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On Artin cokernel of The Group Q2,xCs Where p>2and p is
prime number

1s) 2 Py p>2 Lasie Qyp xCs 8l (N -l jLdiall 31 6} J g

Ass.prof.Naserr Rasool Mahmood Salah Hassoun jihadi

University of Kufa University of Kufa
Faculty of Education for Girls Faculty of Education for Girls
Department of Mathematics Department of Mathematics
Naserr.mahmood@uokufa.edu.iq salah1978hassoun@gmail.com

Abstract:
The main purpose of This paper is to find Artin's character table Ar(Q2,xCs )when p>2 and p is
a prime number.
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Introduction:

For a finite group G, The factor group R(G)/T(G) is called the Artin cokernel of G denoted by
AC(G) and R(G) is denoted to the a belian group generated by Z-valued characters of G under the
operation of pointwise addition, T(G) is a subgroup of R(G) which is generated by Artin's
characters .

1-Preliminars : [ 1]

For each positive integer m>2 ,The generalized Quaternion Group Q»y of order 4m with two
generators x and y satisfies Qom ={X" y*, 0<h<2m-1, k=0,1}, Which has the following properties
{sz:y4:|, yme—lzx—m}.

Let G be a finite group ,all the characters of group G induced from a principal character of
cyclic subgroup of G are called Artin characters of G .

Artin characters of the finite group can be displayed in a table called Artin characters table of G
which is denoted by Ar(G); The first row is I'-conjugate classes ; The second row is The number of
elements in each conjugate class, The third row is the size of the centralized
|Cs (CL,)| and other rows contains the values of Artin characters
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Theorem:(1.2): [2]
The general form of Artin characters table of Cp® when p is a prime number and s is a positive
integer number is given by :-

Ar(Cp’)=
T-classes [1] |.Xps’1J I.XpHJ I_XDHJ [X J
[CLy| 1 1 1 1 1
‘C (CL) p® p? p® p? p®
p® &
ol pS 0 0 0 0
q); pS—l pS—l O O O
¢é ps—z ps—z ps—z 0 0
. ' p' ' p' 0
ol 1 1 1 1 1
.
Table(1,1)

Example : ( 1.3)
We can write Artin characters table of the group C,, p>2 and p is a prime number.

Ar(Cp)=
I'-classes | [1] [x]
ICL,| 1 1
|Ccp(CLa)| p p
@ p 0
(p'z 1 1
Table(1,2)

Corollary : (1.4) :[2]

Let m = pj*. py2....py" Where g.c.d(pi,p;) =1, if i=]j and py's are prime numbers, and a; any
positive integers for all 1< i < n, then :
Ar(Cp) = Ar(Cp,a1) ® Ar(Cp,az) ®...Q Ar(Cp an).

Example :(1.5)
Consider the cyclic group C,, .To find Artin characters table for it, we use corollary(1.4) as the

following :
Ar(Cyp)=Ar(C,) ® Ar(Cp)=

T- classes [1 | =] [x1 | [x]
IcLl |1 1 |1 1
|Ccap (CLa)| | 2p 2p 2p 2p
o » 0 |0 0
(p'z 5 2 0 0
(p'4 1 1 1 1
Table(1,4)
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Example :(1.6)
Consider the cyclic group Cyo .To find Artin characters table for it, we use corollary as the

following :
Ar(Clo):Ar(Cg) ® AT(C5):

[-classes | [1] | [x%]] [x°] | [x]
IcL,) |1 J1 J1 |1
|Cc,, (CL,)| |10 |10 |10 |10

o 10 |0 0 0

¢, 2 2 0 0

@3 5 0 5 0

o 1 1 1 1
Table(1,5)

Theorem(1.7):[1]
The Artin characters table of the Quaternion group Q. when m is an odd number is given as

follows :

Ar(QZm) =
I'-Classes of Com,

I'-Classes er X2r+1 [y 1
| CLy| 1 2 e |2 1 2 e 12 2m
ICy,, (CLy)| 4m | 2m e | 2m 4m 2m . loam |2
D, 0
@, 2.Ar(Conm) 5
D, 0
D, m |0 .. 10 m 0 .. |10 1

Table (1.6)

where 0<r<m-1, | is the number of I'-classes of Con, and @; are the Artin characters of the
quaternion group Qzm, forall 1< j<I1+1.
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Example (1.8):
Consider the Quaternion group Qy, ; p>2 and p is prim number.To find Artin characters table
for it, we use theorem:(1.7): as the following :

Ar(Qzp)=
["-classes of Cyp
I'- classes [1] [x?] | [xP] | [x] [y]
| CL,| 1 2 1 2 2p
[CQzp (CLoy)| | 4p 2p 4p 2p 2
@, | 4p 0 0 0 0
D, | 4 4 0 0 0
®3 | 2p 0 2p 0 0
Dy 2 2 2 2 0
D5 p 0 p 0 1
Table(1,7)

Example (1.9):
Consider the Quaternion group Q1o .To find Artin characters table for it, we use theorem:(1.7):
as the following :

Ar(Qqo)=
I'-classes of Cyg
I'- classes [1] [x?] [x°] [x] [y]
| CLy 1 2 1 2 10
ICQu0 (CLo)| | 20 10 20 10 2
®, | 20 0 0 0 0
@, | 4 4 0 0 0
®; | 10 0 10 0 0
Dy 2 2 2 2 0
(O] 0 5 0 1
Table(1,8)
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Theorem(1.8): [4 ]
Let H be a cyclic subgroup of Gand h,,h,,..., h, are chosen representatives for the
m-conjugate classes of H contained in CL(g) in G, then :

o |\§eg;‘|i¢(hi) if heHNCL(g)
g)= H i=1

0 if HNCL(g)=¢

Proposition(1,9).[ 3 ]
The number of all distinct Artin characters on group G is equal to the number of I'-classes on G.
Furthermore, Artin characters are constant on each I'-classes .

2.The main results:
In this section we give the general form of Artin’s characters table of the group (Q2pxCs) ,p>2
and p is prim numper .

Definition(2.1):
The groupQ2,*Cs is the direct product group of the quaternion groupQ.m of order 4p and the
cyclic group Cs of order 5, then the order of The group(Q2pxCs) is 20p .

Example (2.2):

Let p=5 then (Q2pxCs)= (Q25xCs)= (QuoxCs)={ (L.I), (L.2), (L) (1.2 .(L.Z%) (%), (x.2),
(x.2%), (x.2°) .(x.2) 041, (.2), (A2, (A0, (A, .03, C.2), .2, 0.2, 68,29, (.,
(v.2). (.2°), (.2%), (v.2%), (xy. 1), (xy.2), (xy.2°), (xy.2%), (xy.2%), (Cya), 4y, 2), (P, 20), (Xy .2%),

(Y .2%,.... 0y 1).05Y .2), (Cy .22, (Cy .20, (Cy .2 b

To find Artin’s characters for this group, there are ten cyclic subgroups, which are :
<1,1>,<%,1>,<xC, 1>,<x, 1>, <y, 1>,<1,7>,<x%,7>,<X°,2>,<X,2>,<y,z>then there are ten I'-Classes ,
we have ten distinct Artin’s characters,.Let g€(Q10xCs),g=(q.l)or g=(0,2),0€Q1o ,I,z €Cs and Let
@ the principal character of H ,®;Artin characters of Q1o, 1 <j < 5, then by using theorem (1.8)

‘Ce(gjm _
ool E@z™ T eHneto)

0 if HNOCL(g)=¢
Case (I):- If Hisa cyclic subgroup of (Qzpx {lI}),then:
H;=<1,1>
I g=() . Pup(N)=TREEE (1)) = H21=100 =520 =5.0,(1) |
Hy

since HiNCL(g)={ (L,)} and ¢ (g)=1, Otherwise @@ 1 (g)=0 since H; (1 CL(g) = ¢
Ho=<x2,1>

If g=(LI)

_ |CQ10><C5 9] _ ﬂ _ _ _
cD(z,l)(g)——‘CHZ(g)l @ (g) =—.1=20=54=50,(1)
since H,NCL(g)={ (1,1} and ¢ (g)=1
If g=(*,1)
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D)=~ 5 (g), o (@)= (1 + 1) = 20 = 5.4 = 5. By(x)

[CH, (8)]
since Ho N CL(@)={ 9.9} and ¢ (9)= ¢ (g7)=1. Otherwise @1 (9)= 0 since H, N CL(g) = ¢
Hay= <x°,1>
If g=(L.1)

Ds((L1))= 22 (4, (g))=201=50=5.10=5., (1) since Hs N CL(@)={ (L)} and

[Chs(8)I
@ (9)=1
If g=(.1) . P ((0C.))= ~LCE (5 (g))=12 (1) = 50 = 5.10 = 5. &, ()

ICu; (8
since Hz (1 CL(g)={ g} and ¢ (9)=1, Otherwise @1y (g)=0since Hs (1 CL(g) = ¢
Hi=<x,1>
If g=(LI)
D 1((L1))= %(qp(g))Z%l:lO:S.Z:S. @, (since Hy N CL(G)={ (LN} and ¢ (g)=1
I g=0.1), Pun(6CN)= “LEEE (0 (g) 4 9 (@)= (1+1) = 10 = 5.2 = 5.0, ()
since Hy N CL(9)={9.97} and ¢ (9)= ¢ (g™")=1
/.5 5 vy 1CQqoxcs (8)] _ 100 _ _ _ 5
If g=0x".1), Puy((X.1)= ICm;—G:)I((p(g) )=75 (1) =10 =52 = 5.2, (X)
since Hy N CL(g)={ g} and ¢ (9)=1
If g=(x.1)
CQuoxCs y_
(D)= “2EEE (0 (g)  p ()=30 (1 + 1) = 10 =52 = 5.,
since Hy NCL(G)={g9.g"} and ¢ (9)= ¢ (g7)=1, Otherwise @y (9)=0 since Hs N CL(Q) = ¢
Hs= <y, 1>
If g=(1.1)
__ ICqqpxcs (8)] _100 , _sr_pe—
Ds1((L1)= T (¢ (9))=—-1=25=5.5=5.05 (1)
since H5ﬂ CL@)={(1,)} and ¢ (g)=1
If g=(x°.1)

D ()= “L B (0, (6))=1 (1) = 25 = 5.5 = 5. &5 (<) since Hs N CL(G)={ g}

Chs ()]
and ¢ (9)=1

ICqyoxCs (B .
Ifg=(.) Pen(yN)=—LEEE (0@ 49 @)=7 A+ 1D =5=51=5.05()
since Hs N CL(g)={ 9.9} and ¢ (g)= ¢ (g)=1, Otherwise @) (g)=0 since Hs N CL(g) = ¢
Case (II):- If Hisa cyclic subgroup of (Q2px {z}),then:
Hi,=<1,2>, If g=(L,])

100

Pun((L)= —2 =B o (@)="51=20=; (1) since HhoN CLEQ={(LD} and ¢ (G)=1
100

It 4=(L2) Pz ((L)= “REEE o (9)=21=20=; (1) since Hy2) CLQ={(L2}

and ¢ (g)=1 Otherwise @12 (9)=0 since Hi, N CL(Q) = ¢
Hp,=<x%,z>
If g=(LI)
C x .
Paa((L)= “2 (o (@)= 1=4= @, (1) since Hy2 N CLEQ={(LN} and ¢ (g)=1
If 9=(1.2)
100

Pep((L2))= —EEEE (p (g)=551=4= @, (1) since Hoo CLQ={(LA} and g (g)=1
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If g=021) , Dz (021)= M(qo(g)m(g o1+ ) =4= @, ()

2@l
since lez.z N CL@={ 00} and ¢ (@)= ¢ ("=
If g=(x",2)
Pen((C.0)="EEEE (@) L@ (@)=5 A+ D) = 4= @, ()
since Hao ﬂCL(g)i{ 9.9} and ¢ (g)= ¢ (g")=1 Otherwise @) (g)= 0 since H,» N CL(g) = ¢
H3_2:<X5,Z>
If g=(L,1)
Pa(LN)= L= (g (¢)=77-1=10= @5 (1) since Hyz N CLEQ={(LD} and ¢ ()=1
If g=(L,2)
Paa(1.2)= “2eE (o (@) =151=10=0; (1) since Hy2N CLQ={(L2)} and g (g)=1
It g=0C) L ap((C)= “EEEE (o (g) J=57 (1) = 10 = @(E) since Ha N CLEO={ g}
and ¢ (g)=1
It =00.2) . Paz((C.2)= —2 2B (0 (@) )=7 (1) = 10 = @5(x) since Hsz N CLO=( g)
and ¢ (9)=1, Otherwise @32 (g)=0 since Hs> N CL(Q) = ¢
Ha=<Xx,2>
If g=(L,1)
Pun((LN)= “2EE (g (g)=551=2= @, (1) since Haz CLE@={(LD} and ¢ (©)=1
If g=(1,2)
Pun((12)= “2EE (p (@)= 1=2=, (1) since Hiz CLO={(1.2)
and ¢ (9)=1
If g=(x%1)

‘CQ10><C5 (g)'
D2y ((4)= —Rets =

and ¢ (9)= ¢ (@H)=1

(@) +o @)= (1+1) =2 =, () since Hyo N CLEO={ 9.97}

If g=(x%2)

Pea(C.2))= ”chgf)'(mg)m(g'l):i—g(u 1) =2= @, () since Hyz N CLE@={ 9.9}
and ¢ (9)= ¢ (g")=1

If g=(,1)

Dua((C.)= S22 (o (9))=57 (1) = 2 = @, () since Haz ) CLO=(0} and ¢ (0)=1
If g=(x°,2)

100

Dea((€.2)= “REE (o (@)=57 (1) =2 = B since Hiz N CLEQ={g} and @ (@)=1
If g=(x,1)
Duz((x))= ~225E (5 (g) | o= (1+1) =2 = @, (x) since Hiz N CLE={ 9.}

‘Cﬂfz(g)l
and ¢ (9)= @ (g7)=1
If g=(x,2)

ICqQqoxcs (8] ENE . _ -
Daz)((x.2))= @1—§j<¢(g> 2 @)=+ 1) =2= o, () since Hiz N CLO={0.07)
and @ Q)= @ (g ) 1, Otherwise @2 (9)=0 since Hy, (1 CL(Q) =
H5.2=<y,2>
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If g=(1,1)

s ((LN)= L ( (G))=755-1=5=0 (1) since Hs.2 N CLQ={(L)} and g (¢)=1
If g=(1,2) )

s((12))= “ECEE (9 (@)=37175= @5(1) - since HeaM CLQ={(1.2)} and g (¢)=1
If g=(0C,1)

100

D 2)((0C, |))_M( @)= (1) = 5 = @5 () since Hs.. N CLQ)={ g} and ¢ (g)=1

2@
(1) =5=¢@; (X°) since Hs., N CL(g)={ g}

If g=(<.2) . Ds)((C z»—M o (g) =2

528l
and ¢(g)=1
It g=(y.1)
a><5,2>((y,l»—C2Lj;g§;‘°’) (@) 49 @)=55(1+1) = 1= () since Hsz N CLEG={ 9.9}
and ¢ (9)= ¢ (@)=1
Ifg=(y.2)
s (00)= 2T (9 (Q) L0 (@) =5 (1+1) = 1= &5 (y) since H N CLO=(0.9")

and ¢ Q)= o (g ) 1 Otherwise @) (9)=0 since Hs., (| CL(g) = ¢.

Then, the Artin characters table of (Q10 % Cs) is given in the following Table:-
Ar(Qlo ><C5) =

I'-Classes [1,1] | [x21] | [x5.]] I | [y.0] | [1.z] | [x%.z] [x°,7] [x,z] | [v.,z]
| CL,J 1 2 1 2 10 1 2 1 2 10
|ICQ,0 X Cs(CL,)| | 100 50 100 50 10 100 50 100 50 10
Do 100 | 0 0 0 0 0 0 0 0 | 0
Do 20 | 20 0 0 0 0 0 0 0 | 0
D 50 | 0 50 0 0 0 0 0 0 | 0
D 10 10 10 10 0 0 0 0 0 0
D 25 | 0 25 0 5 0 0 0 0 | 0
D 20 | 0 0 0 0 | 20 0 0 0 | 0
Do 4 4 0 0 0 2 4 0 0 0
D39 10 0 10 0 0 10 0 10 0 0
Dy 2 2 2 2 0 2 2 2 2 | 0
Ds. 5 0 5 0 1 5 0 5 0 | 1
Table(2,1)
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Theorem (2.2):
The Artin's character table of the group (Q2,%Cs) where ,p> 2 and p is prime number ; is
given as follows:

Ar(QzpxCs) =
I'-Classes of Qppx{I} I'-Classes of Qppx{z}
I-Classes (11| 200 | [xP01 ) (500 | [y.1] | [1,2] | [x%.2] | (%P0 | [x.2] | [y.z]
|CL, | 1 2 1 2 2m 1 2 1 2 2m
|ICQ;0 X Cs(CL,)| | 20p | 10p | 20p | 10p | 10 | 20p | 10p | 20p | 10p | 10
D11
D 5 Ar( Qzm) 0
D31
D41
Ds.1)
D12
(D(z,z) Ar(QZm) Ar(QZm)
D32
Do)
Ds.2)
Table( 2,2)
Which is 10x10 matrix square.
Proof:-
Let ge (Qzpx Cs); 9=(q,1) or g=(0,2), d€ Qz, I, z€ Cs
Case (1):

If H is acyclic subgroup of (Qzpx {1})then:
1-H= <(x, I)> 2-H= <(y, I)>
and ¢ the principal character of H ,®; Artin characters of Qzp , 1<j<i+1 , then by using theorem
(1.8): -

C m

Cel®)$ ) it 1 eHNCLly)
og)={ [Cal)i

0 if HNOCL(g)=¢
OLEEEH)

_|*QzpxCs(cLy) _ 20 _51Q2p(D) | _ : —

Doy Q=[P (1 1)) = 22— 1 =220 (1) since H N CLLH={(L.N}
and ¢ (9)=1

(ii) If g= (xP,1),geH
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) _ CQZpXCS(CLa) _ _ 5|Q2p(Xp)‘ _ p . _
q)“'l’(g)_’ G| ?® 7 G ol = e L = 5P since H N CLg) = {g}
and ¢ (9)=1

CQapxCs(cLy) 10 20

(i) If g# (x?) and, geH CD“'l)(g):’ Q|EHC(;)|L (p@) 0@ )_\c x:()g)n( +1) = |c<x>lzg)| =
51Q2p(a)l_

oo @i (@

since HN CL(9)={0.9"} . 9=(a1.1), ge Qz and g xP

(iv) IfggH ®;1y(9)=0 =5.0=5®,(q) since H (1 CL(g) =¢ andge Qg

2-IF H=<(y,l) > :{(1,I),(yc,l),(yz,l),(ys,l)}

() 1Fg= (L)@, @ 2= 4 (g)= 2R 1=5p=5(, ) (1) since H N CL(LD ={(LD}
and ¢ (9)=1

.. _ _ _ CQZpXCS(CLa)
(i) If g= (<P 1) =(2.1) andgeH @ (g)= |W
since HN CL(g)={g} and ¢ (g)=1

(i) Ifg# (xP,1) and geH ,i.e{g=(y,l)org=(y3D}
@)= [FEmstl (5(), p(@") =21 +1) =2 =51 = 504,1()

ICu(g)!
since HN CL(g)={g,9™"}and ¢ (9)=¢ (g7)=1 Otherwise q> (9)=0 since H CL(g) =¢

¢ (9) )= 2.175.p=5, 1) (xP)

(1+41,1)

Case (11):
If His a cyclic subgroup of (Q-,x{z}) then:
-H=((x,2)) 2-H=((y,2))
and ¢ the principal character of H, ®;Artin characters of Qz, 1<j<i+1 , then by using theorem
(1.8): -

oo Ca@ ™) T henneo

0 if HNCL(g)=¢
1-H=(x,z)
(i) Ifg=(1,1),(1,2)
(0)= |CQ2p><C5(cLa) (@ = 20p | =51Qp®)| 1) = ®iD)
29> |7 er 129 T Sleeem 2T Y

since H N CL(Q)={(1,1),(1,2)} and ¢ (g)=1
(i) g=(,D,(xP,)(x?,2) ,(1,2) ;geH

If g=(1,1),(1,2)
) - |CQ2p*Cs (8)| _ _ 5[Qz2p(1) | - D
2@ = 2@ \cH (g) T = S e 2 (D= o)

since H N CL(g) ={g} and ¢(g)=1
If g=(xP,),( x?,2)

CQapxCs(cLa 51Qzp(x?) | :
Pa(Q)= L 0 (8) =5t @ (xP) =0i(xP) since HNCL() ={g} and ¢ (g)=1

(iii) If g= (xP,1),(x?,7) and geH

_ |CezpxCsicLy) 1y _ 51Q2p(q)| i
Pa(0)= 2220 (@) 1o (01 = o 1+ D) = 2288 6 (q) = Dj(9)

since HN CL(9)={9,9™}, ¢ (@)=¢ (g7)=1, g =(.2), qe Qzp and gzx?
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(iv) IfggH @2(9)=0= @, (q) since H (1 CL(g) = ¢ and ge Qqp

2-IF H = <Y,z >
={@W1,(.D.%0.(7° 0. (1,2).(y,2).(Y°,2).(¥3,2).(1,2).(y,2°), (v, 2).(v* . 2).(1.2).(y. 2°). (V" . 20).(y°. 2°)
, (12,(v.2%,(°,2%).(v'.2)}

() 1fg=(11),@1.2)

_ |CQzpxCs(cLy) _20p .
CD(|+1,2)(g)_ ||IDCHT » (8 = 20" 1=p=Di.:1(9)

since H N CL(g)={(1,1),(1,2)} and ¢ (g)=1
(ii) If g=(y*.1) = (xP.1) ,(v2.2) (¥2.2%) (¥2.2)) (¥? 2z*) and geH

C xCs(cLy .
Py (07 (D] (@) 22 1 =p=ia(y) since HNCL(@)={g}and ¢ (g) =1

(i) Ifg= (xP))and geH Qe g={ (v,I).(v.2) .(v.2%) .(v.2%) .(v.z%)}or g ={(°.)), (v3.2), (3,2,
3.2, 3.z}

— |CezmxcsteLa)| _ -y 10 —1= .
®(|+1‘2) (g )_ |CH(g)| - (¢(g) +¢(g ) = 20 (1 + 1) - 1 - Q(l,l)(y)

since HN CL(9)={g.g"'}and ¢ (g)=¢ (37)=1
Otherwise @ (@=0 since H) CL(g)= ¢

(141,2)

Example (2.3):
To construct Ar(Q14xCs),p=7 , we use theorem:(1.7) as the following :-

Ar(Qus)=

[-Classes M1 X7 x1]

| CLg| 1 2 1 2 | 14

|CQ4 X C5(CL,)| | 28] 14 | 28 | 14| 2

D, 28] 0] 000

o, 4] 40]0]o0

@, 4]0 14|00

o, 2122 ]2]0

D 7107 o1

Table(2,3)

Then by using theorem (2.2) Artin characters teble of the group (Q14%Cs) is:-

Ar(Q1axCs)=

I'-Classes (L] ) %200 | [x7.00 | =10 ) [y.0] | [1,2] | [x%.2] | [x7.2] | [x.2] | [y.zZ]

| CL| 1 2 1 2 10 1 2 1 2 14
ICQ. X Cs(CL,Y[ | 140 ] 70 | 140 | 70 | 10 [ 140 | 70 | 140 | 70 | 10

Duy 140] 0 0 Jo]J o] o 0 0 0] o

Dy 20 20 ] o Jo] o] o 0 0 0] o

Dy 70] o J 70 o] o]o 0 0 0] o

Dy 10| 10 | 10 | 10| 0o | © 0 0 0] o0

D 35 0 [ 35 o ]s5]o 0 0 0] o

D 28 | 0 o JoJo]28] o 0 0] o

D) 4 4 0 0] o] 4 4 0 0 | o

D) 14 | 0 14 | oo fl1a] o 14 | o[ o

D) 2 2 2 2 o[ 2 2 2 2 | o

D) 7 0 7 o | 1] 7 0 7 0 1

Table(2,4)
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