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Abstract 
    General aspects of the theory of the holomorphically- projective 

mappings of Kählerian spaces were studied by many  authors . 
In this paper considered the equations of the mappings of holomorphically- 

projective of equiaffine spaces onto non- Kählerian spaces in the form of a 
system of linear Cauchy equations .   
 
1. Introduction 
      For the beginning we give some basic definitions. 
      A Riemannian  spaces nH  called almost Hermitian ( [2] , [3] )if both metric 
tensor  xg ji  and almost Hermitian affinor structure )( xF h

i are determined in it , 
and satisfies the conditions 
  h

ii
h FF 
    ,    0)( 


ji gF                     (1) 

where  h
i   the Kronecker symbol  ,  ji ,   denoted symmetrization without 

division .  
An almost Hermitian spaces with covariantly constant structure is called  

Kählerian spaces. 
A Riemannian spaces nK is said to be Kählerian spaces if there exists , 

together with the metric tensor  xg ji  , a structure )( xF h
i , F is a tensor of type ( 

1 , 1 ) ,  with the properties : 
  
              h

ii
h eFF 
   ,     0jiF    , 0, h

jiF  , 1e                   (2) 
 
                 
      A bijective correspondence between points of Kählerian spaces nK    and    

nK  is called a  holomorphically- projective mappings  , if any analytically planar 
curve in nK  is transformed into an analytically planar curve in nK   .  (see [1]-[4]) 

2. Holomorphically Projective Mappings of Kählerian spaces 
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     A Kählerian space nK  admits a holomorphically projective mapping onto 
nK if and only if one of the following conditions is satisfied ( via 

diffeomorphism nn KK   ) : 
             kjikjikjikji Feggg )()(, 2    ;                            (3)            

kjikjikji Fega )()(,    ,                               (4) 
where jig  is a metric tensor of nK   ,  ii  , are gradient vectors , jia is a tensor ,      


 jiijji FFaeaa   ;      0det jia  ; 

 ii F  ;    
 ii F     ;     


 jiji FgF   . 

     The vector i  has the following properties:  
                           

 jiijji FFe ,,,   .                  (5) 
     From (2) , where 1e  , if 1e  then nK is called an elliptical Kählerian 
space , and if 1e  then nK  called a hyperbolic Kählerian space. 
A curve in nK defined by the equations  txx hh   and the conditions  
                      




  hhhh Fttdtd 21/   ,  
where dtdx hh /  ,  21 ,   are functions of the argument  t . 
if 0i , then the holomorphically projective mapping will called non – trivial . 

contracting (4) for 1e , with )(
1

 ji
jiji ggg  so the vector  i is a gradient  

and   iii ga ,41  
  . If the condition ijji ,,    is hold , it follows that 

0, 
 ji FF  .( see[5]-[9] ) 

Theorem 1  
     A diffeomorphism nn KKf :  is holomorphically projective mapping if and 
only if there exist a solution of the following linear Cauchy equations  
                   kjikjikji Fga )()(,   ,                     (6)  
                    

 ijiji MaF ,  ,                                                   (7) 
                    




 iii MaM ,  .                                                  (8) 
     On unknown tensor jia  , a vector i  , and a function   , where ijji aa   , 

0)( 
 ji Fa  . Here 

iiji MMM ,,  are tensors determined by formulas below 
and dependent on jig  , h

iF  of the space nK . 
Proof  
     Consider the integrability conditions of the equation (4) : 
            kjilljikkjilljikklji FFggRa ,)(,)(,)(,)()( 

   .       (9) 

     Contracting (9) with k
kF     and also  l

lF     we obtain two expressions . After 
removing primes we sum them up . Since in nK  it holds  
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                                   0 



 k

h
ijj

h
ki FRFR  ,  

 we get   
               

 jijiijkjilljik FwhereFF ,.)()(( 0    . 
      It follows that  
               ijij F        , i.e.       ijjiji FF  

 ,,  
where    is a function .  
      Contracting (9) with jkg  we then get  
       




 ..
.., ijjiijijji RaRaFgn  ,                             (10) 

where ij
h
ijk RandR  are Riemannian and Ricci tensors , respectively , the 

operations of lifting and lowering of indices are induced by the metric tensor , 
and  ,  are certain functions .  
      After symmetrizing (10) we get  
                




 ..
..)(2

1
, ijjiijji RaRagn     ,                        (11) 

     Substituting (11) into (9) we obtain  
 
 
       likjljkikiljkjliijkl FFFFMa ,,,, 

          (12)                       

      Here and in what follows M are tensors determined by jig  and h
iF on nK . 

More concretely 
                       kjilljikkljiijkl gMgMRM )(1)(1)(

    ;  

 
                                    ..

..)(2
1

1 ijjili RRnM   

where h
i is the Kronecker symbol. 

      Let kj and    be vectors such that 1jk
kj F  . 

       Denote ii FM 
 .  

      Contracting (12)  with kji   we get  
             


  lii MaM 2,    ,                                          (13) 

where 
  , . Contracting (12) with kj and using (13) we arrive at  

               
   

 ijjiijii MaMF 3,                   ,                              (14) 

where i  is a vector . Substituting (14) into (9)  we obtain  
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               
 ijklkillikjkjiijki MaFMFMFMFM 4)()(   .   (15) 

         Contracting  (15) with lkji   we get 


 5Ma  , and contracting 

(15) with lkj   we get 
 ii Ma 6  . Then (14) assumes the form (7) .  

      Integrability conditions  of (7) are  
           




  ijkijkjikjij MMaFF 87,,    .                               (16) 

 
    Contracting ( 15) with kji  we get  
                







  109, MMa  .  

   Then contracting (15) with ij  we get finally (8) . 
   The theorem is proved . 
   The system (6) , (7) and (8) has all most one solution for the initial values in a 
point x : )( xaij  , )()(  xandxi   . Hence , the general solution of this 
system on no more than )1(2/)1)(2(  mnmnn essential parameters . 
     The integrability conditions of the system (6) , (7) and (8) and their 
differential prolongation are linear algebraic equations on the components of the 
unknown tensors  anda iij ,,  with coefficients from nK  . 
   Thus , one can , in principle , solve the problem whether a given  
m - parabolically – Kählerian space  nK  admits or not a holomorphically – 
projective mapping and its uniqueness . 
 
 
3.  Holomorphically Projective Mappings Equiaffine Spaces Onto Non-

Kählerian Spaces 
 
     In case  
                                          0, h

jiF                                                    (17) 
and                                    0/ h

jiF  ,                                                 (18)  
 where ‘ , ’ and ‘ / ‘ are covariate derivatives in affine – connection space nA  and 
a Riemannian  space nH  respectively . 
The differentiation of ( 2 ) covariantly by hx  in nA with unknown symmetric 
regular tensor jia  , we obtaining  
                                 0)

,
( j

k
i Fa 

                                                      (19) 
  and its simplification differentiation 

)
,

()
,

(
,

)()
,

(
,

)( j
k

ij
k

i
k

jij
k

i
k

ji FaFFFFFFFF 








    .(20) 
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 First  contraction  (20) with respect to the indices j  and   , then contracting 
with 

iF  ,  replace index  by i , there  

           i
kk

i
k FFaFa

n
F 








  ,,, 2

1





                                 (21) 

      Easily , there exist vectors such as  ,  with the following  properties : 
                           0,  jki

kj
i Fa   ,                                                 (22)                   

                  also        ijji aa    .                                                        (23) 
 
Theorem 2  
     Affine- connection spaces nA  admits a holomorphically projective mappings 
onto a non-Kählerian  Hermitian spaces   nH  if and only if the following system  
of linear differential equations of type Cauchy is solve with respect to unknown 
function jia  where  
           )()(

,
j

k
ij

k
i

k
ji FFa  

   ,                                                   (24) 
          ii Ta 

    .                                                                        (25) 
            T is a tensor depend on objects in nA . 
     The system (24) and (25) dose not have more than one solution for initial 
conditions  
                   iiji axa   under conditions (23) and  
                  jiji FFaa 

  .                                       (26)  
 
Proof 
     We shall investigate the differential conditions of (25) by differentiate them 
covariantly by kx  in nA  and applying ( 24) simplification them after contracting 
with respect to the indices landj  then contracting with i

iF  with replace the 
index ibyi  . We get  

          
1 )()

,
(

,
)( ij

kl
j

kl
i

kl
ji TaFFFF 





      ,                (27)  

where   

    j
k

j
k

i
l

j
kk

ji
l

j
kl

i
def

ij
kl FFFFFFFF

n
FT 








  ,,,,,

1

2
1





 

  
     Under the condition (18) we can obtain the vectors  and  such that  

0,  kli
lk

i Fa  . Evidently , the vector ia  is not collinear with the vector 
iFa 

  . Hence , there exist a covector i  such that         
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       1,0  



  aFa  

    Now , contracting (27) first with kl  then with ji   we find  

ji
klij

klTa  



 1

   and contracting  j  we get  

        
2 iii Taa 

   ,                                                                 (28) 

where  



  F
def
   and  

                    









  lki

kl
i

kl
i aFTTT
















112
 

    Applying (28) to ( 27)  we obtain  

                  3
)()

,
(

,
)( ij

kl
j

kl
i

kl
ji TaFFaFFa 





    ,         (29) 

where 

               )
,

(2
,

)2 (1 )(3 j
kl

i
kl

jiij
kl

def
ij

kl FFTFFTTT 




    ,                            

      
      The bracket on the left –hand side of ( 29) must be non-vanishing , otherwise 
there would be 0, i

kjF  , which is in contradiction with (18) . So there exist a 

tensor field  kl
ijQ satisfying  

                   1)
,

(
,

)(  j
kl

i
kl

jikl
ij FFaFFaQ 


  . 

   Hence from (29) it follows that  

                 kl
ij

ij
kl QTa

3


     
and further  
                   ii Ta 

    ,  
where      

                 
2 3 kl

kl
ii

def
i QTaTT 


        .                        (30)   

 
End of the proof. 
      
     The above  theorem is a generalization of the results in  
[2] ,[3] , [4] , [10] 
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