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ABSTRACT

In this paper, we consider the local fractional Adomian decomposition method for solving the second
kind Volterra integro-differential equations within local fractional integral operators. This
application maintains the efficiency and accuracy of the Adomian analytic method for solving local
fractional integral equations. Illustrative examples are given to show the accuracy and reliability of

the results.
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1. Introduction:

Local fractional calculus is a new branch of mathematics that deals with derivatives and integrals of
the functions defined on fractal sets. It is used to explain behavior of continuous but nowhere
differentiable function. Local fractional calculus (is also called Fractal calculus) was first introduced
by Kolwankar and Gangal [1].

Recently, the local fractional calculus theory has attracted a lot of interest for scientists and engineers
because it is applied to model problems in fractal mathematics and engineering. It plays a key role in
many applications in several fields, such as physics [2,3], applied mathematics [4,5], signal
processing [6,7], fluid mechanics [8], quantum mechanics [9], fractal forest gap [10], vehicular
traffic flow [11], and silk cocoon hierarchy [12]. There are many analytical and numerical methods
used to solve differential equations on Cantor sets such as, Adomian decomposition method [13,14],
variational iteration method [15-17], series expansion method [18,19], homotopy perturbation
method [20,21], Laplace Variational Iteration Method [22,23], differential transform method [24,25],
function decomposition method [26], and similarity solution [27] involving the local fractional
operators.

In this work, we consider analysis solution to the local fractional Volterra integro-differential
equation of the second kind. This paper is organized as follows: In section 2, the concept of local
fractional calculus and integrals are given. In section 3, Adomian decomposition method is proposed
based on local fractional integrals. Illustrative examples are shown in section 4. Conclusions are

given in section 5.

2. Preliminary Definitions

Definition 1 [1,13]: The function f(x)is local fractional continuous at X =X, , if it is valid for
1£(X)— f (%) <& ,0<a<1 (2.1)
with [x—X,| < &, for £ >0and ¢ e R. For X €(a,b); it is so called local fractional continuous on the

interval (a,b), denoted by f(x)eC,(a,b).

Definition 2[13]: The local fractional derivative of f(x) at X =X, is defined as

da

o vy = f (a)(x) = lim Aa(f (X) —f (Xo)) (2.2)

D (%,) = L T

f(x)

where A”(f(X) = f (X)) = (e +1) AT (x) — f (%,))-
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Definition 3[13]: A partition of the interval [a,b] is denoted as (t;,t;,;), j=0,.,N-1 t;=a and
ty =b with At; =t;,, —t; and At=max{Aty,At;,....}. The local fractional integral of f(x)in the

interval [a,b]is given by

1 £ (x )_ hme(t ) (At;)“. (2.3)

a).!:f(t)(dt)“ e i

Definition 4 [13]: In fractal space, the MittageLeffler function, sine function, cosine function are,
respectively defined by

E,(x“ )=Z;‘F(1+k 1 ,0<a<1 (2.4)
sin, ()= 31 — X <a<l 2.5)

= ITL+ (2k +1)a]
2ka

cos, (x*) = kZ( )kl“[l 2k] <a<l (2.6)

3. Analysis of the Method
The standard ke order local fractional Volterra integro-differential equation of the second kind

is given by

u®a (x) = f(x) +

ia X o
Tira g K(x,t)u(t) (dt)*, (3.1)

subject to initial conditions

u@0)=a9, u“(0)=a, ,..u* D90 =a,,

ka
where u®®(x) =d—l|i(x)
dx**

is linear local fractional derivative operator.

By integrating both sides of (3.1) leads to

| (k) (U (k) (X)) — | k) (f (X))+ L(ka)( j K(x,t)u(t)(dt)” ] (3.2)

Tl+a

Thus, we obtain

a (kD

X (-ke) (-ke) .,
ri+a) +ot ak_lf[lJr(k——l)] +L (f (X))+ L (F(l IK(X t)u(t)(dt) J (3.3)

where the initial conditions u(0), u®(0), u®®(0),...,u®*) 0)are used, and

u(x) =ag +&
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k time
LA ()= 15 = (1 1L 19 (). (3.4)
Then, we use the decomposition series
U0 =2 U, (0 (3.5)
n=0

in both sides (3.3) to obtain

X(k—l)a

L A (~ka)
rds a)+....+ak_1 (1+(k—1)a)+L (f(x)+

Du,(x)=a, +3
n=0

. (3.6)
L(M(m j K(x, t)(zun (t)](dt)“}
or equivalently
Uo(X) + Uy (X) + Uy (X) +....=
a (k-1
a0+alm+....+ak_1M+ L (F (x))+ (3.7)
L<-k“>[m j K (X, t)u, (£)(dt)“ }+ LC koﬁ(m j K(X, t)ul(t)(dt)“J
To determine the components u,(x),u,(x),u,(x), ---- of the solution u(X)we set the recurrence
relations
a (kD
uO(X):a0+a1r(1+a)+ -+ak_1m+ L(f(x)) (3.8)
U, (X) = L(_ka)(r(l I K (x,t)u, (t)(dt)” ) (3.9
It means that
a (kD
Up(X) =8 + air(1 R F +LEA(F (%) (3.10)
(%)= L<—ka{m j NCHIOICHE ] (3.11)
u,(x) = LC ka)[m j K (X, t)ul(t)(dt)a} (3.12)
Uy (X) = |_<-k“>[m j K (X, t)uz(t)(dt)“j (3.13)
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4. An Illustrative Examples
In this section three examples for the local fractional Volterra integro-differential equation from the
second Kind is presented in order to demonstrate the simplicity and the efficiency of the above
method.

Example 1. We consider the local fractional VVolterra integro-differential equation

@(x)=1- t)(dt)* ,u(0)=0 4.1
U0 =1~ )juo() u(0) = (4.0)
Let the solution in the series form
u(x) = >u,(x) (4.2)
n=0
Applying the integral operator L™ defined by
L) | [ (dt)“ (4.3)
0= 1201 0

to both sides of (4.1), and using the given initial condition we obtain

_ _|@
409 = 1 o [m j u(t)(do° j (4.4)
Then substituting (4.2) in (4.4), we have that
0 Xa X/ o "
nzz(;un(x)_r(lJra)—L (F(l - ! (Z;u (t)j(dt) j (4.5)
From (3.8) and (3.9), we get
Xa
Uy (X) = ra) (4.6)
. o X3a
u1(X)= L¢ )[r(l )I 0()(dt) ] - F(l+30() (4-7)
. X 3 B X5a
u, (%)= L )[ra S [ J— [is59) (48)
. X7a
Us ()= L )[F(l j u, O@Y” J “T(+7a) (4.9)

and so on.

This gives the solution in a series form
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3a

5a Ta

X* X X X
u(x) = — + —
I'l+a) T'l+3ax) T'l+5a) T'(l+7a)
@ (2k+D)er
Sy —X .
k:O( ) I+ (2k +D ] (4.10)
and hence the exact solution is given by
u(x) =sin, (x“) (4.11)
Example 2. We consider the local fractional Volterra integro-differential equation
U () =1+ — X 41 j =D o) u0)=1u”0)=1  (4.12)
I'l+a) T'(l+a)y;T'(l+a)
Let the solution in the series form
u(x) = u,(x) (4.13)
n=0
Applying the integral operator L™ to both sides of (4.12), and using the given initial condition we
obtain
X X2a X3a (20) 1 X (X_t)a
= “ @ 4.14
W)=t m ) T2 T Tassa) T+a) -([F(1+a) u® (@ (4.14)
Then substituting (4.13) in (4.14), we have that
0 Xa XZa X3a ~ 1 X (X_t)a 0
=1 L( 2a) a
;”“(X) T+a) TA+2a) T@+3a) (r(lm)! T(+a) [;“"(t)](dt) J
Uy(X)=a, +a, ria L) (£ (x)) (4.15)
_ 1 F(x-t)°
= LK) t)(dt)* |, n>0. 4.16
Uy () (F(M) I s oy 0@ ] n (4.16)
Therefore,
a 2a 3a
u () =1+—> 4% P (4.17)
I'l+a) I'l+2a) TI'(l+3a)
; 1 (x=t)*
u, (x) = L9 u, (t) (dt)“
1) (F(1+a)-(|;l“(1+a) (Y J
da 5a 6 Ta
X X X X (4.18)

= + + +
I'l+4a) T(l+5a) T'(l+6a) TI'(l+7a)
and so on. This gives the solution in a series form
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Xa X2a X3a X4a X5a
u(x) =1+ + + + + +
I'l+a) TI'l+2a) T'Ql+3x) T'(Ql+4a) T'(1+5x)
4.1
éf(ﬁka) (4.19)
Hence, the exact solution
u(x)=E,_(x*). (4.20)
Example 3. We consider the local fractional Volterra integro-differential equation
(4a) =-1 Xa _ 1 X(X_t)a t dta
= e r(1+a)£r(1+a)u()() (4.21)
u(0)=-1, u“(0) =1, u®(©0) =1, u®”(0)=-1
Applying Equations (3.8) and (3.9), we arrive at the following iteration formula:
Xa XZa X3¢x
U, (X) =—1+ + —~ + L9 (f (x 4.22
o) I'l+a) TA+2a) T'(l+3a) (F09) (4.22)
(X) =— L+ j(x t)a u @) |, n>0, (4.23)
Hnet r(1 ), T(l+a
a 2a 3a 4o 5a
()= A4t XX X (4.24)
I'l+a) I'l+2a) T(1+3a) I'l+4ax) T'(1+5x)
1 (x—t)*
=— L t)(dt)”
s (¥) (ra j | T o 2 O@ j
6 Ta 8a
__X L X IR, S (4.25)
I'l+6a) I'l+7a) I'(1+8ax)
and so on.
This gives the solution in a series form
3a 5a 2a Ao
b0 = X )bt
F(1+a) T(1+3c) F(1+5a) I'l+2a) T(l+4a)
=sin, (x*) —cos, (x*) . (4.26)

5. Conclusions
In this work, we present the analytical approximation to a solution local fractional VVolterra integro-
differential equation. We have achieved this goal by applying Adomian decomposition method.

Using the ADM, it is possible to find the exact solution or a good approximate solution of the
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equation. It can be concluded that ADM is a very powerful and efficient technique for finding exact
solutions for wide classes of problems.
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