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il O
4. Discusslon ' i
Tha advartage of this method can be found through the statistical infarmation
about the tree utzation, also the number of node accesssd guring overflows and
spli Hmhnhﬂmaumusmdﬂwﬁm denice such as dise, each of =
{hase node accesses represent a disc aeeoss which can ba a very impartant 1A
mdmtuﬁmwmmEMﬂmwﬂm&nu. A
Troe uilization and nodo accessea ara vory impertant in the construction and
mﬁmﬂﬂ-ﬁanhdﬂﬁ‘ﬁlﬂmmﬂamammmmmaﬁay a vital role. (Zy i
wWhen saarching Tor a key in a B-iree the maximum length of gaarch path is the
nurmber of levels in the tree and of coursa this means a noce access at each level.
Therefore the predication of the naamber of levels that will result in the tree can be (3
very important faclor in chagsme a noda cixa lor the e
(4)
(5)
(%)
o
{f
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Dafore ingerting the key, the aado alra must be chockad and Hf the node olze has
heen exceeded, then either & two way splt or an overfiow will be parformed
pecording to the stafus of the Input parameiers provided [n the man routine.
WWhen the delction of 3 Key fromm e tree Is requested, the procedurs BELETE
s woked, First the search procodure iz called to position the key in the tree. If
the key ls not found then the delete request Is ignored. Otherwise one of two
methods Is used to delete the key: ane method Tor leat nodes and anather for

nonleaf hodes.
OUTPUT procedure print the following bvformation:
- The number of keys in the fres.
- The order af the free. .
- The number of kevels in the Irce.
_ Tha numbsar and percentage of the ava
- The total utfization of the tree.
- The frequency count of the number of keys In the leaf nodes.

- The frequency ufilization of the leaf node In the lree,
_ The number and percentage of overfiows thal ocewed during all insertlons

iy the tree.
- The total number of sibing nades refercnced curng all of these overmows,
- The total number of sibling nodes referenced during all aplits that have

sceured in tha construction of the tree.

Bable nodes used in Lhe traa,
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3. Proposed Algorithm

This propased algorthm is dedicated o tha problems revohing around the
structure of 2 B-tree, the metheds of jagerion anc defeiian in B-Lees, For
instance, methods of handing everfull nades. I a node I3 overMowing &nd It s the
lefimast or fightmaost son of a father then an gverfiow may take place in anby cné
diraction, A passible varation is to attempl &n ovarfiow io & cosin nede betera
performing a node SPEf 1T IR Dromes neds 1s Tl Also If @ node and kS Twa
brothers e full, @ four way split requires dhdding the contenta of the three full
nodes and producing four nodes, each of which are appraximately threa-fawths
full. An impertan! condition an B-tree that must Be taken it canslderation has
heen stated by Kruse (5), "The conditlon that al leaves be on (he same level
foress & characteristlc behavior of Brires. Btroes are not allowed to grow at thelr
leaves; Instead they aro forced to grow at the root.*

The purpase of this aigarithm iz 1o perfarm the three basle pperations possibla
on B-trees | search, Insert, and delete) and provide an anatysis of tree utilization
by wsing different method of lnsertion with trees of different onder.

The algerithm Is structured so that the procedures that perform tha trea
pparations are combined |n a basic package {main pragram). All auxilizny
procedues are extemal ta this package 0 that they may be comamienty
madifled.

Tha main alganthm (MAINY parfarma bwe functions: read in the parsmaolers .
needed and then call tha B_TREE precedure that perfarm various operatiens an
the tree. . :

The maln perameters needsd aret
- The. ralrimum rumber of keys allowsd In ane node (MNAM).

_ The maximum number of keys to be B the frea (KUM).

- A switch which Indicates if the method of overfiow [ to ba used durng
insertlon (OVERFLOW).

_ The overflow diraction (left or right overflow). :

- A gwiteh which Indicate whether a twio way spht or three way split ls

ta be used {3_W_SPLITL
- The number of trees to be generated (#_of_trees).

(=]

The B_TREE procedure reads a transaction eode 1o determing one of tha four
possihle operation (nsert, search, delete, and eutpet) 1= ta be performed and call
the comrect procedure to camy out this task. :

e ARCH is the rewting that searchs the treo for a partlcular key. Tha saarch

" briginated with the root nade. A binary search is used when "loaking” for the key.

INSERT Is the procedure that |z ealled to bsert a key into the B_trea, Each tims
a new key s added to the tree, the key count bs increased by one. The routlne
HEAD_MODE is called only when attampting to insort a key into an ampby tred.
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b} After Underfiow

figure 10. A Sublree af an Order Seven B-Tree Hiustrating the Underflaw
Process During Celelion

2.4 Insertion With Overflow
After looking at the baske insertion algorthm and dellies with pnderfiow, a

mothad ef ingartian using an overflaw techrigus te handla nodas when they
hecome too full can be deviloped. This methed comprises movement of keys
netween brethers. Ovarflow Is very simiiar to underfiow, Whan a node becomes
too full because of an Insertion of a key, an allempt ks made to redistribute the
kizys of the averfull and a brathar bafore rasorting to a node split Crearfull, lika
inderfiow, can be conslderad to ba a stepwise process involving the father key aa
well as the keys in the brothers.

Figure 11a Is an sxample of a lres afler o new key has been inseried but
befaro exeeution of an overflow, Figure 11b illusirates the free after completing an
averfiow to the Aght. Cverflow can ga in either direction ta aither brother;
therefore ah averflow ta the left can be performed of the tree in Figure i1a

resuling the tres In Flgure 11c.
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b) After Deliation of Key 7

Elgure O, The deletlon of a Key From an Crder Five B-tree Which Reaulls
In the Construction of & New Rael Node.

i catenation is precluded by the upper limi on the node size, an *underflow” must
be performed on the nodes imvolved.

The underfiow process CoOMprises equal distributian of the keys between the
bwo nodes. The father key as well as the keys of the twa brothera are Involved in
this dictribution. The underflow algorthm can be described as a stepudse process
where the father key ls moved to the nade that Is oo small and a key from its
mumtawwﬂmm.mhmmmmmum
are the same size (0f a8 near as possible), For example, let Figore 10a
represents the configuration of part of an oeder 7 B-trae afler the defetion of a
key. The "underfu® node In this case |s node 2 and it is the leTt brother. Figure
10b represents the same portion of the tree afler the underflow hos laken placs.

’ﬁl,ﬁx fioo Il B -H“-n.*

-l-"' L Sy -
et —.F-l" “'."l,.-l“ -
&) [[s]] 50 ([] o] rz]ro [p40fjsafjts0

)} Before Underflow

i

@ |

b} After

Figwe 10. A

2.4 Insert
After oo
mathod of U
hacome tod
bebwean br
toa full bed
kirys of the
T,
well as the
Flyure 1
bafore exe
avertlow fo
therefore @
resusting th




/@’ al it =l
BoaUse \ ﬂ\%‘
e ta by @. 5 E |l @ 17 15 [ f=-" @' 201 20
T
felod; a
g
nmediate i} Before delateion of Key
a pointer
1 nen-laaf
e or 20 30 || -=-
e hw -%.—
lsst ) key T
dte by
of ki ln-a @Us ffwl]e 15 | @1 =}] 28 ||
I a nui
the
s tha by After deletelon of Key 6
detion
T _
eleteion of Figure 8. A Sublree of An Order Five B-Tree llusirating the Catenglicn Frocess
He Used During Deletion
- paciusive,
since the father node has been reduced in size i must be tested to see if &
has fallen below the minimum nede size. If so, either catenation or underfiow st
ke perfsrmaod on this noda. catenation, as in the caso af twa eplits during _
; nsertion, may be prapageted through the tree toward the roat node. If, during & it
de (a node calenation, lhe father of the two brothers belng comhbined |5 the ron of the tree ¥
Jestion) and it contains caly one key, then the node formed by the catenatlon process i i
n onfy e new ract of the tree and the sumber of levels in the trea Is reduced by one |
baing (Figure ). ;
amy node
2 by ona
tha key in Ll 10 H
simed. @
1ed which
geded @ =N .
3 is defefed g §| 7 15 || 20 _
r combined @ | :
a) Before Daletion of Kay 7
45




2.3 Deletlon

Jual as i the case of Inaerthen, the deletion of & key from a B-tree i
siralghtfersard vrdess one of the basie propertias of B-tree s viclated. Becausa
of tha characteristic of B-trea being eonstantly in balanca, a koy may haveta be
remowed from a node which may cause {he sire of thig node to fall balow the
minmum pode siee,

There are two typas of nodes & a B-trea from which a key may be delated: a
leaf pode or a non-leaf node, Deleting from a Teaf node does nol cause immediate
problems bacause the deletion may take place without regard fo laosing 2 polnter
since al polnters in a leaf are n,

A preblem does arise hewever, when altempting to delete a key from a nor-leaf |

noda ar more direclly a nede with non-null pointers, This implies that a noda ar
possibly 3 complete subtree below this node will be lost, To aveid this, tha key
that is being deleled is merely replaced by the nexd largest ( or next smalles! I key
in the tree, The next largest key is the smallest key in the sublree pointed to by
the posder immediately (o the right of the key being deleted. Tha smaliest key in a
subires Is found Dy the following pointer zero down throdgh the tree until a null
pointer iz encountered, indicating a leal. The first key in this leaf node is the
smallest key of tha subtree, { Simiarty, the next smallest key in the trea is the
largest key in the leaf subtree ). Thé only problem left to hundie inthe delation
ProCass I5 If the node size-of the leaf thal is reduced falls below the minimum
node size allowed in the tree. |f this condition does not accur then the deleteian of
the key is compiatad. However, if this problom arises, one of two possicle
correciive actions must be taken. Theze two actions, which are mulually exclusive,
are Hnoram as;

- Caterslion, and

= undorflow

In the cose of catenation, the node that is toa amall and a brather node {4 nade
wiich has tha sama father and is immediately adiacent ta the noda i question)
are calenated or joined together to form a single node. This PrOCESss can onfy
taken place if the sum of the numbars of keys in the bwo brother nodes being
“catenatad” is strictly less than the madmum number of keys allowed in amy noda
in the trea. The catenation wil decreasa the number of nodes i the oe By cne
50 the poinder to this lost node also mus! be removed. The father ke is the kay in
tha falher node that logically fass batween the two brothers being combined.
Therefore the father key also becomes part of the new node being formed which
means [al | i deieted from the father noda along with the no longer needed
poiiter. This is fustrated by the subtree shown in Figure 8. When key 6 5 deleted
from node 2 in Figure 8.8, node 2 and 3 along with father key 10 will be combined
Lo form a new node 2 as shown In Figuee Bb,
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3,

a) Before Insertlon of Key 11

b} After Insartion of Key 11

Figure 8. An Order Five B-tree Wusirating the MMyﬂerPmmﬂumg
Insertion

If the father neds has overflowed because of this action, the antlre bwo way
spit process ls. applied to the father node. Leglcally then, m:phm:ﬁpmﬂs
may be propageted back up through the entire tree. If the node belng split does
not have a father then B must be the rool node. In this caze the two way splt
croates a new root node which necessarlly adds ana level to the helght of the tree
{ Figure T ). The fact that the number of levels v the B-tree Increases ondy when a
new oot node k8 added to the tree shows that a B-ree I3 actually bult from the

bottom up.
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If a search for key 25 s made i the tree in Figure 4, then i i rmedately found
In positicn 1 of node 1.

{O L2}

(RE: @.SGQ\LD.
1 5 20 24 i) i 51 |} 37 41 [| 20

@ @ ©@ @ ®

Flgure 4. An Ordar Threa B_Trea With Three Levels

Using the same tree, If a search Is made for the key 20, then the following action
would take placa: tha root noda 1 is scanned and it ks datermined that the key is
less than 25, therefore the left branch s taken and nede 2 |13 aceessed. The Ray is
largar than the single key in nade 2 o the right branch Is taken and 5 Is accessed,
The key Is finaly located In position 1 of node 5. ©ne final example is presented Lo
ilustrate the mothod used in determining that a key is absent from tha tree. When

searching for key 25 in Figure 4, the rool node s seaniad, the righ branch is
selcted, and pooe 3 e accessed. The key falls between the hrst'and second -

keys In node 3 so pointer 2 Is used to access node 7. It ls important to remomber
that as soen as oné key lna node is found to be larger than the key sought, the
scan can be stopped because &l keys further to the right will alsa be langer.
Scanning scross node 7, i Is determined that the key fals between the first and
second keys In the node implying that the pointer 1 Is to be selecled for the next
branch. Since this peinter is null, # Is determined that the key la not In the tree but
shouid be I position 2 of node 7. From thiz example, B is evident that a key
cannot be determined to be absent from the tree untl one node from aach kevel
has been inspected. These examples also show that any new key that will be
added to the tree will b Inseded into a leafl node.

2.2Insartion

Insertinn of 2 new keys Inta a B-lrea Is semewhat different from insertlon Into an
ordinary binary tree or an Indexed sequentiat file because of the special properties
of B-trees, By using the Bores search technlgue, the position withi the free n
which the key should be found may be determined. If, while searching for this
pasition, the key Is found to be already I the tree, then some fype of amar
condition should be raised. If the key s not found, then it should be inserted in tha
comect ordered pasition [n the appropriate leaf node (Flgure 5)
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,, OPERATIONS ON B_TREES

| if et 10 satisTy thes five propatliss of B-lrees b3 priviousty sluled, some rigid

pules must be gven regarding tho threc Basie oporations to Be perfarmed on B

IrEEs. pefore discussing Lhese operations {zearch, Inser, and delete). R I8
pasary to mentlon that there are basicaly three ditferent ClasSeEs pf B-irees:

I-Tg} These that hold Informetian ordy In the leaf nodes,
p] Those that hold infarmation in all levels of the Lree.
{¢] Thosethat hald onty poiaters 10 the records which are stored eISEWNETE.

in the frst class of B-tree, &Y levels except the bottemn level of the Lreé contain
oty keys and are used us multilevil fe index, similar to tha Indexed sequential
. Tris paper will not be concerenad with this fype of structure.

B-tree of the seconed class contain formation at all levels. The recordg are in

pe tree adjacant Lo thelr assoclated Keys
The third class contaln nothing but pointors 1o tha recerds which are storsd

patermal to the tree.

2.1 Search :
The operation of searching for & record |s the basis of all operatlons on a D-tree

( as @ Is for amy flo structure ) because al other operations depend on it A

nensequertial search for 8 Key wil ahways begin with the ==t nade. For this
reason E might he agvisabie 1o keep the eurrent raot nade in the interanal memary

of the computer at el mes. When searching any B-ires nade, elther & linear or
kinary saarch may be used since the keys in a nede are stored in ascending oroer
tram left to might. If the key Is found whenh searching @ node, then the refated
information that needs ta be "retainac” is the identification of the node [ whech the

is found and &3 pasition within this nodé. 1f the key Is found In this node, then It

by
' to dotérmine batweon which two kays this Hﬂy_éhnqd'ha logleally located.

. | the pointer of the node at this point ts not the nul pointer, then the suctessar ot

this node s accessed and the search process starts over as if this were the naw
root node { this s setually the root node for @ subtree ). This process cantinues
unlil tha key bs found or the battam of the trea 15 reached.

If thils pointer I3 null haWEVET, {he node Is a leaf node { thix nade Is on the bottam
leved of the tree ) and the related informatlon that should be retained |a this CasE Is
the ldentification of the node the key shoud be In ang the position which the Key

should occupy within this node.
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An example of a tree with K= 3,000,000 and canvenlently chosen ordor of m =
200, the maximum nember of lovels and thues tho Maxmum number of probes mt.n
the Bires will be four, (i should be recognized that tha number of AOdE probes is
veny  kmportant if each probe requires a reference Lo a s,_ecuma;rg,r storage.
However, if a krge number of kmys are contained withn 8 nods, swarch

performance within the node iself is also a factor). _
As can ba seen by eguation (1), the number of levels and thus the MaxiMEm

number of probes into a B-tree depands not only on the number of keys i the tres
but alse upon the order of the B-tre. For this reason, somthing shoukd be said
about the selaction of the order when designing 2 B-trea. The lrade-off is bobween
the mumber of levels in the tree and the size of the nodes. I thé tree iz slored on
a secondary memory device such as cisc, an ideal nade siFe is the same as the
capacity of a track. The tres can be completely contained within the main memery
(if storage capacity permis) of the compuler to alimirate the extra delay i
areess time due to the disc arm movemént and disc rotation. But for extremely
larpe trees this could be impossible. |f the primary memory af the computer 15
actually a wirual storage smaronment Lhen a page of the machine’s mamory could
comveniently contain cne nede of the B-lree.

There are thrae distingt methods of constructing B-trees to organize information.
A record associated wih a key may be stored adjacent 10 the key i the Uree; all
records may be stored in the lowest level of the tree, and finalts tha records may
he stored in a manner entirely ndependent of the Uree siru:tue. The primary
application of this type of B-liee is for files Ihatl are intermaly struclurad and
stored such as symbol tabdes,

The second type of B-trea siructure incorporates the concept a1 sloning records
directhy in the trea but only at the lowest level. Here the keys in e upper lovels of
the tree act as a sed of ndices to control tha traversal down Jo ine comect "plock”
which contains the traget record. For this reason this type of ree structure 15 quite
gimilar to indexed sequential, IBM's Virtual Storags: Access Melthod (VGAM]) is an
axample of an application of this type of B-lree. _

In the third typa of B-tres siructurp, the key is used solely as an index. The
recards themsehes are not stored directly in the free but are stored separalety
and ara accessed by pointers in the free. Thus, there is no need Tor the records 1o
be plrysically ordered. This type of fie structura is woll suited to random accuss
requirements. In this method of structunng B-tree, unike the pravious hwo, all
nodes wil held the same type of informatien,

Beside the three methods of struclwing B-ree mentioned above, &t should ba
evident that they may ha used in a vanety of appicalions, InJact B-ireas o wol
cuted for mary apphcations that mvoblee Che use of Tiles or tables of informmation
thal  must be randomby 2ccessable via a key. Algordhms are avaiiable for
maintaing B-tree balanced during the inserion and delation {1}.
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Figure 3. An Oraer Three 8-Tree

: B trecs can have o varioble mumber of lovels oz did binary trees and mudl-
(BT Possibly g branchn] fom fhe nodes as aid edersd sequenmal: but these pione cnild he
'led hare thay . poperties of rity muili-hranching tree (8 leee with 8 variable rumber of branches
152 faldthat fraan vach node). Tha charactaristies of B-fraos which maka them urique as
Ripoiftstog - fobors(1): :

nig on stored : - (8] BWeEry node nas at most m sons.

|p] Svery node, excoapt the rant and the lpaves has at least [mr2] sons i Fre
symibal | ¢ | indicates the amallest integer hat is greater than or equal bo x|
2] The rood node haz at least two sons wiacs It ks & leaf, Iy which casa
i £ the only nede i the tree (asin Flgure 2). 7
~n} All leaves wall nave null poRers and Wl De o the same level, wiich
* it fact will be the boltom level of the tres,
{w] A nor-learl node with k sans has k-4 ks,

12y Memony

This progerty aiong with the first twe implies that every node, except the roat,
will contader hetweon [mi2 - 17 and m-t keys

A Blres bas the Impoitan! chatectesstics of Lelng bt from the baltem up.
- The implies that when a A Brved 2 23200 ba tha freo, £ vl Bo addod ae 3 ey
oot node. Because of this method of Pliding a B-tree, In contrast to o Mnary tree
whirh 1 hedt from the tap dawn, e B-tree constantiy stayz In balance; al leat
wedes mre on the battem level and af Ry In the leaf nodrs may be reached by
the came number of probes Infa the tree. Since this is 2 balaneed tree, the langest
passitle search wil pe cqual to the-number of levels i the B-tree. Knuth (4) has
nven anupper boended on the amber oflil teveds (1} i & Btre af order m watin N
hevs 1o be ’

1<= 1 & logf o J(N+1)2) ()
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1. B-Traa

Basicalyy, a B-tree is @ balanced free with @ prudelenmmed Maximum numbar
of branches from each node, This maximum number of branches (own as the
orger™ of the (ree) can ba amy vaiie greater than bwo, An dustration of @ smale B
troo node is given m Figure 1.

p0 (k1] info [p1]k2 {info[ ¢ Y Pma | Km | W0 | Pm

Figure 1. A Eampla of B-troe Hode

In this node, k represent tha i-th ey and INFC is the mformation (or possibiy a

pointer ta the informalion) associaled with this koy. I} showld be noted here thal
the keys are in ascending order within anmy particular nede. P s a fiakd that

peints to & node or group of nodes conlainig keys less than ky and p ponts fo a
noda ar growp of nodes which containg kvys greater than k. Depending on stored

pesition of the B-free, these ponters may bo either addressas i primary memory
of secondary storaga.

A B-red which 15 mace ub of enty pna nede shown n Figure 2.

217 OR1TiA

Figure 2. A B-tree Consisting of 8 Sincfe MNace

dlolice thal the tree & made up of one nede which conlaing bwo Koys and theee
pointers which are nult {indicated by ). Two important facts that may be pointed
oul about this B tree are that there is ons level in the tree and the single node of
(e freR i Also thi root.

Figura 3 illusirgies a Gitle more compliceled B-lrea of order 3 (& maximum of
thres way branching from dach node). Thes B-tiwe consisls of beo beeels and
contains four nodes. The Single noda on the top level (the node with keys of 35
and 53 in Figere 3) b5 the roof node (s will be the case Tor al B-irees), The three
nodea on the botom jevel are leal nodes due to the fact that thay heve nua
poanters fas shown in Figura 3, the nodes nends not be completohy full). ;
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