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ABSTRACT 
The purpose of this study is to introduce the concept of 

homeomorphism via β
m
 – closed set and study its behavior and 

properties in double fuzzy topological spaces. This objective is 

achieved through the definitions of df- β
m

 continuous functions 

and df- β
m
 closed functions. The results of this study represent 

important relationships and proofs, in addition to providing 

some necessary examples. 
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 في الفزاءات التبولوجية السزببة السزدوجة  ᵐβ -التذاكل 

  3السجيد شهاب عمي عبد، 2جاسمطه حسيد ، 1سشاء ابراهيم عبدالله

 الرياضيات، كمية عموم الحاسوب والرياضيات، جامعة تكريت، تكريت، العراق قدم  2،1
  الرياضيات، كمية التربية لمعموم الررفة، جامعة تكريت، تكريت، العراق قدم 3

  
 السمخص

df- β ولالل  مفهاىم التشاال  التبىلاى ي مام الان   .df- hom في هدا البحث قدمنا مفهىم التشاال  التبىلاى ي
m
 hom.    مام لاا ت ديادا نا لتف اا

f β– (ř, š)ببو ال زدو او  ضابىلى ياو ال تالفضاااا  ال فاي ال لقا الادوات ال لقياو والادوات ال رات  ى اقاج ال ت ىااا  
m
 closed set  ودا  دااةاو

 الفداد مم الامثقو الض وااو  الف قا  بينه  مم لا ت مب هنا  والف ضيا  وال  حظا  و

 

1. Introduction 

     Zadeh [1] presented his study on the concept of fuzzy set in 1965, which is a generalization of the classical 

sets. After that, in 1968 [2], Chang introduced his study on the fuzzy topological space. In 1993 [3], Atanassov 

introduced a new concept of sets, namely the intuitionistic fuzzy sets. On the basis of these sets, in 1997 [4], 

Coker introduced the fuzzy intuitionistic topological spaces. This study adopts the concept of Garcia and 

Rodabaugh [5] that the term double fuzzy topological spaces in mathematics is more appropriate than the 

intuitionistic fuzzy topological spaces. It studies df – β
m

 continuous functions, df – homeomorphism and df – β
m

 

homeomorphism, as well as their properties and relationships.  

2. Preliminaries  

     This section introduces some basic and essential concepts in this work. In this concern, a non-empty set is 

denoted by the symbol G and the closed unit interval [  ́ ,   ́ ] by I, also Iř is denoted by (  ́ ,   ́ ] and Iš is denoted 

by [  ́ ,   ́ ). The family of all fuzzy sets is denoted by I
G
. Hence,   ́ and   ́ represent the smallest and greatest fuzzy 

sets, respectively. For the fuzzy set ᾶ ∈ I
G
,   ́  – ᾶ denotes the complement of ᾶ. The symbols ≤,   and    

represent the less or equal value, intersection and union, respectively. These symbols are used for fuzzy sets.  

2.1. Definition: [1] 

     Let G be a non-empty set. A fuzzy set in G is characterized by its membership function δᾶ: G → [  ́ ,   ́ ] 

where δᾶ (g) is interpreted as the degree of membership of element g in fuzzy set ᾶ, for each g ∈ G. It is clear 

that ᾶ is completely determined by the set of tuples ᾶ = {(g, δᾶ(g)): g ∈ G}. 

2.2. Definition: [5] 

     A double fuzzy topology (ℐ, ℐ
 *
) on a non-empty set G is a pair of functions ℐ, ℐ

 *
: I

G
 → I, which satisfies 

the following properties:     

(i) ℐ (ᾶ) ≤   ́  - ℐ
 *
(ᾶ) for each ᾶ ∈ I

G
.  

(ii) ℐ(ᾶ1   ᾶ2) ≥ ℐ(ᾶ1)   ℐ(ᾶ2) and ℐ
 *
(ᾶ1   ᾶ2) ≤ ℐ

 *
(ᾶ1)  ℐ

 *
(ᾶ2) for each ᾶ1, ᾶ2 ∈ I

G
. 

(iii) ℐ (  ∈  ᾶk ) ≥   ∈  ℐ (ᾶk ) and  ℐ
 *
(  ∈  ᾶk ) ≤   ∈  ℐ

 *
(ᾶ k) for each ᾶk ∈ I

G
,  ∈  . 

The triplex (G, ℐ, ℐ
 *
) is called double fuzzy topological spaces (dftss, for short). 

  2.3. Definition: [7]  

     Let (G, ℐ, ℐ
 *
)  be a dfts, then for each ř ∈ Iř and š ∈ Iš and ᾶ, δ ∈ I

G
, the double fuzzy closure (Cℐ,ℐ *) and 

interior (Iℐ,ℐ * ) operator Cℐ,ℐ *, Iℐ,ℐ * : I
G
  x  Iř  x  Iš → I

G
  are defined as follows:  

               Cℐ,ℐ *(ᾶ, ř, š) =  { δ ∈ I
G
 : ᾶ ≤ δ, ℐ(  ́ - δ) ≥ ř, ℐ

 *
(  ́  - δ) ≤ š}. 

               Iℐ,ℐ *(ᾶ, ř, š) =  { δ ∈ I
G
: δ ≤ ᾶ, ℐ(δ) ≥ ř, ℐ

 *
(δ) ≤ š}. 
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2.4. Definition: 

     Let (G, ℐ, ℐ
 *
) be a dfts. For each ᾶ ∈ I

G
, ř ∈ Iř  and š ∈ Iš. 

(1) ᾶ is an (ř, š) –fuzzy open set ((ř, š) –f open) if ℐ(ᾶ) ≥ ř  and ℐ
 *
(ᾶ) ≤ š and  ᾶ is an (ř, š) –fuzzy  closed set ((ř, 

š) – f closed ) if ℐ (  ́ - ᾶ) ≥ ř  and ℐ
 *
(  ́ - ᾶ) ≤ š [9]. 

 (2) ᾶ is an (ř, š) –fuzzy semi open set ((ř, š) – fs open) if  ᾶ ≤ Cℐ,ℐ *(Iℐ,ℐ *(ᾶ, ř, š), ř, š) and an ((ř, š)-fuzzy semi 

closed set ((ř, š)-fs-closed),  if Iℐ,ℐ *(Cℐ,ℐ *(ᾶ, ř, š), ř, š) ≤ ᾶ [9]. 

(3) ᾶ is an (ř, š) –fuzzy preopen set ((ř, š) – fp open) if ᾶ ≤ Iℐ,ℐ *(Cℐ,ℐ *(ᾶ, ř, š), ř, š) and an (((ř, š) –fuzzy semi 

closed set ((ř, š)-fp closed),  if Cℐ,ℐ *(Iℐ,ℐ *(ᾶ, ř, š), ř, š) ≤ ᾶ [10]. 

(4) ᾶ is an (ř, š) –fuzzy α open set ((ř, š) – f α open) if  ᾶ ≤ Iℐ,ℐ *(Cℐ,ℐ *(Iℐ,ℐ *(ᾶ, ř, š), ř, š) and an (((ř, š) –fuzzy 

semi closed set ((ř, š) –fα closed),  if Cℐ,ℐ *(Iℐ,ℐ *(Cℐ,ℐ *(ᾶ, ř, š), ř, š), ř, š) ≤ ᾶ [8]. 

(5) ᾶ is an (ř, š) –fuzzy β open set ((ř, š) – fβ open) if  ᾶ ≤ Cℐ,ℐ *(Iℐ,ℐ *(Cℐ,ℐ *(ᾶ, ř, š), ř, š), ř, š) and an (((ř, š) – 

fuzzy β closed set ((ř, š) – fβ closed),  if Iℐ,ℐ *(Cℐ,ℐ *(Iℐ,ℐ *(ᾶ, ř, š), ř, š), ř, š) ≤ ᾶ [12]. 

 (6) ᾶ is called (ř, š) – generalized fuzzy closed ((ř, š) – gf closed) set if Cℐ,ℐ *(ᾶ, ř, š) ≤ δ,  whenever, ᾶ ≤ δ and 

ℐ(δ) ≥ ř, ℐ
 *
(δ) ≤ š. Complement of  (ř, š) – gf closed set is an (ř, š) – gf open set [8]. 

(7) ᾶ is called (ř, š) – fuzzy α
m

 closed ((ř, š) –f α
m
 closed) set if Iℐ,ℐ *(Cℐ,ℐ *(ᾶ, ř, š),  ř, š) ≤ δ, whenever, ᾶ ≤ δ and 

δ is an (ř, š)–fα open. ᾶ is called an (ř, š) – fuzzy α
m
 open ((ř, š) – f α

m
 open) if    ́ – ᾶ is an  (ř, š) – f α

m
 closed set 

[11]. 

2.5. Definition: [12]  

     Let (G, ℐ, ℐ
 *
) be a dfts, for each ᾶ, δ ∈ I

G
, ř ∈ Iř and š ∈ Iš. ᾶ is called an (ř, š) –fuzzy β

m
 closed  

((ř, š) – fβ
m
 closed) set if Iℐ,ℐ *(Cℐ,ℐ *(ᾶ, ř, š), ř, š) ≤ δ, whenever  ᾶ ≤ δ  and  δ is an (ř, š) – fβ open. ᾶ is called an 

(ř, š) – fuzzy β
m
 open ((ř, š) – fβ

m
 open) if   ́ – ᾶ is an (ř, š) – fβ

m
 closed set. 

 

 2.6. Definition 

     Let ᶂ: (G, ℐ1, ℐ1
*
) → (H, ℐ2, ℐ2

*
), then ᶂ is said to be: 

(1) double fuzzy – closed (df – closed) function if image for every (ř, š) – f closed set is an (ř, š) – f closed 

set
 
in H whenever ᾶ ∈ I

G
, ř ∈ Iř and š ∈ Iš [9]. 

(2) double fuzzy – continuous (df – con) function if inverse image for every (ř, š) – f closed set is an (ř, š) – 

f closed set
 
in G whenever ᾶ ∈ I

G
, ř ∈ Iř and š ∈ Iš [9]. 

(3) double fuzzy – semi continuous (df – s con) function if inverse image for every (ř, š) – f closed set is an 

(ř, š) – f s closed set
 
in G whenever ᾶ ∈ I

G
, ř ∈ Iř and š ∈ Iš [6]. 

(4) double fuzzy – generalized continuous (df – g con) function if inverse image for every (ř, š) – f closed 

set is an (ř, š) –g f closed set
 
in G whenever ᾶ ∈ I

G
, ř ∈ Iř and š ∈ Iš [6]. 

(5) double fuzzy – α
m
 continuous (df – α

m
 con) function if inverse image for every (ř, š) – f closed set is an 

(ř, š) – f α
m
 closed set

 
in G whenever ᾶ ∈ I

G
, ř ∈ Iř and š ∈ Iš [11]. 

In this part, the double fuzzy β
m
 – homeomorphism is introduced. 

3.1. Definition 

     Let ᶂ: (G, ℐ1, ℐ1
*
) → (H, ℐ2, ℐ2

*
), then ᶂ is said to be double fuzzy – β

m
 closed (df – β

m
 closed) function if 

image for every (ř, š) – f closed set is an (ř, š) – f β
m
 closed set

 
in H whenever ᾶ ∈ I

G
, ř ∈ Iř and š ∈ Iš. 

3.2. Example 

     Let G={c, d}, H= {k, v} and (ℐ1( ), ℐ1
*
( )) is defined on G by: 



  

 

  
Tikrit Journal of Pure Science (2023) 28 (6): 153-163 
Doi:  
 

156 

ℐ1( )= {

 ́                    ∈ {  ́   ́} 
 

 
                ( )          

 ́                          

,        ℐ1
*
( )= {

 ́              ∈ {  ́    ́ } 
 

 
            ( )        

 ́                         

 

Such that,                          

                                   1(c) = 0.4,     1(d) = 0.6, 

Also, (ℐ2( ), ℐ2
*
(  )) is defined on H by: 

ℐ2( )= 

{
 
 

 
 
  ́              ∈ {  ́    ́ }    
   

   
            ( )     

  
 

 
           ( )     

  ́                        

       ,        ℐ2
*
(Υ)= 

{
 
 

 
 
  ́              ∈ {  ́    ́ }    
   

   
            ( )     

  
 

 
           ( )      

  ́                       

 

Such that,               

                                              1(k) = 0.6,       1(v) = 0.3.  

  And,                                    2(k) = 0.4,       2(v) = 0.7. 

When, the function ᶂ between two dfts (ℐ1( ), ℐ1
*
( )) and (ℐ2( ), ℐ2

*
( )) is defined by:  ᶂ: (G, ℐ1, ℐ1

*
) → (H, 

ℐ2, ℐ2
*
),  as  ᶂ(c) = k and ᶂ(d) = v. 

So, ℐ1( 1) ≥   
 
, ℐ1

*
( 1) ≤ 

 

 
, then ℐ1(  ́ -  1) ≥   

 
, ℐ1

*
(  ́ -  1) ≤ 

 

 
, such that ᶂ

 
(  ́ -  1) = ᶂ

 
( 1

c
) = (c0.6, d0.4) ≤  1, 

where  1 is an ( 
 
 ,  

 
) – fβ open set. So, ᶂ

 
( 1

c
) is an ( 

 
 ,  

 
) – f β

m
 closed set. Hence, ℱ is df - β

m
 closed function. 

 3.3. Remark 

    Every df – closed function is df – β
m
 closed function, but need not conversely. 

3.4. Example 

     Refer to example 3.2., a fuzzy set  1 is taken for dfts (ℐ1( ), ℐ1
*
( )) and the fuzzy sets  1 and  2 for dfts 

(ℐ2( ), ℐ2
*
(  )), such that  

                                                     1(c) = 0.5,     1(d) = 0.6 

And,                                            1(k) = 0.6,     1(v) = 0.3 

                                                    2(k) = 0.4,     2(v) = 0.6. 

So, ℐ1( 1) ≥   
 
, ℐ1

*
(  1) ≤ 

 

 
, then ℐ1(  ́ -  1) ≥   

 
, ℐ1

*
(  ́ -  1). Now, 

 
ᶂ(  ́ -  1) = ᶂ

 
(  1

c
) = (c0.5, d0.4) ≤  1, where  1 

is an ( 
 
 ,  

 
) – fβ open set. So, ᶂ( 1

c
) is an ( 

 
 ,  

 
) – f β

m
 closed set. Hence, ᶂ is df - β

m
 closed function. But ᶂ is not 

df - closed function, since ᶂ( 1
c
) is not an ( 

 
 ,  

 
) – f closed set. 

3.5. Definition 

     Let ᶂ: (G, ℐ1, ℐ1
*
) → (H, ℐ2, ℐ2

*
) be a function between these dftss (G, ℐ1, ℐ1

*
) and (H, ℐ2, ℐ2

*
). Then, ᶂ is 

said to be a double fuzzy – β
m 

continuous (df– β
m 

con) function if inverse image for every ℐ2(  ́ – ᾶ) ≥ ř, and  

ℐ2
*
( ́ – ᾶ) ≤ š is an (ř, š) – fβ

m
 closed set

 
in M, whenever ᾶ ∈ I

G
, ř ∈ Iř and š ∈ Iš. 

3.6. Example 
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     Let G={c, d}, H= {k, v} and (ℐ1( ), ℐ1
*
( )) is defined on G by: 

ℐ1( ) = 

{
 
 

 
 
  ́             ∈ {  ́    ́ }    
   

   
            ( )     

  
 

 
           ( )     

  ́                        

       ,        ℐ1
*
(  ) = 

{
 
 

 
 
  ́              ∈ {  ́    ́ }    
   

   
            ( )     

  
 

 
           ( )      

  ́                       

 

Such that,                   1(c) = 0.5,     1(d) = 0.4, 

And,                           2(c) = 0.4,     2(d) = 0.7. 

Also, (ℐ2( ), ℐ2
*
( )) is defined on H by: 

ℐ2( ) = {

 ́                    ∈ {  ́   ́} 
 

 
             ( )          

 ́                          

,        ℐ2
*
( ) = {

 ́               ∈ {  ́    ́ } 
 

 
            ( )          

 ́                         

 

Such that,               1(k) = 0.6 and  1(v) = 0.4, 

When the function ᶂ between the two dftss (ℐ1( ), ℐ1
*
( )) and (ℐ2( ), ℐ2

*
(Υ)) is defined  by:  ᶂ: (G, ℐ1, ℐ1

*
) → 

(H, ℐ2, ℐ2
*
), as ᶂ(c) = k and ᶂ(d) = v. So, ℐ2( 1) ≥   

 
 ,  ℐ2

*
( 1) ≤ 

 

 
 ,  ᶂ

 -1
( 1

c
) = (k0.4, v0.6) ≤  1.                      Then, 

ᶂ
 -1

( 1
c
) is an (

 

 
,  
 
) – f β

m
 closed set. This implies that ᶂ

 
is df – β

m
 con function. 

3.7. Definition 

     Let (G, ℐ1, ℐ1
*
) and (H, ℐ2, ℐ2

*
) be dftss. A bijection function ᶂ: (G, ℐ1, ℐ1

*
) → (H, ℐ2, ℐ2

*
) is said to be a 

double fuzzy – homeomorphism (df – hom) if ᶂ and ᶂ
 -1

 are df– con functions. 

3.8. Example 

     Let G ={c, d}, H = {k, v} and (ℐ1( ), ℐ1
*
( )) is defined on G by: 

ℐ1( ) = {

 ́                    ∈ {  ́   ́} 
 

 
                ( )          

 ́                          

,        ℐ1
*
( ) = {

 ́              ∈ {  ́    ́ } 
 

 
            ( )        

 ́                         

 

Such that,                          

                                   1(c) = 0.4,     1(d) = 0.6, 

Also, (ℐ2( ), ℐ2
*
(  )) is defined on H by: 

ℑ2(Υ) = {

 ́                    ∈ {  ́   ́} 
 

 
                ( )          

 ́                          

,        ℑ2
*
(Υ) = {

 ́              ∈ {  ́    ́ } 
 

 
           ( )        

 ́                         

 

Such that,                          

                                   1(k) = 0.4,     1(v) = 0.6, 
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When the bijection function ᶂ between the two dftss (ℐ1( ), ℐ1
*
(  )) and (ℐ2( ), ℐ2

*
( )) is defined by:  ᶂ: (G, 

ℐ1, ℐ1
*
) → (H, ℐ2, ℐ2

*
), as f(c) = k and f(d) = v. 

So, ℐ2( 1) ≥   
 
, ℐ2

*
(  1) ≤ 

 

 
, so ℐ2(  ́ -  1) ≥   

 
, ℐ2

*
(  ́ -  1) ≤ 

 

 
. Then, ᶂ is df - con function. And                          

ℐ1( 1) ≥   
 
, ℐ1

*
(  1) ≤ 

 

 
, so ℐ1(  ́ -  1) ≥   

 
, ℑ1

*
(  ́ -  1) ≤ 

 

 
.                                                                                            

Then, ᶂ
 -1

 is df - con function. That is ᶂ is df – hom. 

3.9. Remark 

     Every df – hom is df – closed (df – β
m
 closed) function, but need not conversely. 

3.10. Example 

     Refer to example 3.2., a fuzzy set  1 is taken for dfts (ℐ1( ), ℐ1
*
(  )) and the fuzzy sets  1 and   2 for dfts 

(ℐ2( ), ℐ2
*
( )), such that:  

                                                     1(c) = 0.5,     1(d) = 0.5 

And,                                             1(k) = 0.5,     1(v) = 0.5 

                                                     2(k) = 0.4,     2(v) = 0.6. 

So, ℐ1( 1) ≥   
 
, ℐ1

*
( 1) ≤ 

 

 
, then ℐ1(  ́ -  1) ≥   

 
, ℐ1

*
(  ́ -  1).Then, ᶂ is df – closed function, and since every df – 

closed function is df – β
m
 closed function, so ᶂ is df – β

m
 closed function.                                           But, ᶂ is not 

df – hom, since ᶂ is not df – con function.                                                  

3.11. Remark 

     Every df – hom is df – con (df – β
m
 con, df – α

m
 con, df – semi con, df – g con) function, but need not 

conversely. 

3.12. Example 

     Refer to example 3.6., a fuzzy set  1 is taken for dfts (ℐ1( ), ℐ1
*
(  )) and the fuzzy sets  1 and  2 for dfts 

(ℐ2( ), ℐ2
*
(  )), such that:  1(c) = 0.5,   1(d) = 0.5, 

                                  2(c) = 0.4,     2(d) = 0.7. 

And                           1(k) = 0.5,     1(v) = 0.5 

 ᶂ is df – con (df – β
m
 con, df – α

m
 con, df – semi con, df – g con) function, but ᶂ is not df – hom, since ᶂ

 -1
  is not 

df – con function.   

3.13. Definition 

     A bijection function ᶂ: (G, ℐ1, ℐ1
*
) → (H, ℐ2, ℐ2

*
) is said to be a double fuzzy – β

m
 homeomorphism (df – β

m
 

hom) if ᶂ and ᶂ
 -1

 are df– β
m
 con functions. 

3.14. Example 

 Let G={c, d}, H= {k, v} and (ℐ1( ), ℐ1
*
( )) is defined on G by: 
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ℐ1( ) = 

{
 
 

 
 
  ́             ∈ {  ́    ́ }    
   

   
            ( )     

  
 

 
           ( )     

  ́                        

       ,        ℐ1
*
(  ) = 

{
 
 

 
 
  ́              ∈ {  ́    ́ }    
   

   
            ( )     

  
 

 
           ( )      

  ́                       

 

Such that,                   1(c) = 0.5,     1(d) = 0.4, 

And,                           2(c) = 0.4,     2(d) = 0.7. 

Also, (ℐ2( ), ℐ2
*
( )) is defined on H by: 

ℐ2( ) = 

{
 
 

 
 
  ́             ∈ {  ́    ́ }    
   

   
            ( )     

  
 

 
           ( )     

  ́                        

       ,        ℐ2
*
( ) = 

{
 
 

 
 
  ́              ∈ {  ́    ́ }    
   

   
            (  )     

  
 

 
           ( )       

  ́                       

 

Such that,                   1(k) = 0.6,     1(v) = 0.4, 

And,                           2(k) = 0.5,     2(v) = 0.6. 

Now, ᶂ is df- β
m
 con function, since ᶂ

 -1
(  ́ –  1) is an ( 

 
 ,  

 
) – f β

m
 closed set. And, ᶂ

 -1
 is df- β

m
 con function, since 

(ᶂ
 -1

)
 -1 

(  ́ –  1) is an ( 
 
 ,  

 
) – f β

m
 closed set. That is, ᶂ is df– β

m
 hom. 

3.15. Theorem 

     Every df – hom is df – β
m
 hom, but need not conversely. 

Proof 

     Let a function ᶂ: (G, ℐ1, ℐ1
*
) → (H, ℐ2, ℐ2

*
) be a df – hom.                                                                             

Then, ᶂ and ᶂ
 -1

 are df– con function. This implies that ᶂ and ᶂ
 -1

 are df– β
m
 con function.                                    

That is a function ᶂ is a df – β
m
 hom. 

The following example demonstrates that the converse of this theorem is not true. 

3.16. Example  

     Refer to example 3.14., ᶂ is df– β
m
 hom. But, ᶂ is not df– hom, since ᶂ

 -1
(  ́ –  1) is not ( 

 
 ,  

 
) – f closed set. 

3.17. Theorem 

     Let ᶂ: (G, ℐ1, ℐ1
*
) → (H, ℐ2, ℐ2

*
) be a function, if ᶂ is df – bijective function, then the following statements 

are equivalent: 

i) ᶂ
 -1

: (H, ℐ2, ℐ2
*
) → (G, ℐ1, ℐ1

*
) is df – β

m
 con function. 

ii) ᶂ is df – β
m
 open function. 

iii) ᶂ is df – β
m
 closed function. 

Proof 
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     i → ii: Let ℐ1(ᾶ) ≥ ŕ and ℐ1
*
(ᾶ) ≤ ś, then ℐ1(  ́ - ᾶ) ≥ ř and ℐ1

*
(  ́ - ᾶ) ≤ š, where ř ∈ Iř and š ∈ Iš.     Since,  ᶂ

 -1
 

is df – β
m
 con function. Then, (ᶂ

 -1
)

-1
(  ́ - ᾶ)) is an (ř, š) – f β

m
 closed set in H.                                                            

This implies that ᶂ
 
(  ́ - ᾶ) is an (ř, š) – f β

m
 closed set in H. That is   ́ - ᶂ(ᾶ) is an (ř, š) – fβ

m
 closed set in H.                       

So, ᶂ(ᾶ) is an (ř, š) – f β
m
 open set in H. This implies that ᶂ is df – β

m
 open function. 

ii → iii: Let ℐ1(  ́ - δ) ≥ ř and ℐ1
*
(  ́ - δ) ≤ š, then ℐ1(  ́ - (  ́ - δ)) ≥ ř and ℐ1

*(  ́ - (  ́ - δ)) ≤ š, where ř ∈ Iř and š ∈ 

Iš. Since ᶂ
 
is df – β

m
 open function, then ᶂ

 (  ́ - (  ́ - δ)) is an (ř, š) – f β
m
 open set in H.                         This implies 

that   ́ - ᶂ(  ́ - δ) is an (ř, š) - f β
m
 open set in H. That is ᶂ(  ́ - δ) is an (ř, š) – f β

m
 closed set in H.                                                                              

This implies that ᶂ is df – β
m
 closed function. 

iii → i: Let ℐ1(  ́ - γ) ≥ ř and ℐ1
*
(  ́ - γ) ≤ š, where ř ∈ Iř and š ∈ Iš.                                                                              

Since ᶂ
 
is df – β

m
 closed function, then ᶂ

 
(  ́ - γ)) is an (ř, š) – f β

m
 closed set in H. That is (ᶂ

 -1
)

-1
(  ́ - γ)) is an (ř, š) 

– f β
m
 closed set in H. That is ᶂ

 -1
 is df – β

m
 con function. 

3.18. Theorem 

     Let a function ᶂ: (G, ℐ1, ℐ1
*
) → (H, ℐ2, ℐ2

*
) be df – β

m
 hom. Then, a function ᶂ is df – hom if G and H 

represent df – (ℐ, ℐ
*
)Tβm space. 

Proof 

      Let ℐ2(  ́ - ᾱ) ≥ ř and ℐ2
*
(  ́ - ᾱ) ≤ š, where ř ∈ Iř and š ∈ Iš. Since, ᶂ is df – β

m
 hom, then ᶂ is df – β

m
 con 

function. That is, ᶂ
 -1

(  ́ - ᾱ) is an (ř, š) – f β
m
 closed set in G.                                                                      Now, 

since G is df – (ℐ, ℐ
 *
)Tβm space, this implies that ᶂ

 -1
(  ́ - ᾱ) is an (ř, š) – f closed set in G.                             

Hence, ᶂ is df –con function, by hypothesis, ᶂ
 -1

: (H, ℐ2, ℐ2
*
) → (G, ℐ1, ℐ1

*
) is df – β

m
 con function.                                      

Let ℐ1(  ́ - γ) ≥ ř and ℐ1
*
(  ́ - γ) ≤ š, where ř ∈ Iř and š ∈ Iš.                                                                                  

Then, (ᶂ
 -1

)
-1

(  ́ - γ)) = ᶂ(  ́ - γ) is an (ŕ, ś) – fβ
m
 closed set in H, since H is df – (ℐ, ℐ

 *
)Tβm space.                     That 

is ᶂ
 
(  ́ - γ) is an (ř, š) – f closed set in H. This implies that ᶂ

 -1
 is df – con function. Therefore, a function ᶂ is df – 

hom. 

 3.19. Proposition 

     The composition of two df – β
m
 hom does not need df – β

m
 hom, as clarified in the following example. 

3.20. Example 

Let G={c, d}, H = {k, h} and F = {q, w}, (ℑ1( ), ℑ1
*
( )) is defined on M by: 

ℐ1( )= 

{
 
 

 
 
  ́              ∈ {  ́    ́ }    
   

   
            ( )     

  
 

 
           ( )     

  ́                        

       ,        ℐ1
*
( )= 

{
 
 

 
 
  ́              ∈ {  ́    ́ }    
   

   
            ( )     

  
 

 
           ( )      

  ́                       

 

Such that,                          

                                   1(c) = 0.2,     1(d) = 0.4, 

And,                           2(c) = 0.8,     2(d) = 0.6. 

Also, (ℐ2( ), ℐ2
*
(  )) is defined on H by: 
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ℐ2( )= 

{
 
 

 
 
  ́              ∈ {  ́    ́ }    
   

   
            ( )     

  
 

 
           ( )     

  ́                        

       ,        ℐ2
*
(  )= 

{
 
 

 
 
  ́              ∈ {  ́    ́ }    
   

   
            ( )     

  
 

 
           ( )      

  ́                       

 

Such that,               

                                              1(k) = 0.4,       1(v) = 0.9.  

  And,                                    2(k) = 0.4,       2(v) = 0.3. 

Also, (ℐ3(ϑ), ℐ3
*
(ϑ)) is defined on F by: 

ℑ3(ϑ)= 

{
 
 

 
 
  ́              ∈ {  ́    ́ }    
   

   
            ( )     

  
 

 
           ( )     

  ́                        

       ,        ℑ3
*
( ϑ)= 

{
 
 

 
 
  ́              ∈ {  ́    ́ }    
   

   
            ( )     

  
 

 
           ( )      

  ́                       

 

Such that,               

                                             ϑ1(q) = 0.6,      ϑ1(w) = 0.6.  

  And,                                   ϑ2(q) = 0.4,      ϑ2(w) = 0.8. 

When the bijection function ℱ between the two dftss (ℑ1( ), ℑ1
*
( )) and (ℑ2( ), ℑ2

*
( )) is defined by:               

 ᶂ: (G, ℐ1, ℐ1
*
) → (H, ℐ2, ℐ2

*
)  as,  ᶂ(c) = k and ᶂ(d) = v. 

Now, ℐ2( 1) ≥   
 
, ℐ2

*
( 1) ≤ 

 

 
, so ℐ2(  ́ -  1) ≥   

 
, ℐ2

*
(  ́ -  1) ≤ 

 

 
, 

ᶂ
 -1

(  ́ –  2) ≤  2,  2 is an (  
 
 ,  

 
) – fβ open set. So,                                                                                                 ᶂ

 -

1
( 2

c
) is an ( 

 
 ,  

 
) – f β

m
 closed set. Hence, ᶂ is df - β

m
 closed function. And ᶂ

 -1
 is df - β

m
 con function, since ℑ1(  

) ≥  
 
, ℑ1

*
(  2) ≤ 

 

 
, so ℑ1(  ́ -  2) ≥   

 
, ℑ1

*
(  ́ -  2) ≤ 

 

 
, (ᶂ

 -1
)
 -1

(  ́ –  2) ≤  2,  2 is an  
 
 ,  

 
) – fβ open set. So, (ᶂ

 -1
)

-

1
( 2

c
) is an ( 

 
 ,  

 
) – f β

m
 closed set. Hence, ᶂ

 -1
 is df - β

m
 con function. That is ᶂ is df - β

m
 hom.      And, the 

bijection function ꬶ between the two dftss (ℑ2( ), ℑ2
*
( )) and (ℑ3(ϑ), ℑ3

*
( )) is defined by:                     ꬶ: (H, ℐ2, 

ℐ2
*
) → (F, ℐ3, ℐ3

*
) as,  ꬶ(k) = q and ꬶ(v) = w.                                                                              ℐ3(ϑ1) ≥   

 
, 

ℐ3
*
(ϑ1) ≤ 

 

 
, so ℐ3(  ́ - ϑ1) ≥   

 
, ℐ3

*
(  ́ - ϑ1) ≤ 

 

 
, ꬶ

-1
(  ́ – ϑ1) ≤  2,  2 is an  

 
 ,  

 
) – fβ open set.              So, ꬶ

-1
(ϑ2

c
) is an 

( 
 
 ,  

 
) – f β

m
 closed set. Hence, ꬶ is df - β

m
 closed function.                                                                           And ꬶ

 

is df - β
m
 con function, since ℐ2( 2) ≥   

 
, ℐ2

*
( 2) ≤ 

 

 
, so ℐ2(  ́ -  2) ≥   

 
, ℐ2

*
(  ́ -   2) ≤ 

 

 
,                                                                       

(ꬶ
-1

)
 -1

(  ́ –  2) ≤ ϑ1, ϑ1 is an (  
 
 ,  

 
) – fβ open set. So, (ꬶ

-1
)

-1
( 2

c
) is an ( 

 
 ,  

 
) – f β

m
 closed set.                                                                                         

Hence, ꬶ
-1

 is df - β
m
 con function. That is ꬶ

 -1
 is df - β

m
 hom. 

Now, the bijection function ᶂ between the two dftss (ℐ1( ), ℐ1
*
( )) and (ℐ3(ϑ), ℐ3

*
(ϑ)) is defined by: ꬶ o ᶂ: (G, 

ℐ1, ℐ1
*
) → (F, ℐ3, ℐ3

*
) as,  ꬶ o ᶂ(c) = q and ꬶ o ᶂ(d) = f.                                                                             ℐ3(ϑ1) ≥ 

  
 
, ℐ3

*
(ϑ1) ≤ 

 

 
, so ℐ3(  ́ - ϑ1) ≥   

 
, ℐ3

*
(  ́ - ϑ1) ≤ 

 

 
, 

(ꬶ o ᶂ)
 -1

(  ́ – ϑ1) ≤   ́ ,   ́  is an  
 
 ,  

 
) – fβ open set. So, (ꬶ o ᶂ)

-1
(ϑ1

c
) is an ( 

 
 ,  

 
) – f β

m
 closed set.                    Hence, 

(ꬶ o ᶂ)
 
is df - β

m
 con function. But (ꬶ o ᶂ)

-1
 is not df - β

m
 con function.                                             Since ℐ1( 2) ≥ 

  
 
, ℐ1

*
(  2) ≤ 

 

 
, so ℐ1(  ́ -  2) ≥   

 
, ℐ1

*
(  ́ -  2) ≤ 

 

 
,                                                                                                                  

((ꬶ o ᶂ)
-1

)
-1

(  ́ –  2) ≤  1,  1 is an (  
 
 ,  

 
) – fβ open set. So,                                                                                                    

(ꬶ o ᶂ)
-1

( 2
c
) is not ( 

 
 ,  

 
) – f β

m
 closed set. Hence, (ꬶ o ᶂ)

 
is not df - β

m
 hom.                                                                                     
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3.21. Proposition 

     The composition of two df – β
m
 hom needs df – β

m
 hom if H is df – (ℐ, ℐ

 *
)Tβm space. 

Proof  

     Let a function ᶂ: (G, ℐ1, ℐ1
*
) → (H, ℐ2, ℐ2

*
) and ꬶ: (H, ℐ2, ℐ2

*
) → (F, ℐ3, ℐ3

*
) be df – β

m
 hom.                  

And let ℐ3(  ́ - ᾶ) ≥ ř and  ℐ3
*
(  ́ - ᾶ) ≤ š, since ꬶ is df- df – β

m
 hom.                                                                              

So, ꬶ
-1

(  ́ - ᾶ) is an (ř, š) – f β
m
 closed set in H. Since a space H is df – (ℐ, ℐ

 *
)Tβm space.                                          

Then, ꬶ
-1

(  ́ - ᾶ) is an (ř, š) – f closed set in H, since ᶂ is df- β
m
 hom.                                                                       

This implies that ᶂ
 -1

(ꬶ
-1

(  ́ - ᾶ)) is an (ř, š) –f β
m
 closed set in G.                                                                          

Then, ᶂ
 -1

(ꬶ
-1

(  ́ - ᾶ)) = (ꬶ o ᶂ)
-1

(  ́ - ᾶ) is an (ř, š) –f β
m
 closed set in G. Therefore, ꬶ o ᶂ is df– β

m
 hom. 

3. Conclusion 

     In this study, the ideas and definitions of symmetry on functions in the fuzzy double topological space are 

presented and studied. This definition is generalized to a definition of a new concept, which is df–β
m

 

homemorphism. In addition, the study develops the relationship between these new types of symmetry of 

functions in double fuzzy topological spaces with some other types of functions that were previously studied 

through theorems and a number of examples. Finally, the results are as follows: 

(1) Every df – hom is df – con (df – β
m
 con, df – α

m
 con, df – semi con, df – g con) function.                                            

(2)  Every df – hom is df – β
m
 hom. 
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