5lþ12

�
xl�1e�qxl

" 
q5x5l þ 5q3x3l

�
4þ tl

�þ 60xlqðqxl þ 2Þ
12
�
q2 þ 10

� !
e�qx

#n�1

and

fxðnÞðx;q;lÞ¼ n!lq3

ðk� 1Þ!ðn� kÞ!12�q2 þ 10
��q3x5lþ12

�
xl�1e�qxl

"
1�

 
q5x5l þ 5q3x3l

�
4þ tl

�þ 60xlqðqxl þ 2Þ
12
�
q2 þ 10

� !
e�qx

#n�1

ð8Þ
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Fig. 3 presents the behavioural patterns of the
hazard function of the proposed NGGW distribu-
tion at varying values of q and l.

4. Estimation and goodness-of-fit test

The parameters of the NGGW distribution are
estimated using the method of maximum likelihood.

4.1. Maximum likelihood estimation

Let X1, X2, …, Xn be the random sample from the
NGGW distribution with parameters q and l:.
Then the likelihood function is given by

Lðq;lÞ¼
Yn
i¼1

f1ðxi;q;lÞ;

This gives

Lðq;lÞ¼
Yn
i¼1

lq3

12
�
q2 þ 10

��q3x5lþ12
�
xl�1e�qxl ;

The log-likelihood function is given as

lðq;lÞ¼nloglq3�n log
�
12
�
q2þ10

��
þ
Xn
i¼1

log
�
q3x

5l
i þ12

�
þ
Xn
i¼1

log
�
xl�1
i

�
�
Xn
i¼1

log
�
qxli
�

Differentiating the log-likelihood function
partially with respect to the associated parameters,
we have

vlðq;lÞ
vq

¼ � nxl þ 3n
q
� 2nq
10þ q2

þ 3nx5lq2

12þ x5lq3
ð11Þ

vlðq;lÞ
vl

¼n
l
þnLog½x��nxlqLog½x�þ5nx5lq3Log½x�

12þx5lq3
; ð12Þ

where q> 0 and l> 0
The Maximum Likelihood Estimates (MLEs),bq; and bl can be obtained by equating (11) and (12) to

zero and solving simultaneously. However, analyt-
ical expressions for bq and bl are not feasible. Hence,
we computed the MLEs numerically using R soft-
ware [18].

Fig. 3. Graph of the hazard function of the NGGW Distribution for varying values of parameters.

¼ xl�1q3
�
12þ x5lq3

�
l

120xlqþ 60x2lq2 þ 20x3lq3 þ 5x4lq4 þ x5lq5 þ 12
�
10þ q2

� ð10Þ
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4.2. Models’ selection criterion

To compare the performance of the proposed
distribution with some existing distributions, we use
goodness-of-fit statistics: -2loglikelihood (-2InL),
Akaike Information Criterion (AIC), Corrected
Akaike Information Criterion (CAIC), and Bayesian
Information Criteria (BIC). Note that the preferred
model is the one with the least value of the -2lnL,
AIC, CAIC and BIC. These statistics can be
computed as follows

CAIC¼AICþ 2kðkþ 1Þ
ðn� k� 1Þ

BIC¼ � 2 lnðLÞ þ klogðnÞ

where L is the likelihood and k is the number of
parameters in the model.

5. Applications

Two datasets were used as detailed below to eval-
uate the applications of the NGGW distribution. We
compared the goodness-of-fit of the proposed dis-
tribution with some existing distributions, including
the Exponential Distribution (ED), Two-Parameter
Odoma Distribution (TPOD), Two-parameter Suja-
tha Distribution (TPSD), Two-parameter Rama
Distribution (TPRD) Three-parameter Weighted
LindleyDistribution (WLD), Three-parameter Power
Weighted Lindley Distribution (PWLD), Three-
parameter Generalized Gamma Distribution (GGD)
with parameters ((q;a;bÞ), Nwipke, Rama, Exponen-
tial and Lindley distributions.The competing distri-
butions considered are presented in Table 1.

Dataset 1: The first date set which was reported by
[13] is the length of time (in years) that 81 randomly
selected Nigerian graduates stayed without a job
before being employed by the Universal Basic Ed-
ucation Commission (UBEC) in 2011. The data set is
as given below:
2, 5, 7, 5, 6, 7, 7, 6, 6, 9, 9, 6, 6, 7, 5, 4, 5, 2, 9, 8, 5, 9, 6,

6, 7, 2, 8, 3, 6, 6, 2, 8, 5, 7, 4, 5, 6, 8, 8, 9, 3, 7, 6, 2, 6, 8, 9,
7, 6, 6, 9, 5, 9, 5, 5, 5, 3, 9, 8, 6, 6, 6, 7, 9, 4, 4, 6, 9, 7, 8, 8,
9, 4, 6, 3, 5, 4, 7, 6, 6, 5.
Dataset 2: The second data which is reported in

[24], represents the lifetime data relating to the time
(in months from 1st January 2013 to 31st July 2018) of
120 patients who were diagnosed with hypertension
and received at least one treatment-related to hy-
pertension in the hospital where death is the event
of interest. The data set is as given below:
45, 37, 14, 64, 67, 58, 67, 55, 64, 62, 9, 65, 65, 43, 13, 8,

31, 30, 66, 9, 10, 31, 31, 31, 46, 37, 46, 44, 45, 30, 26, 28,
45, 40, 47, 53, 47, 41, 39, 33, 38, 26, 22, 31, 46, 47, 66, 61,
54, 28, 9, 63, 56, 9, 49, 52, 58, 49, 53, 63, 16, 67, 61, 67,
28, 17, 31, 46, 52, 50, 30, 33, 13, 63, 54, 63, 56, 32, 33, 37,
7, 56, 1, 67, 38, 33, 22, 25, 30, 34, 53, 53, 41, 45, 59, 59,
60, 62, 14, 57, 56, 57, 40, 44, 63.
The results of NGGW and the competing distri-

butions for the datasets are presented in Table 2 and
Table 3. As observed in the tables, theNGGWhas the
lowest -2log-likelihood among the models consid-
ered, which indicates that the proposed model pro-
vides the best fit for the given datasets among all the
models. Note that selection by least -2log-likelihood
will also be equivalent to selecting the best model by
AIC, BIC and CAIC as well, among models with an
equal number of parameters. The model with the
lowest information criteria is the best.

Table 1. Some of the selected competing models for Comparison.

Distribution PDF Authors

Two-Parameter Odoma (TPOD)
f ðx;a;bÞ ¼ a5

2ða5bþ a3 þ 24Þ ð2x
2 þ ax2 þ 2abÞe�ax [19]

Two-Parameter Sujatha (TPSD)
f ðx; q;aÞ ¼ q3

q3 þ aqþ 2a
ðq þ ax þ ax2Þe�qx

[20]

Two-Parameter Rama (TPRD)
f ðxja; qÞ ¼ q4

aq3 þ 6
ða þ x3Þe�qx

[11]

Three-Parameter Weighted Lindley (TWLD)
f ðx; q;a; bÞ ¼

hqaþ1xa�1ðbþ xÞ
ðbqþ aÞGðaÞ

�
e�qx [21]

Three-Parameter Generalised Lindley (TGLD)
f ðx; q;a; bÞ ¼

hqaþ1xa�1ðaþ bxÞ
ðqþ bÞðGðaþ 1ÞÞ

�
e�qx [22]

Generalised Gamma (GGD)
f ðx; q;a; bÞ ¼

h bqaxa�1

ðqþ bÞðbGðaÞÞ
�
e�qx [23]

Nwipke
fðx;qÞ ¼ q3

12ðq2 þ 10Þ ðq
3x5 þ 12Þe�qx

[13]

Lindley
f ðt;bÞ ¼ b2

bþ 1
ð1 þ tÞe�bt

[8]
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6. Conclusion

A new two-parameter distribution, called New
Generalized Gamma-Weibull (NGGW) has been
introduced and studied in this paper. The model is a
mixture of Weibull and Generalized Gamma dis-
tributions. Its mathematical properties which
include the first four moments, coefficient of varia-
tion, reliability function, Renyi's entropy measure
and distribution of order statistics have been
successfully derived. The maximum likelihood
estimation of its parameters and its application to
real-life data are discussed. Results from the appli-
cations of the model to two real-life datasets
revealed that the proposed model gives a satisfac-
torily better fit than competing models, having the
smallest values of the AIC, CAIC, and BIC. The
NGGW is therefore suitable for application in
various lifetime data sets with different shapes. The
distributions can be developed further to incorpo-
rate covariates and censoring.
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