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ABSTRACT
In this paper, we are going to deal with computations of Residues
and Poles for the complex functions . We are also going to investigate a
new numerical procedure theoretically and its implementation numerically
to compute the residue of complex analytic functions with high order poles.
The paper needs the knowledge of computing the complex improper
integrations.

1-Introduction :

A final bit of theory in this paper is devoted to Cauchy's residue
theorem and its applications . Recall that Cauchy's theorem stated that
(of(2dz=0 ) so long as f(z) was anaytic every where inside C.What if f(2)
is not analytic within C?

The answer is provided by Cauchy's integral formula . Here we have
proposed a new procedure to compute the complex improper integrations by
calculating the residues of the function .

To compute the residues of a complex function of the form

((y - 2(») suchthat the function f(z) hasapoleat (z=z,), wearegoing
a(z)

to use the (short — cut - method) to estimate the residueq9].
If R is the real field and C is the complex field then consider the
following definitions and theorems:
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1-1 poles:[3]

If we find a positive integer (m) such that [lim,e, (z- 2,)" f(2)* 0]
Then (z=1z,) is cdled a pole of order (m) . If (m=1) (z,)is caled a
smple pole.

1-2 Analytic functions:[9]
If the derivativef/(z) exists at all points (z) of a region R ,then
f (z)issaid to be anaytic in R.

1-3 Taylor'stheorem :[3]
Let f(z) be analytic inside and on a smple closed curve C . Let (a)
and (a+h) be two pointsinside C, then

2

f(a+h):f(a)+hf/(a)+% f”(a)+ ..... or writing as
2

f(2)=1(a)+(z- a) f’(a)+@ '@

Where (z=ath)

The above seriesis called Taylor expansion for (z).

1-4 Cauchy integral formula :[2]
If f(z) is analytic inside and on a smple closed curve C and (a) is
any point inside C then
_1 .12
f@)= 2pi oz~ a) dz
Where C is traversed in the postive sense aso the nth derivative of
(z=a) isgiven by
m 1. f(2 . _
f (a) —E mdz , n—1,2 ,3, .....
P e(z- a)

1-5Lemma (1) :[9]
Let (Z,) be apole of order (m) of afunction f(z) then the residue of
the function at a pole given by the form:

Res(f,Z,) =———Ilim £-1[(2- )mf(z)]
140 (m_ 1)! z®szzm_1 Zo .

The formula namely (short — cut — method ) .
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2- A New method to compute the residues of a complex function:
If f(z) hasapole (z=z,) of order (m) then

ke L il PP _p@)
z_mf)f(z)dzz(m_l)!"mzc@zu dZm_1[(2-20) f(z)] where [f(z)_ﬁ]
We know that :
m-1
Res(f,zo):—(m- 1)!||mZ®ZUW[(Z_ Zo)mf(Z)]

We find the value of the above integration by calculating the residues by
this procedure and it can be found in [5].

21) If (z=1z,) isasmplepolei.e lq(z):O,q/(zo)l oJ then the residue is
given by the following form:

_ P(z,)
Res(f,z,) = d@z) (1)
22) If (z=z,) is a pole of order (M=2) ie

la(z,) =0.q/(z,)=0,0"(z,) * 0] then the resdue  is given by the
following form:

/ 3
Res(f,z,)=2" P (z,) 2. P(z,)-0(2,) (2

09(z,) 3 (@?(z))?
See [5] for the details of these procedures.

3- In this paper we are going to follow a procedure for_a general
function of a pole of order (m):

3.1) Let usstart with order (m=3):

If (z=2z,) isapoleof order (m=3) i.e

lq(zo) =0,9'(z,)=0,9"(z,) =0,9" (z,) * oJ then the residue is given by the

following form :

PP (z) 1. p(z)9® (2)

q9(z,) 10 (g9 (z))?

L. 99z)p%@) , 1. (@@ (2)? p(z,)
2 @9@)* 8 (@9@)°

Res(f,z,)=3"[

)
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Proof:
If (z=z,)isapoleof order (m=3) then by (short-cut-method) we
get :
_1 d? ¢ s P(2) U
Res(f,zo)—Ellm@zodz e( z,) a2 ! N )|

We expand the analytic function q(z) into Taylar series valid in disk
lz-z /<r

é u
Lim 978 p2)(z- 2,)° 85 (5)
277" g2 b . 27207 u
ga(zo) *(2- 2 5)a% (2 )+Tq( )(20) + oo a
g ? ép(z)U
_3I|mz®20?: (2)8 ............. (6)
Where
U@ =00 (2) + 222 g0 (7 + 2 20) @ (z) + S 22 )q<6>(zo>+.... eee(7)
Then from (6) we get :
: d €U(2) p?¥(2)- p(U (9 U
=3l ' ..(8
|mz®zo dZé (U(z))z ( )
- 3lim,, , (22 p? (2)- p‘li (u% (@)
U(2) ©
PUA@AY @0, @,
U(2)? U(2)°
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Iimz@z0 p(2) = p(zo) :J

i

limsg 4, p?(2) = p% (2) i

i

i

_ @ (z- 2,) _(a (z- 2,)° s i

U@=q (Zo)+—4 q (Zo)+—5, 4 (z5) +... |

Iimz®ZoU(z) :q(s)(zo) :
Voo e (10)

U(l)(z)— a“(z, )+ (z 2,)0® (z,) + ... :

i

Iimz®ZOU (1)(2) :Zq(4)(20) i

i

@ q® ©) '

Uu'“(z = 4 (°)+6 5 (z 2,)9" (Zo) + e :

lim U(Z)(z) <5>( z,) io

Then Substituting the above values in (10) in equation (9) we get the
desired proof .

3.2) If (z=1z,) isapole of order (m=4) i.e

la(z0) = 0,0 (2,) =0,0" (z,) = 0,9" (2,) =0, (z,) * 0| then the residue is given
by the following form:

P®(z) 3. p?(2,)a®(2,)

Res(f,z,)=4"| 1@z, 5 @ (22))?
1. p(z)d"(z) 1. p¥(2,)a(z,)
B (@@z)? 5 @¥()?
L2 pE)a%@)a%@) , 6. @) %)
25 @?(2))° 25 @9)°
~ 6. (@®(2))°p(z,)
125 (q¥(z,))*
Proof:
If (z=1z,) isapole of order (m=4) then by (short — cut - method)
we get :
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d_sé S z) p(Z)U
STl SN

We expand the analytic function q(z) into Taylor series valid in disk
lz- 2z /<r

Res(f,z )— I|m

é

EiE (- 25)*P(2)
38
Q

(z- Zo)2 )
1

80(2,) + (2~ 2,)a% (2,) + a9 (z,) + ...

o e enY en exy enid

d” ép(gu
% 428 ga(2)

U(2) =q@ (z,)+ & %) °’q‘5>(zo)+%q‘@(z
Then from (14) we get :

d® &2 p¥ (2)- pU®(7)u
* 62’ § U@)? ;

d U@p?@- pP@u @

% dz U(2)?
pUP@)+UuP@2)p%(2) L. U (2)*p©®
U(2)? U(2)°*

P?@ 5 PPQUP (@
U(2 (U(2))?
_PUP@) o pP@UP@),
U(2)? U(2)?
pPUY@U? (2 , . UP2)*p"(2)
U(2)° U(2)°
e WY@’ p2)
U(2)*

=4lim,

=4lim

=4lim,g, [

Where
U@ =d9(z) += 5@ zo)q<5>(zo)+ (2 20 @)+ lime, U= (z)

i
i
i
i
U9z = q(s)(zo)+ (z 2)0%(Z) oo, o limge, U%(9) = q(s)(zo) i
i

[

!
U@ =d @)+ !

5(2- Zo)q(7)(zo) +... : Ilmz® . U(Z)(Z) — (6)(20)

I
i
(z- 2)9 () + ... nmz®zou<3>(z)— ”)(zo)b

U = d"@)

765 8765
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Then substituting the above values in (19) in equation (18) we get
the desired proof.

3.3) In thisapproach we can find the residue for (m=5):

If (z=1z,) isapoleof order (m=5) i.e

la(z,) =09/ (z,) =0.9" (2,) = 0.9 (2,) =0,6" (2,) = 0.q"" (z,) * 0] then the
residue is given by the following form:

1
0¥ (z) 5o Z)P? ()
Res(f,z,)=5"[ 0. 4’

q® (z,) @® (z,))?
La0@)p?z) (g9 (2)?p%(z)
6’ 21 +12° 6
@®(z,))? @®(z,))°

1 o 1 @
_126q (zo)p(zo)_4, 5 (Z5) P (2,)
@®(z,))° @®(z,))°

L 49 (2)0® (z,) p(z,)

L 42
@®(z,))°
24920 () (a7 (@) pz)
+4° +6°
@®(z,))® @®(z,))®

(a0 5 o (2,)p(z)

- 36°
@®(z,))*
(%q“” (2)°p% (20) (%q“” (2)) P(z,)
: : .(20)

+24
(@ (z)* (0°(z,)°
Proof : (By the same way in (m=3)&(m=4)) .

3.4) In thisapproach we can find the residue for (m=6):

If (z=1z,) isapoleof order (m=6) i.e
[a(z,) = 4% (2,) = 4®(2,) =4 (2,) =4 (2,) =4 (2,) = 0,99 (z,) * 0]
then the residue is given by the following form:
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O - 3PP "E)

Res(f,z)=6 5
es(1.2)=6"[ 5. (@@(2,))
1 3 ® 1 @ ©
. gP @AaT(@) g P(%)d (%)

10
CRICHE @ (z,))?

1
. 28

(2 )q® 102w
PP@A" (=) g P (@) (%)

5
(@©(z,)) (@©(z,))
P GdT @)
- +
(@©(z,))? @9 (z,))®
S A @@ @) P @) @)
+60° +10°
@9 (z,))® @®(z,))®
Elﬁq‘”(zo)q‘& (2)p%(2,) (8—14' ziB)q‘9> (2)9° (2) ()
+8’ +20°
@ (z,))® @9 (z,))®
(Elﬁ)q‘”(zo)q@) (2)p%(z,) 516 0% (2,)d" (2)0 (z,)
+ 32 +24°
@9 (z,))® @9 (z,))®

1 ®(, 124 1 D 130
G @)PER) G4 (&)%)

+30 60
@®(z))° @ (z,))*
Cd @ Ld%@PE)  Ca@) @) @)
- 60° o - 180° (§)8 ;
(@@ () (@ (z))
1 1 @&, 2 1 a0l @
-4 (zo)(2—8q () P(2,) (;q (%)) 259 (2,) P(2)
0" © 7 +240° © 5
(@ (z) (@®(z))
Cd@) @) CaP @) R
T e T R T
i

Proof: (By the same way in (m=3)&(m=4)) .

3.5 If (z=1z,) isapoleof order (m=7) i.e

laz0) = 0% (2,) = 4@ (2) =49 (2,) = 4“2 ) =4 (z,) = 40 (2,) = 0,47 (2,) * ]
then the residue is given by the following form:
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1
p9z) o P(2)507 (%)
' (z) (@"(z))*
P& q‘g)(zo) 09@). - d(z,)

Res(f,2) =7 [

14 120
(q”)(zo» @ (z))?
- 4@ (2 (2) (10)
. L (zo)_6, (z)120 (z,)
@™ (z,))? @7 (z,))?
@,y L @ p® g2
P (Z0) 3. @ (zo)_6, (o)792 ()
(q‘”(zo))z @™ (z,))?
B( 0)1716 0% (z,) (; 316)q‘8>(z )99 (20)p? (z,)
+20°
(q‘”(z ))? @ (z,))®
Ea® 2,2 p® (2,) & 1)q® (2)99 (2,)p? (z,)
+30" -8 +108" -8 36
@ (z,))? (q‘”(z )3
1, 1
" -)a®(z4)q" (z,) p2 (o) ¢ Lo 5)d™ (z,)p® (z,)
+80° .8 120 ° 476" .8 330
@ (z,))° @ (z,))°
G 2e)A @D EIPZ) (a2 P (2)
127 0’
i @?(z,))® i @?(z,))® i
% @)p(z 9™ (2,)a® (z,) (; 120)q‘8>( 2,)9" (z,) p® (z,)
"3 @™ () '8 Q@ ()
1 9 12 a0 1 © (10) @
(a0 @) (z)+136 (i 120)q (2,)9% (2,) p (2,)
@ (z,))° @ (z,))®
1 (o 2 1, ®) (10) @
. (mq (25))° p(2o )+5e(8 120)q (25)a77 (20) P (2,)
@ (z,))° @ (z,))°
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(%q‘f*)(zo))s'p@(zo) G Lyo(z 2)? o ‘9>(z)p‘2>(z)
_12 ’ -
@ (z, ))“ >0 (q‘”(z )
(8) 11) (8) 9 @
- (8q (z,))? 330q (2,) P(2,) o (8q (z,))? q (2,)p? (z,)
(q‘”(z )* (q‘”(zo))“
- = (8) 9 (10)
e (8 % 1zo)q (2,)37(20)q (Z)P(Z)
(q‘”(z )*
(36 q® (z,))? ‘8>(zo)p‘1>(zo) (3—16q‘9>(zo»2p(zo)
- 5407 - 90
(q‘”(zo))4 % (q‘”(z )*
1 @, Wan@ ® (5 1\3 (10)
. (399 @) " p (z)+48O (8q (z,)) 120q (26) P(2,)
@ (z, ))5 @ (2,))°
(Bq“”( o)) ‘9>(z )P (z,)
+1440° (7) +
@ (z,))°
(36 99 (z,))? (5 L4® 2z, p(z,) (Bq“”( N ‘9>(zo)p(zo)
1080° (7) - 1800° (7) - -
@ (z,))° (g (zo))
(%q“” (2,))° P (2,) (% 09 (2,))° p(z) " )
720° ’ !
@@’ T @@y g 2
o]
Proof:
If (z=z,) isapoleof order (m=7) then by (short — cut -method) we
get :
Res(f,z,)=— an@Zo di& 0)7‘[’(2)“where (f=23y . (23)
dz a2 o q(2)

We expand the analytic function g(z) into Taylor series valid in disk
|z z,|<r

>‘D D> D

(z- 2,)" p(2)

T (24)
72 q

:—Iimz®Z d°
e dz®

o C\_C\ onc

eq(z )+(z- 2,)a%(2,) +
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6 7 ~
=7lim,,, 9 $P@AU

% 48 @ (2

..... (25)
where :
U@ =4 (z,) + 2 g0 )+gq‘g>(z)+@q‘m>(z)+ ..(26)
© % 8 °7 879710
Then from (25) we Qget :
d®* U @p'(2)- pU " (7U
=7lim,,, —a——2- = B=F e 2
TR s e u@)? g @7
7m0 d* gp(z)(z) p(z)U(z)z(z) PO@UOQ ) PAVO@E o
z*g V(@  U©E) U(2)? V@)°® g
. d° ¢ o p?@QU @ p@U(@ . PP
=7limgg, —5 ¢ -3 2 2
dz® g U(2) U(2) U (2) U (2)?

ve POUO@UP @) o

P? AU @)* o P@QUY @)U
U@)*

..(29)
U@)° U@)* g

dz (4)(2) ) p(s)(Z)U (1)(2)
=7l -4
MMz 200 U(2)2
p‘2>(z)u 9@, P?QUP@)°
U(2)? U@@)*

NP, @U@, PO U (2
U(2)? U(2)? U@@)*
voq PP@UO@UP (),

U@@)*

. U P (2)?
U(2)°®
PP @U@’
U(2)*

g PAUY @)U ()
U@)*

...(30)
404 PAUY (52))4
Clc)

5 (4) @ (©) @]
i, L2 5 2OV oL A

U2 U(2)2 U(2)?

p? (U
U(2)*
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(2 (2) @ (4)
6 p 2 (Z)U 2 (Z) 5 p 1 (z)U 4 (Z) ] p(Z)U (5) (Z) 20" (U @ (z))z p(3)(z)

U@)? U@)? U@)? U@)*
ve0 V@U@ ) PV @UY (@R, VP @UP ()PP
U@)* U@)* U@)*
20 u® (2U (2 (2)p(2) ey uo (2U ©) (2) p(1) (2) von p(1) (2)U o (2U ©) (2)
U@)* U@)* U@)*
@ 2 @ @)
+30 PP QU 23(2))2 P Chs (z))3p42 (2 oo U ‘”(z))zu@:(z)p(z)
V@) V@) V@)
180 WP @VP @%@ o VP @UP @)@, 50 V@)U P (202
u@* U@* U@)°
r120 WD DE@ o V@) () ...(31)
U@)° U@)°
_im.. PY@ ¢ pO@UY@ o PP @UP@ . PP @UPE
e C V@)’ V@)? U @)?
5 V@%@ o @U@ o pP@N?@) . VP@UP @0
U@)? U@)? U@)? U@)*
@ ® (6) @
& PP U 52 (2 p2U° @ gy U - (z))zr;“”(z) +108 Y @U ‘2>(zgp‘3>(z)
U@) V@) Clc) V@)
+80 Y@V @p? (@), V@U@V () ., VP @UP (9P
U@)* U@)* U@)*
+o0 PP QU (2;(2))2 +30- P@U® (2 9@ ,g UP@U? @ " (2)
V@) Clc) Clc)
+g PP U P (2)?
Clc)
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) ) (3) 2
v135° Y2@UP@p%@) , 0 WP (2)2p(2)

(U (2)° (U (2)°
v55- Y2@QUP@pP () L0 WP (@) p®(2)
(U (2)° - (U (2)*
e W@V P)pP(2) o UD(2)%0 P (2)p(2)
(U (2)* (U (2)*
Loy WP @)U (2)pP(2)
(U (2)*
a0’ VP @UVP@QUO@p@) , 400 WY@V (2)p" (2)
U@’ U@’
g0 V@U@ %@ o UP@)?p(2)
U@)* U@’
v350 V0@ Pp?P@ , 4o WY@V @p(2)
U@)° U(2)°
110 WE@UP @YD) 1000 W2 (@)*U Y (2)*p(2)
U@)° U@)°
1800 WY@V @p@) 0 WO@)°PY@D) , o,y U @)° P
U@)° U(2)° U@’
Where :

41
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UO=¢"@)+E B e+ & g+ E’
Iira@z,,U(z):cf”(zo) !
UPQ) =202+ 52 (272 . i
1M, U‘D(z)=—cf@(zo) i
U2@)= cfg)(zo) 10 5 g% P4+ i
Iim@z,,u@(z):—cfg)(zo) !
L9 15928&@( o @) i
lime, U9(@=7 cfl‘”(zo) T
‘Q()—ll“nggcf”( oy i
U3 330cf“>(zo) i
lime, U9@= 792q‘lz)(zo) i @)
U(G)(Z)_lg 6125; 13(; 3 sq(la( )+14’ 136125 ,11’, fa 29’ 8(2' 2 @)+ :
lime,,U® (@)= 1716&3(20) :b

Then substituting the above values in (33) in equation (32) we get the
desired proof .

3.6) In the above manner the procedure can be easily extended for any
poleof order (m) .

4-Numarical computations:
These examples can be found in[1, 4, 6, 7, 8, 10, 11].

Example (4.1) :
Z?+1

Evaluate the following integral ¢ dz a C:/z/=3.
QZ 2%z- 13
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Solution:
The function f(Z) hastwo poles (Z=1, Z=2) inthe region c:/Z /=3 ,and
the order of these polesis (m=3) & (m=4), respectively 4

The solution by Cauchy integral formulais as foIIoV
\ Z%+1

- ]
0

O ——4— 0z =58i- 580i =0
Ci/Z/=3 (z-2%z- 9’ C
CC

Figure4.1
Then the solution by the new procedureis given as follows:

R Z%+1 & . .
—————dZ=2pig Res(f,Z;)=2piRes(f,Z, =1) +2pi Res(f,Z, =2)
z-2'z-»° a ' ' i

C:/Z/=3

Where p(2)=z22% +1 ; q@Z)=(Z- 2*Z-13

P(2)=5 q“(2) =24 P(1)=2 q¥@) =6
pP?@=4 | q®(2) =360 p¥ (1) =2 9@ =-9
p?@2)=2 | q9(2) =2160 p?@) =2 q® (@ =720
p?(2=0 | g (2) =5040 pP@)=0
Tabled.l
Then by using the new procedure for (m=3) we get :
_ o €L 2304 U_
Res(f,1)=3 & 4+2.66+ @ 6l 28.98 @29

Then by using the new procedure for (m=4) we get
Res(f,2)=4" [- 0.75- 1.25- 3+225+9- 33.75|=-29

Then :
R Z%+1 & . .
——————dZ =2pig Res(f,Z;) =2piRes(f,Z; =1) +2pi Res(f,Z, =2)
cizi=(Z- 2%z~ 1y i=1

=58pi - 58pi €0
Example (4.2):
7 6
Evaluate the following integral &% dz at C:/Z/=3 .
valuate the following integ P(Z-T)Gz

Solution:
the function f(z) has apole Z=2i of order (m=6) .

43
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then by Cauchy integral formula we get:

. et-Z%  pi .

— 0z =—(e” - 1440i) .

crzi=3(4 - 2) 60
Then by using the new procedure for(m=6) we get

. e?-2°8
L (z- 2)°
Example (4.3)
Evaluate the following improper integral é‘éﬂﬁﬁdx wherem=1,3,5,.....

0 X

dz = 2pi Res(f,2i) = % (€% - 1440i).

Solution:

Now for this type of improper integrations we not can find the result by
Cauchy integral formula. The only way to evaluate is the new procedure
with general order (m).

¥
- SN o P
If (m=1) then ?de >

CR s
N7~

v

¥
_ sn(x) , _ -
If (Mm=3) then &y—Fdx=—- RT

0 X 4

¥
— sn(x) _p
If (m=5) then ?x_5_4_8 we shall prove that

Figure4.2
Z
The function f(Z):% has pole (Z=0) of order (m=5),onreal line.Then

¥ R
sn(x) , . \sin(x) )
?x—sdx— liMge y OX_SdX then by Jordan lemma we get:

o

. e LR . wsnx Y

liMeoy r0 o XOQFQF QF Q5 XU=0
S-R r S CR X H

Where

\Sn(x)

iZ
o= c‘)‘;—sdz on real part (x-axis). Then by lemmawe get

iz
( (b dz=0) then
By replacing (x = -x) in the above first term in the LHS then we have :
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<

¢ Ren Y e’Z . .
liMpe v re 082 O — XU = - c‘)Z—Sdz:pi Res(f,0) then we find theresidue at a
8 r X H S

pole (z=0) of order (m=5) .
Using the new procedure to find the residue for order (m=5)
Now  p(2)=€“ & q@2=z°

P(0)=1 q(0)=0 q® (0) =120
p?(0) =i q?©)=0 | q®(0)=0
p?©0)=-1 | g?©0) =0
p@©0)=-i | q®©0)=0
p? =1 | g?¥@0)=0
Table4.2
Then:
, N ¥ .
Res(f,0) =5 %Ezz—i we get from that C‘)S%gx)dx:%

0
Then by using the new procedure of order (m) only we find general
solution.
¥ sin(x) e - 2(r:- 5 if  m=13579..&n=123..
0 X" l|.0 otherwise

Example (4.4)
¥

Evaluate the following improper integral ~C9(X) 4 Where m=2,4,6, ...
O ym

0

Solution:

By the same way of example(3) we get the general solution .
¥ loan_ P ; - 12
\cosr(nx) dx:%( 1 2(m- D if m=24,..&n=123..

o X to otherwise

By using the new procedure of order (m) only we get the above solution.

5-conclusions:

It is clear that the new procedure for calculating poles of any order
(m) isavery effective rule in determining the values of improper integrals
while in the most of complex variable methods fail to compute these
integrations.
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