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ABSTRACT

The purpose of this study is to introduce the concept of
homeomorphism via B™ — closed set and study its behavior and
properties in double fuzzy topological spaces. This objective is
achieved through the definitions of df- B™ continuous functions
and df- B™ closed functions. The results of this study represent
important relationships and proofs, in addition to providing
some necessary examples.
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1. Introduction

Zadeh [1] presented his study on the concept of fuzzy set in 1965, which is a generalization of the classical
sets. After that, in 1968 [2], Chang introduced his study on the fuzzy topological space. In 1993 [3], Atanassov
introduced a new concept of sets, hamely the intuitionistic fuzzy sets. On the basis of these sets, in 1997 [4],
Coker introduced the fuzzy intuitionistic topological spaces. This study adopts the concept of Garcia and
Rodabaugh [5] that the term double fuzzy topological spaces in mathematics is more appropriate than the
intuitionistic fuzzy topological spaces. It studies df — ™ continuous functions, df — homeomorphism and df — p™
homeomorphism, as well as their properties and relationships.

2. Preliminaries

This section introduces some basic and essential concepts in this work. In this concern, a non-empty set is
denoted by the symbol G and the closed unit interval [0, 1] by I, also I; is denoted by (0, 1] and I is denoted
by [0, 1). The family of all fuzzy sets is denoted by I°. Hence, 0 and 1 represent the smallest and greatest fuzzy
sets, respectively. For the fuzzy set & € 1, 1 — & denotes the complement of &. The symbols <, A and V
represent the less or equal value, intersection and union, respectively. These symbols are used for fuzzy sets.

2.1. Definition: [1]

Let G be a non-empty set. A fuzzy set in G is characterized by its membership function §;: G — [0, 1]
where 3; (g) is interpreted as the degree of membership of element g in fuzzy set @, for each g € G. It is clear
that & is completely determined by the set of tuples & = {(g, 8s(9)): g € G}.

2.2. Definition: [5]

A double fuzzy topology (., .#") on a non-empty set G is a pair of functions 4, 4 : 1° — I, which satisfies
the following properties:

(i) J(@) <1 -g47@) foreachae IC.

(ii) Sy A ) > 4(61) A 4(6) and 77 (61 A dp) < 4 (1) V.9 (6,) for each dy, 6, € 1°.

(i) Z (Vier ) > Axer £ @) and 2 (Vier i) < Vier 4 (64) for each 6, € 1, k € 1.
The triplex (G, .4, ") is called double fuzzy topological spaces (dftss, for short).

2.3. Definition: [7]

Let (G, 4, 4 ) be adfts, then for each i € I; and § € Iy and &, & € 1°, the double fuzzy closure (Csy) and
interior (1, ,+ ) operator C s« 1,4+ 1% x Iy x 1;— I¢ are defined as follows:

Cyyedi,8)=N{€1°:a<s, g(1-8) >t 4 (1 -8) <3}

L@, 1,8 =V{5€1%8<a 48) =1 4 (8) <5}
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2.4. Definition:
Let (G, 4, 4 ) be adfts. Foreacha € I ¥ € l; and 3 € I,

(1) @ is an (¥, §) —fuzzy open set (£, §) —f open) if Z(&) >t and 7 (&) <§and @ is an (i, §) —fuzzy closed set ((,
§)—fclosed ) if 7 (1-a)>% and ¢ (1-&) <5[9].

(2) ais an (f, §) —fuzzy semi open set ((f, §) — fs open) if & < Cy ,+(1,,+(0, T, §), T, §) and an ((¥, §)-fuzzy semi
closed set ((¥, §)-fs-closed), if 1, ,+(C, ,+(&, 1, §), T, §) <& [9].

(3) @ is an (f, §) —fuzzy preopen set ((t, §) — fp open) if & <1, ,~(C, ,+(d, T, §), T, §) and an (((¥, §) —fuzzy semi
closed set ((&, §)-fp closed), if C, ,+(1,,+(d, T, §), T, §) < & [10].

(4) ais an (&, §) —fuzzy a open set ((f, §) — fa open) if & <I,,+(C/s+(1;,+@, T, §), I, §) and an (((f, §) —fuzzy
semi closed set ((t, §) —fa closed), if Cy /+(1,,+(C (@, 1, 8), T, §), T, §) < & [8].

(5) ais an (&, §) —fuzzy B open set (¥, §) — B open) if &< Cy s«(l;,+(C s+, I, ), T, §), T, §) and an (((F, §) —
fuzzy B closed set (T, §) — B closed), if |/ /+(C, /+(l 4 4+(@, 1, §), T, §), I, §) < & [12].

(6) ais called (t, §) — generalized fuzzy closed ((f, §) — of closed) set if C, ,(a, T, §) <5, whenever, & <& and
) >1, 47 (8) <3 Complement of (f, §) — gf closed set is an (&, §) — gf open set [8].

(7) ais called (F, §) — fuzzy o™ closed ((f, §) —f " closed) set if 1 , ,«(C ., (@, T, §), ¥, §) <3, whenever, & <5 and
3 isan (t, §)—fa open. & is called an (f, §) — fuzzy o™ open ((i, §) — fa™ open) if 1—aisan (&, §) — fa™ closed set
[11].

2.5. Definition: [12]

Let (G, .4, 4) be adfts, for each &, 5 € 1, ¥ € I;and § € I,. & is called an (&, §) —fuzzy p™ closed
((¥, 8) — " closed) set if 1, ,+«(C, ,+(@, , %), T, §) <&, whenever a <3 and & is an (i, §) — B open. & is called an
(¥, §) — fuzzy p™ open ((&, §) — fp™ open) if 1 — & is an (¥, §) — fp™ closed set.

2.6. Definition
Let £ (G, 41, 41) — (H, %5, 4>, then f is said to be:

(1) double fuzzy — closed (df — closed) function if image for every (&, §) — f closed set is an (&, §) — f closed
setin H whenever & € 1, ¥ € I;and § € I [9].

(2) double fuzzy — continuous (df — con) function if inverse image for every (¥, §) — f closed set is an (¥, §) —
f closed setin G whenever & € I, i € I; and § € I, [9].

(3) double fuzzy — semi continuous (df — s con) function if inverse image for every (f, §) — f closed set is an
(f, §) — f s closed setin G whenever & € 1°, ¥ € I and § € I, [6].

(4) double fuzzy — generalized continuous (df — g con) function if inverse image for every (&, §) — f closed
set is an (f, §) —g f closed setin G whenever & € 1S, i € I;and § € I, [6].

(5) double fuzzy — o™ continuous (df — o™ con) function if inverse image for every (&, §) — f closed set is an
(t, 8) — fo™ closed setin G whenever a € 1, ¥ € I;and § € I [11].

In this part, the double fuzzy B™ — homeomorphism is introduced.

3.1. Definition

Let f: (G, 41, 41) — (H, £, £), then fis said to be double fuzzy — B™ closed (df — p™ closed) function if
image for every (i, §) — f closed set is an (f, §) — £ ™ closed setin H whenever 6 € 1, ¥ € I;and § € I

3.2. Example

Let G={c, d}, H={k, v} and (£1(9), 41 (¢)) is defined on G by:
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i, if ¢ €{0,1}, 0 if pe{0,1},
A@=15, i o@=¢ . L@, ifelg) = o
0, otherwise. 1 otherwise.

Such that,
@1(c) =0.4, 4(d)=0.5,

Also, (£(Y), £ (Y)) is defined on H by:

i, if Yy e{o,1} 0, if Yefo,1},
f f

;—,if Yh) =Y, ;—,if Y(h) = Y,
H(Y)= . , S (Y)= 5

0, otherwise. t [, otherwis.
Such that,

Yl(k) = 06, Yl(V) =0.3.

And, Yo(k) =0.4, Y,(v)=0.7.

When, the function f between two dfts (1(), £ (@) and (£(Y), £ (Y)) is defined by: f: (G, 4, 41) — (H,
Jo, #2), as f(c) = kand f(d) = v.

S0, Ju(@1) = 3, 41 (@1) <2, then Z3(1- 1) = 4, 44 (1 - @1) <2, such that £(1 - @) = £(1°) = (Cos, do.a) < Y1,
where Yy isan (2, 3) — B open set. So, f(¢1°) isan (5, 3) — fp" closed set. Hence, #is df - B™ closed function.

3.3. Remark
Every df — closed function is df — B™ closed function, but need not conversely.
3.4. Example

Refer to example 3.2., a fuzzy set ¢, is taken for dfts (71(¢), 41 (¢)) and the fuzzy sets Y, and Y for dfts
(#£(Y), £ (Y)), such that

¢1(c) =05, @y(d)=06
And, Yi(k) =0.6, Yy(v)=0.3

Yz(k) =0.4, Yz(V) =0.6.

S0, Ju(@1) = % A1 (@) <% then £1(T- 1) = £, 42 °(1- @1). Now, (1 - @1) = £(91°) = (Cos, do.a) <Y1, Where Y;
isan (5,2) — B open set. So, f{¢1°) isan (5, 3) — f B closed set. Hence, fis df - B™ closed function. But f is not
df - closed function, since f(¢p;°) is notan (5, 7) — f closed set.

3.5. Definition

Let £ (G, 41, 41) — (H, %5, 4>") be a function between these dftss (G, 41, 4:) and (H, %, %> ). Then, fis
said to be a double fuzzy — p™ continuous (df- p™ con) function if inverse image for every (1 — &) >, and
4, (1-a)<sisan(t §) — fp" closed setin M, whenever & € I°, i € l;and § € I.

3.6. Example
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Let G={c, d}, H= {k, v} and (Z1(¢), £ (¢)) is defined on G by:

i, if ee{0,1} [(5, if ¢ €f{0,1},
it 99 = ¢ . it (9 = ¢
Ji(9) = . , J1 ()= ,
> if 009 = o, > if 0@ = o,
0, otherwise. i, otherwis.
Such that, @1(c) =05, @.(d) =04,
And, ©(C) =04, () =0.7.

Also, (£(Y), £ (Y)) is defined on H by:

i, if Y e{0,1}, 0 if Y e{0,1},
HY)=12, fYmW=v, . LO={ ifxw=1

0, otherwise. 1 otherwise.
Such that, Y.(k) = 0.6 and Y{(v) =0.4,

When the function f between the two dftss (71(¢), 41 (¢)) and (£(Y), £ (Y)) is defined by: f: (G, 41, 1) —
(H, %2, £2), as f(c) = kand f(d) = v. So, (Y1) > £, £ (YD) <%, £7(Y19) = (Ko, Vos) < 1. Then,
£4(Y%) isan & 1) - £ B" closed set. This implies that fis df — B™ con function.

3.7. Definition

Let (G, 41, 4:) and (H, %, 4> ) be dftss. A bijection function f: (G, 41, 41) — (H, %, 4 ) is said to be a
double fuzzy — homeomorphism (df — hom) if fand £ are df- con functions.

3.8. Example

Let G ={c, d}, H = {k, v} and (J1(¢), £ (¢)) is defined on G by:

i, if ¢ €{0,1}, 0 if pe{0,1}
A@=17 if e@=0; . HA@={, if elg) = ¢,
0, otherwise. i otherwise.

Such that,
(pl(C) =04, (pl(d) =0.6,

Also, (£(Y), £ (Y)) is defined on H by:

i, if Y e{0,1}, 0 if Ye{0,1}
BY={z, if Y=Y . %M=11 ifY@=Y,
0, otherwise. 1 otherwise.

Such that,

Yi(k) = 0.4, Yy(v) = 0.6,
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When the bijection function f between the two dftss (Z1(¢), .Z1 (@) and (L(Y), £ (Y)) is defined by: f: (G,
I I — (H, %, 45), as f(c) = k and f(d) = v.

So, (Y1) = 2, £ (Y1) <2,50 £o(1- Y1) > 2, 4 (1- Y1) <2 Then, fis df - con function. And

Ji(@) > 3 A (@) <350 A(1- @) > 1,3 (1- <t
Then, £ is df - con function. That is fis df — hom.

3.9. Remark
Every df — hom is df — closed (df — B™ closed) function, but need not conversely.
3.10. Example

Refer to example 3.2., a fuzzy set «, is taken for dfts (£1(¢), 41 (@) and the fuzzy sets Y; and Y , for dfts
((Y), 42" (Y)), such that:

¢1(c) =05, @(d)=05
And, Yi(k) =05, Yi(v)=05
Yz(k) =0.4, Yz(V) =0.6.

So, £i(@1) > 1, 4 (1) <2, then Zi(1 - 1) > L, 41°(1 - @1).Then, fis df — closed function, and since every df —

=7 El
closed function is df — B™ closed function, so fis df — B™ closed function. But, fis not
df — hom, since f'is not df — con function.

3.11. Remark

Every df — hom is df — con (df — ™ con, df — o™ con, df — semi con, df — g con) function, but need not
conversely.

3.12. Example

Refer to example 3.6., a fuzzy set ¢; is taken for dfts (Z1(¢), 41 (¢)) and the fuzzy sets Y; and Y, for dfts
(2(Y), £ (Y)), such that: ¢,(c) = 0.5, ¢,(d) =0.5,

$2(c) =0.4, y(d)=0.7.

And Yi(k) =05, Yi(v)=0.5

fis df — con (df — ™ con, df — o™ con, df — semi con, df — g con) function, but f is not df — hom, since £ is not

df — con function.

3.13. Definition

A bijection function f: (G, 41, 41 ) — (H, %, 4> ) is said to be a double fuzzy — p™ homeomorphism (df — ™
hom) if fand £ are df- p™ con functions.

3.14. Example

Let G={c, d}, H={k, v} and (£1(9), 41 (¢)) is defined on G by:
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1,if @ef0,1}, 0, if ¢ €{0,1},
it 99 = ¢ X —if 0@ = o
(o) = . ) S (o) = ,
o if el =% 2 i el = o,
0, otherwise. i, otherwis.
Such that, @1(c) =05, @.(d) =04,
And, ©,(C) = 0.4, @,(d)=017.

Also, (£(Y), £ (Y)) is defined on H by:

1, if ve{0,1}, 0, if Ye{0,1},
;—,if Yh) = Y, ;—,if Y(gh) = Y,
#N=1" AUELS
S if Y =Y, 2 i Y() = Yo,
kd, otherwise. \ 1, otherwis.
Such that, Yi(k) = 0.6, Yi(v)=04,
And, Y,(K) = 0.5, Y,(V)=0.6.

Now, fis df- ™ con function, since f™(1 —Y,) isan (,2)—fp" closed set. And, £ is df- p™ con function, since
EH A - isan (¢, ) - fp" closed set. That is, f is df- ™ hom.
3.15. Theorem
Every df — hom is df — B™ hom, but need not conversely.
Proof
Let a function f: (G, 41, 41) — (H, %, 4> ) be a df — hom.

Then, fand £ are df- con function. This implies that f and £ ™ are df- ™ con function.
That is a function fis a df — ™ hom.

The following example demonstrates that the converse of this theorem is not true.
3.16. Example

Refer to example 3.14., fis df- ™ hom. But, fis not df- hom, since £ (1 — Yy) is not (% , %) — f closed set.
3.17. Theorem

Let f: (G, 41, 41) — (H, %, 4" be a function, if f is df — bijective function, then the following statements
are equivalent:

i) fY(H, £ £) — (G, 41, 41) is df — ™ con function.
i) fis df — B open function.
iii) fis df — B™ closed function.

Proof
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i — ii: Let £1(&) > f and 4, (6) <, then #1(1 - &) >Fand ¢, (1 - @) <§ wheref € IFand § € 15.  Since, ™
is df — B™ con function. Then, (f)™(1 - &@)) is an (¥, §) — £ ™ closed set in H.
This implies that £(1 - @) is an (&, §) — f p™ closed set in H. That is 1 - f(&) is an (t, §) — fp™ closed set in H.
So, (@) is an (¥, §) — £ p" open set in H. This implies that f is df — B™ open function.

ii — iii: Let Z1(1 - 8) >Fand #,"(1 - 8) <5 then 71(1- (1-8))>Fand £ (1- (1-8))<§ wheref e l;and § €
I, Since fis df — B™ open function, then (1 - (1 - 8)) is an (&, §) — f p™ open set in H. This implies
that 1 - f(1 - 8) isan (t, 8) - f p™ open set in H. That is f(1 - 8) is an (t, §) — £ B" closed set in H.

This implies that £ is df — B™ closed function.

iii — i: Let #3(1-y)>tand g1 (1-7) <8 wherei € l;and § € I
Since fis df — B™ closed function, then £ (1 - y)) is an (f, §) — f p™ closed set in H. That is (f)*(1 - y)) is an (¥, §)
— £B™ closed set in H. That is £ is df — p™ con function.

3.18. Theorem

Let a function f: (G, 41, 41 ) — (H, 45, 4> ) be df — p™ hom. Then, a function f is df — hom if G and H
represent df — (¢, ;{*)Tﬁm space.

Proof

Let 4,(1-a)>tand 4 (1-0)<§ wheret € I, and § € I;. Since, fis df — p™ hom, then f is df — B™ con
function. That is, (1 - @) is an (t, §) — £ B" closed set in G. Now,
since G is df — (7, g*)mm space, this implies that £ (1 - @) is an (¥, §) — f closed set in G.

Hence, f is df —con function, by hypothesis, f™: (H, 4, %) — (G, 4., 41" is df — B™ con function.

Let #1(1-y)>tand 2 (1-y) <& wherei € I;and 5 € I,

Then, (£%)"(1 - v)) = f(1 - y) is an (¢, §) — fB" closed set in H, since H is df — (£, 4 )rpm SPACE. That
is f(1 - y)is an (&, 8) — f closed set in H. This implies that £ is df — con function. Therefore, a function f is df —
hom.

3.19. Proposition
The composition of two df — B™ hom does not need df — B™ hom, as clarified in the following example.
3.20. Example

Let G={c, d}, H= {k, h} and F = {q, w}, (31(¢), 31 (¢)) is defined on M by:

(1, if ¢ €{0,1}, (6, if ¢ €{0,1},
i 09 = @ . it 99 = ¢
Ji(9)= ) v (o) ,
| 3 if @9 =@ | 3 if 0@ = o,
0, otherwise. 1, otherwis.
Such that,

®1(c) = 0.2, @a(d) =04,
And, 0:(0) =08, @y(d) = 0.6.

Also, (£(Y), £ (Y)) is defined on H by:
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i, if Y e€{0,1}, 0, if Yefo,i},
f f
;—,lf Yh) =Y, ;—,if Y(h) = Y,
#=1 VAR
k(j, otherwise. k 1, otherwis.
Such that,
Yl(k) = 04, Yl(V) =0.9.
And, Yo(k) =04, Y,(v)=0.3.

Also, (75(9), 45 (9)) is defined on F by:

(1’, if 9ef0,1}, [6, if 9ef0,1},
if ()= if )=
34(9)= ;o 33(9)=
i, if () = Z if  9(f) =9,
k(j, otherwise. \ 1, otherwis.
Such that,
9,(q)=0.6, 9:(w)=0.6.
And, 9,(0) =04,  9,(w)=0.8.

When the bijection function # between the two dftss (S1(¢), 31 (¢)) and (3,(Y), 35 (Y)) is defined by:
£ )~ M L £2) as, f(c) =kand f(d) = v.
Now, £(Y1)> 3. £ (Y1) <350 £o(1 -T2 > 5, £ (- Yo <3

£~ Y2) <@z @zisan (3, 3) — 1B open set. So, £
YY) isan (¢, 1) £ 8™ closed set. Hence, fis df - ™ closed function. And ™ is df - ™ con function, since 1 (¢
)= 3 (@) <250 By(1- ) > 2,8, (1 - cpz) <L (DA~ @)<Yz Yoisanl, 1) — fB open set. So, ()
YY) is an G.y- ™ closed set. Hence, £ is df B™ con function. That is fis df - B" hom.  And, the

bijection function g between the two dftss (3,(Y), S, (Y)) and (33(9), S5 (9)) is defined by: g' (H, £,
42) — (F, o, #5) as, g(k)=qand g(v) =w. H3(81) = 3,

5 (9) < Lso H(1-9)> 1 4 “(1-9)< X d-9) <Y, Yyis an 2, 2) — P open set. So, g}(9,%) is an
(. 2) —fP" closed set. Hence, g is df - B closed function. And g

is df - ™ con function, since %2(Y2) > 3, £, “(Y,) < <2,80 Lo(1-Y,) > 2 S A-Yy)< <2
(@HMd-Y,) <9y, 9yisan (2 7 5) — 1B open set. So, (g }(Y>°) is an (E , E) —fB" closed set.
Hence, g is df - B™ con function. That is g * is df - p™ hom.

Now, the bijection function f between the two dftss (£1(¢), 41 (¢)) and (£3(9), Z5 (9)) is defined by: g o f: (G,
JL H1)— (F, 45, 43) as, g o f(c)=qand 9 of(d)=*. F3(81) =
L s (9 <250 f(1-9)> % 75 (1-9) <2,

(gof)*(I-9)<1,1isanl,l)— 1B openset. So,(go (%) isan ¢, 2) —fp" closed set. Hence,
(g of)isdf- Bm con function. But (gof)tis not df - B con function. Since 41(@,) >
2! gl ((pZ) = 2! SO %(1 (pZ) = 2! gl (1 (pZ) = 2!

(g o))" (1~ @2) < @1, @risan (£, 2) - 1B open set. So,
(g0 ) (@) isnot ¢, 2) — £ " closed set. Hence, (g o f) is not df - ™ hom.
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3.21. Proposition
The composition of two df — B™ hom needs df — p™ hom if H is df — (., g*)mm space.
Proof

Let a function f: (G, 41, 41) — (H, %o, %) and g: (H, %o, £5) — (F, 45, 45 ) be df — p™ hom.
And let #5(1- &) >tand g5 (1 - &) <§, since g is df- df — p™ hom.
So, g*(1 - &) isan (¥, §) — £ B™ closed set in H. Since a space H is df — (£, 4 )rpm SPACE.
Then, g™(1 - &) is an (&, §) — f closed set in H, since fis df- p™ hom.
This implies that £*(g™(1 - &)) is an (&, 8) —f p™ closed set in G.
Then, £%(g™ ({1 - @) = (g o (1 - &) is an (¥, §) —f p" closed set in G. Therefore, g o f is df— p™ hom.

3. Conclusion

In this study, the ideas and definitions of symmetry on functions in the fuzzy double topological space are
presented and studied. This definition is generalized to a definition of a new concept, which is df-B"
homemorphism. In addition, the study develops the relationship between these new types of symmetry of
functions in double fuzzy topological spaces with some other types of functions that were previously studied
through theorems and a number of examples. Finally, the results are as follows:

(1) Every df — hom is df — con (df — B™ con, df — o™ con, df — semi con, df — g con) function.
(2) Every df —hom is df — B™ hom.
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