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  الملخص

كذالك .  حساب الرواسب والأقطاب في الدوال العقدية        إلىفي هذا البحث سوف نتطرق      
سوف نحاول التقصي في أستحداث وسيلة عددية جديدة نظريا وعمليا لحساب الرواسـب للـدوال    

 معرفـة حـسابات     إلـى  هذا البحـث  ويحتاج  . العقدية القابلة للتحليل للأقطاب ذات الرتب العاليه      
  . العقدية المعتلة التكاملات

 
ABSTRACT 

In this paper, we are going to deal with computations of Residues 
and Poles for the complex functions . We are also going to investigate a 
new numerical procedure theoretically and its implementation numerically 
to compute the residue of complex analytic functions with high order poles. 
The paper needs the knowledge of computing the complex improper 
integrations. 

 

1-Introduction : 
A final bit of theory in this paper is devoted to Cauchy's residue 

theorem and its applications . Recall that Cauchy's theorem stated that 
( ∫ = 0)( dzzf  ) so long as f(z) was analytic every where inside C.What if f(z) 
is not analytic within C? 

The answer is provided by Cauchy's integral formula . Here we have 
proposed a new procedure to compute the complex improper integrations by  
calculating the residues of  the function . 

To compute the residues of a complex function of the form 
(

)(
)()(

zq
zpzf = ) such that the function  f(z) has a pole at  )( ozz = , we are going 

to use the (short – cut - method) to estimate the residues[9]. 
If R is the real field and C is the complex field then consider the 

following definitions and theorems: 
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1-1 poles :[3] 
If we find a positive integer (m) such that [ 0)()(lim ≠−→ zfzz m

ozz o
] 

Then )( ozz =  is called a pole of order (m) . If (m=1)  )( oz is called  a 
simple pole. 
 
1-2 Analytic functions :[9] 

If the derivative )(/ zf exists at all points (z) of a region R ,then 
)(zf is said to be analytic in R. 

 
1-3 Taylor's theorem :[3] 

Let f(z) be analytic inside and on a simple closed curve C . Let (a) 
and (a+h) be two points inside C , then 

.....)(
!2

)()()(
//

2
/

+++=+ aahafhaf ff h       or writing as  

.....)(
!2

)()()()(
//

2
/ )(

++−+=
−

aaazafzf ff az   

Where (z=a+h)   
 

The above series is called Taylor expansion for f(z). 
 
1-4 Cauchy integral formula  :[2] 

If f(z) is analytic inside and on a simple closed curve C and (a) is 
any point inside C then 
              ∫ −

=
c

dz
az

zf
i

af
)(

)(
2
1)(
π

 

       Where C is traversed in the positive sense also the nth derivative of 
(z=a) is given by 
             ∫

−
+

=
c

n

n
dzzf

i
a

az
f

)(
1

)( )(
2
1)(
π

       ;         n=1,2 ,3,….. 

 
1-5 Lemma (1) :[9] 

Let )( oZ  be a pole of order (m) of a function f(z) then the residue of 
the function at a pole given by the form :  

[ ])()(lim
)!1(

1),(Re 1

1
zfzz

dz
d

m
Zfs m

om

m

zzo o
−

−
=

−

−

→ . 

The formula namely (short –  cut – method ) . 
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2- A New method to compute the residues of a complex function:  
If f(z) has a pole )( ozz =  of order (m) then  

[ ]∫ −
−

=
−

−

→

c

m
om

m

zz zfzz
dz
d

m
dzzf

i o
)()(lim

)!1(
1)(

2
1

1

1

π
        where      [

)(
)()(

zq
zpzf = ] 

We know that : 

               [ ])()(lim
)!1(

1),(Re 1

1
zfzz

dz
d

m
zfs m

om

m

zzo o
−

−
=

−

−

→  

We find the value of the above integration by calculating the residues by 
this procedure and it can be found in [5]. 
 

2.1)  If  )( ozz =  is a simple pole i.e  [ ]0)(,0)( / ≠= ozqzq  then the residue is 
given by the following  form :       
                                                      
                                     
                                    
                                                        ….. (1) 
 
2.2) If  )( ozz =  is a pole of order (m=2) i.e 
[ ]0)(,0)(,0)( /// ≠== ooo zqzqzq  then the residue    is given by the 
following form :            

 

2)2(

)3(

)2(

/

))((
)().(

3
2

)(
)(

2),(Re
o

oo

o

o
o

zq
zqzp

zq
zp

zfs ×−×=                             ….(2) 

See [5] for the details of these procedures. 
 
3- In this paper we are going to follow a procedure for  a general  
    function of a pole of order (m): 
3.1) Let us start with order (m=3): 
 If  )( ozz =  is a pole of order (m=3)  i.e  
[ ]0)(,0)(,0)(,0)( ////// ≠=== oooo zqzqzqzq  then the residue is given  by  the 
following form : 
 

]
))((

)())((
8
1

))((
)()(

2
1

))((
)().(
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1

)(
)(

[3),(Re

3)3(

2)4(

2)3(

)1()4(

2)3(

)5(

)3(

)2(

o
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o
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zpzq
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zqzp
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×+×−

×−×=

                     ….(3) 
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Proof: 
If )( ozz = is a pole of order (m=3) then by (short-cut-method) we 

get : 









−= → )(

)()(lim
!2

1),(Re 3
2

2

zq
zpzz

dz
dzfs ozzo o

         …………(4) 

We expand the analytic function q(z) into Taylar series valid in disk  
rzz o <− //                  
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Where  
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456
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)(
45
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Then from (6) we get : 
 

             










 −
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Then Substituting   the above values in (10) in equation (9) we get the 
desired proof . 
3.2)  If  )( ozz =  is a pole of order (m=4) i.e   
[ ]0)(,0)(,0)(,0)(,0)( ////////// ≠==== ooooo zqzqzqzqzq  then the residue is given 
by the following  form :  
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Proof: 

If  )( ozz =  is a pole of order (m=4) then by (short – cut - method) 
we get : 
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We expand the analytic function q(z) into Taylor series valid in disk  
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Then substituting the above values in (19) in equation (18) we get 
the desired proof. 
 
 3.3) In this approach we can find the residue for (m=5): 
If  )( ozz =  is a pole of order (m=5) i.e 
[ ]0)(,0)(,0)(,0)(,0)(,0)( /////////////// ≠===== oooooo zqzqzqzqzqzq  then the 
residue is  given by the following form :  
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Proof : (By the same way in (m=3)&(m=4)) . 
 
3.4)  In this approach we can find the residue for (m=6):  

If  )( ozz =  is a pole of order (m=6) i.e 
[ ]0)(,0)()()()()()( )6()5()4()3()2()1( ≠====== ooooooo zqzqzqzqzqzqzq  
then the residue is given by  the following form : 
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Proof: (By the same way in (m=3)&(m=4)) . 
3.5) If  )( ozz =  is a pole of order (m=7) i.e 
[ ]0)(,0)()()()()()()( )7()6()5()4()3()2()1( ≠======= ooooooo zqzqzqzqzqzqzqzq  
then the residue is given by the following form: 
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)2()9(2)8(

4)7(

)3(3)8(

))((

)()()()()
120

1
36
1

8
1(

360

))((

)()(
36
1))(

8
1(

24
))((

)()(
330
1))(

8
1(

90

))((

)()(
36
1))(

8
1(

540
))((

)())(
8
1(

120

o

oooo

o

ooo

o

ooo

o

ooo

o

oo

zq

zpzqzqzq

zq

zpzqzq

zq

zpzqzq

zq

zpzqzq

zq

zpzq

+×+

×+×+

×−×−

5)7(

)1()9(3)8(

5)7(

)10(3)8(

5)7(

)2(4)8(

4)7(

2)9(

4)7(

)1()8(2)9(

))((

)()(
36
1))(

8
1(

1440

))((

)()(
120

1))(
8
1(

480
))((

)())(
8
1(

360

))((

)())(
36
1(

90
))((

)()(
8
1))(

36
1(

540

o

ooo

o

ooo

o

oo

o

oo

o

ooo

zq

zpzqzq

zq

zpzqzq

zq

zpzq

zq

zpzq

zq

zpzqzq

                 

−×−× 6)7(

)9(4)8(

5)7(

2)8(2)9(

))((

)()(
36
1))(

8
1(

1800
))((

)())(
8
1())(

36
1(

1080
o

ooo

o

ooo

zq

zpzqzq

zq

zpzqzq

 

           









×+×
7)7(

6)8(

6)7(

)1(5)8(

))((

)())(
8
1(

720
))((

)())(
8
1(

720
o

oo

o

oo

zq

zpzq

zq

zpzq
                  …..(22) 

Proof:  
If )( ozz =  is a pole of order (m=7) then by (short – cut -method) we 

get : 










−= → )(

)()(lim
!6

1),(Re 7
6

6

zq
zpzz

dz
dzfs ozzo o

 where     )
)(
)()((

zq
zpzf =      …..(23) 

We expand the analytic function q(z) into Taylor series valid in disk 
rzz o <−            

 

     )24...(
......)(

!3
)(

)(
!2

)(
)()()(

)()(
lim

!6
1

)3(
3

0
)2(

2
)1(

7

6

6










+
−

+








−
+−+

−
= →

o
oo

ooo

o
zz

zq
zz

zq
zz

zqzzzq

zpzz
dz
d

o
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           = 







→ )(

)(lim7 6

6

zU
zp

dz
d

ozz                                                                 …..(25) 

where :  

....)(
1098
)(

)(
98

)(
)(

8
)(

)()( )10(
3

)9(
2

)8()7( +
××

−
+

×
−

+
−

+= o
o

o
o

o
o

o zq
zz

zq
zz

zq
zz

zqzU …(26) 

 Then from (25) we get : 











 −
= → 2

)1(/

5

5

))((
)()()()(lim7

zU
zUzpzpzU

dz
d

ozz                                                 …..(27)                                                                                                                                 












×+×−−= → 3

2)1(

2

)1()1(

2

)2()2(

4

4

))((
))()((

2
))((

)()(
2

))((
)()(

)(
)(

lim7
zU

zUzp
zU

zUzp
zU

zUzp
zU
zp

dz
d

ozz    ..(28)   






×−−×−= → 2

)2(

2

)3(

2

)1()2()3(

3

3

))((
)()(3

))((
)()(

))((
)()(3

)(
)(lim7

zU
zUzp

zU
zUzp

zU
zUzp

zU
zp

dz
d

ozz                                                                                                                                  

 






×−×+×+

4

3)1(

3

2)1()1(

3

)2()1(

))((
))()((6

))((
))()((6

))((
)()()(6

zU
zUzp

zU
zUzp

zU
zUzUzp            …..(29) 

                                                                                                                                                          

3

2)1()2(

2

)2()2(

2

)1()3()4(

2

2

))((
))()((12

))((
)()(6

))((
)()(

4
)(

)(
[lim7

zU
zUzp

zU
zUzp

zU
zUzp

zU
zp

dz
d

ozz

×+×−

×−= →

                

+×+

×+×−−

3

)2()1()1(

3

)3()1(

2

)3()1(

2

)4(

))((
)()()(24

))((
)()()(

8
))((

)()(
4

))((
)()(

zU
zUzUzp

zU
zUzUzp

zU
zUzp

zU
zUzp

 

      

   
]

))((
))()((24

))((
))()((24

))((
)())()((

36
))((

))()((
6

5

4)1(

4

3)1()1(

4

)2(2)1(

3

2)2(

zU
zUzp

zU
zUzp

zU
zUzUzp

zU
zUzp

+×−

×−×

    …(30) 

 

 −×−×−×−= → 2

)3()2(

2

)2()3(

2

)1()4()5(

))((
)()(10

))((
)()(4

))((
)()(5

)(
)([lim7

zU
zUzp

zU
zUzp

zU
zUzp

zU
zp

dz
d

ozz  
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3

)1()2()1(

3

)4()1(

3

)2()2()1(

3

)3(2)1(

2

)5(

2

)4()1(

2

)2()2(

))((
)()()(

8
))((

)()()(
10

))((
)()()(

60

))((
)())((20

))((
)()(

))((
)()(5

))((
)()(6

zU
zpzUzU

zU
zUzUzp

zU
zpzUzU

zU
zpzU

zU
zUzp

zU
zUzp

zU
zUzp

×+×+×+

×+−××

                                                                  

        

4

)3(2)1(

4

)2(3)1(

3

2)2()1(

3

)3()1()1(

3

)1()3()1(

3

)2()3(

))((
)()())((60

))((
)())((60

))((
))()((30

))((
)()()(

24
))((

)()()(
32

))((
)()()(

20

zU
zpzUzU

zU
zpzU

zU
zUzp

zU
zUzUzp

zU
zpzUzU

zU
zpzUzU

×−×−×+

×+×+×+

 

 

5

)2(3)1(

4

2)2()1(

4

)1()2(2)1(

))((
)()())((

240
))((

)())()((
90

))((
)()())((

180
zU

zpzUzU
zU

zpzUzU
zU

zpzUzU
×+×−×−  

6

5)1(

5

)1(4)1(

))((
)())((120

))((
)())((120

zU
zpzU

zU
zpzU

×−×+      …..(31)                                     

                                     






−×−×−×−= → 2

)3()3(

2

)2()4(

2

)1()5()6(

))((
)()(14

))((
)()(9

))((
)()(6

)(
)(lim7

zU
zUzp

zU
zUzp

zU
zUzp

zU
zp
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3

)3()2()1(

3

)4(2)1(

2

)6(

2

)5()1(

3

)2()2()1(

2
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2
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2

)2()4(

))((
)()()(108

))((
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))((
)()(

))((
)()(6

))((
)()()(
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)()(
6

))((
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6
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zpzUzU

zU
zpzU
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zUzp

zU
zUzp

zU
zpzUzU

zU
zUzp

zU
zUzp

zU
zpzU
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3

)1()3()1(

3

)4()2(

3

2)2()2(
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)5()1(
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)1()4()1(

3
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−×−
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3
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3
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))((
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zU
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  ..(32) 

 
Where : 
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.......)()(
89101112

2345)(
891011

234)(

)(
120
1)(lim

...)()(
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234)(
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)(
36
1)(lim

...)()(
8910

23)(
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2)(

)(
8
1)(lim

...........)()(
89

2)(
8
1)(

)()(lim

...)(
89
)()(

8
)()()(

)13()6(

)14()13()6(

)12()5(

)13()12()5(

)11()4(

)12()11()4(

)10()3(

)11()10()3(

)9()2(

)10()9()2(

)8()1(

)9()8()1(

)7(

)9(
2

)8()7(

ozz

ooo

ozz

ooo

ozz

ooo

ozz

ooo

ozz

ooo

ozz

ooo

ozz

o
o

o
o

o

zqzU

zqzzzqzU

zqzU

zqzzzqzU

zqzU

zqzzzqzU

zqzU

zqzzzqzU

zqzU

zqzzzqzU

zqzU

zqzzzqzU

zqzU

zqzzzqzzzqzU

o

o

o

o

o

o

o

  …(33)                                                                                                                     

Then substituting the above values in (33) in equation (32) we get the 
desired proof . 
 
3.6) In the above manner the procedure can be easily extended for any 
pole of  order (m) . 
 
 

4-Numarical computations : 
These examples can be found in [1, 4, 6, 7, 8, 10, 11]. 
 

Example (4.1) : 

Evaluate the following integral ∫ −−
+

C

dZ
ZZ

Z
34

2

)1()2(
1      at     3//: =ZC  . 
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Solution: 
The function f(Z) has two poles  (Z=1 , Z=2)  in the  region  c:/Z / =3 ,and 
the order of these poles is (m=3) & (m=4), respectively  
 
The solution by Cauchy integral formula is as follows : 
 

∫
=

=−=
−−

+

3/:/
34

2
05858

)1()2(
1

ZC

iidZ
ZZ

Z
ππ                                                                

   cc  
                                                                                                                                            
 
 

Then the solution by the new procedure is  given as follows :                    

∫ ∑
= =

=+===
−−

+

3//:

2

1
2134

2
)2,(Re2)1,(Re2),(Re2

)1()2(
1

ZC i
i ZfsiZfsiZfsidZ

ZZ
Z

πππ  

 

Where 1)( 2 += ZZp     ;   34 )1()2()( −−= ZZZq    
 

P(2)=5 24)2()4( =q  P(1)=2 6)1()3( =q  
4)2()1( =p  360)2()5( =q  2)1()1( =p  96)1()4( −=q  

2)2()2( =p  2160)2()6( =q  2)1()2( =p  720)1()5( =q  
0)2()3( =p  5040)2()7( =q  0)3()3( =p   

 
Table 4.1 

Then by using the new procedure for (m=3) we get : 

2998.28
)636(

230466.24
3
13)1,(Re ≅=








×

++−×=fs   
 

Then by using the new procedure for (m=4) we get  
[ ] 2975.3395.22325.175.04)2,(Re −=−++−−−×=fs  

Then : 

∫ ∑
= =

=+===
−−

+

3/:/

2

1
2134

2
)2,(Re2)1,(Re2),(Re2

)1()2(
1

ZC i
i ZfsiZfsiZfsidZ

ZZ
Z

πππ  

                                          =58 058 ≅− ii ππ       
Example  (4.2): 

Evaluate the following integral  ∫ −
−

c

Z
dz

iZ
Ze

6

6

)2(
 at  C:/Z/=3 . 

Solution: 
the function f(z) has a pole Z=2i  of order (m=6) . 

            
 
               
             1 2 
   

4.1Figure  

C 
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          Sr       

then by Cauchy integral formula we get: 

∫
=

−=
−
−

3/:/

2
6

6
)1440(

60)2(ZC

i
Z

ieidz
iZ
Ze π . 

Then by using the new procedure for(m=6) we get  

∫
=

−==
−
−

3/:/

2
6

6
).1440(

60
)2,(Re2

)2(ZC

i
z

ieiifsidz
iz
Ze π

π  

Example (4.3) 
Evaluate the following improper integral ∫

∞

0
)sin( dxmx

x   where m=1,3,5,….. 

Solution:  
Now for this type of improper integrations we not can find the result  by 
Cauchy integral formula. The only way to evaluate is the new procedure 
with general order (m).   

If  (m=1) then ∫
∞

=
0

2
)sin( πdx

x
x                                                                              

                                                                             CR                   sr    
    

If  (m=3)  then ∫
∞

−
=

0
3 4

)sin( πdx
x

x                        -R   -r       r    R 

If  (m=5) then ∫
∞

=
0

5 48
)sin( π

x
x   we shall prove that          

                      4.2Figure  

The function f(Z)= 5Z
eZ

 has pole (Z=0)  of order (m=5),on real line .Then  

∫∫ ∞→

∞

=
R

R dx
x

xdx
x

x

0
5

0
5

)sin(lim)sin(     then by Jordan lemma we get: 

0)sin()(lim 50, =











+++∫ ∫ ∫ ∫

−

−

→∞→

r

R

R

r Sr CR
rR dx

x
x  

Where  

 ∫ ∫= dZ
Z
edx

x
x iZ

55
)sin(  on real part  (x-axis). Then by lemma we get 

( ∫ =
CR

iZ
dz

Z
e 05 ) then  

By replacing (x = -x) in the above first term in the LHS then we have : 
 



A New Numerical  Procedure to …  
 

 

 45 

∫∫ =−=











→∞→

Sr

iZR

r
rR fsidz

Z
edx

x
xi )0,(Re)sin(2lim 550, π  then we find the residue at a 

pole (z=0) of order (m=5) .  
Using the new procedure to find the residue for order (m=5)   
Now        p(z)= iZe          &       q(z)= 5Z                          
 
              
 
 
 
 
 

 
 

Table 4.2 
  
Then : 

24
1

120
15)0,(Re =



×=fs    we get from that  ∫

∞

=
0

5 48
)sin( πdx

x
x      

Then by using the new procedure of order (m) only we find general 
solution. 

∫
∞ +






 ==
−

−
=

0

1

0

,...3,2,1&....9,7,5,3,1
)!1(2

)1()sin(

otherwise

nmif
mdx

x
x n

m

π
     

 

Example (4.4)   
Evaluate the following improper integral  ∫

∞

0

)cos( dxmx
x    Where  m=2,4,6,…. 

Solution: 
By the same way of example(3) we get the general solution .  

 

By using the new procedure of order (m) only we get  the above solution. 
 

5-conclusions : 
            It is clear that the new procedure for calculating poles of any order 
(m) is a very effective rule in determining the values of improper integrals 
while in the most of complex variable methods fail to compute these 
integrations.  

P(0)=1 q(0)=0 120)0()5( =q  
ip =)0()1(  0)0()1( =q  )0()6(q =0 

1)0()2( −=p  0)0()2( =q   

ip −=)0()3(  0)0()3( =q   

1)0()4( =p  0)0()4( =q   

∫
∞






 ==
−

−
=

0 0

...3,2,1&,...4,2
)!1(2

)1()cos(

otherwise

nmif
mdx

x
x n

m

π
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