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Abstract:

In this paper, we give a popularization form Phillips-Sazas-Type operators symbolize by
M, ., (f; x). We prove the convergence for this operators as n — co. Also show that a Voronovskaja-
type asymptotic formula for our operators. And obtain an error estimate in terms of modulus of

continuity of the function being approximated.
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1. Introduction:

0. Szasz (1950) in [5], a generalized Bernstein's polynomials as :

k (nx)*
n

L,(f;x) = Z qn,k(x)f( ),x €Ry,n €N :={1,2,..}, where q, , (x) = W'k e N°
k=0 )

= N U {0}.
Kasana et. al. [1], A modification of the classical Szadsz operators in Summation-Integral type

operators to approximate a space of integrable functions on Ry: = [0, ) is given by:

RaGF @) =) 4@ [ aua(OF @0t
k=0 0

Another a new modification of Summation-Integral Szasz type operators in Phillips type operators is

defined in [2] as:

S, P00 =1 @00 [ Gusea OF O + £ O
k=1 0

Also, Rempulska and Walczak [4], proposed a modification of the Szasz operators and studied some

direct results in ordinary approximation as:

d v f(i)(ﬁ)
Dn,v(f; x) = Z Qn,k(x) Z IT 1
=0 j=0

kj
(x—g) ) x € Ry, v € NY,

for f0) € CY[0,) = {f € C4[0,%0): f®) € C,[0,00),k =1,...,v; v € N},
where C,,[0,0) = {f € C[0,00): |f(t)| < Ce" for some C > 0,h > 0}.
A more recent (2011) [3] advanced better a modification of the [4], as:

° ‘ 10!
Raolf0 =1 ans@ [ ans® Y T8 (6
k=0 0 j=0

The purpose of this paper is study a new sequence of linear positive operators M, , (f;x) for

f € C}'[0, ) given as follows:

0 © v ) r—1
M0 =1 Y 0400 [ a0sr©Y T2 =) e+ 7)Y e @)
k=r 0 =0 k=0

The space Cj,[0, ) is normed by ||f ||, = Sup;eo,e)| f(£)] €7, h > 0.
Throughout this paper, we assume that C denotes a positive constant not necessarily the same at

different occurrences, and [h] denote the integer part of h.
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2. Auxiliary Results:
Before we study the operator (1) we offer some results in the form of lemmas which we shall
require to prove the main results of the paper.

—nx (nx)

X E Ry and m € N°we have:

Lemma 1:[1] For the equation g, x(x) = e

0 [ e em e =3 % .(2)ank(x>—1 (3)qunk<x)—nx
0

(4) z k%qy ;. (x) = n®x* 4+ nx; (5) suppose that ®,, ,, (x) = Z k™ g . (x), then

CI)n,m+1(x) = xq);lm (X) + nx(Dn,m (x), and

m(m—1)
2

Lemma 2: [1] There exist polynomials Q;; . (x) independent of n and k for sufficiently large n,

D, () = ()™ + (nx)™! + terms in lower powers of x; m > 1.

such that:

g = )l (= nx) Qi () o)
2i4j<r
1,20
3. The Convergence Theorem of M, ,(f;x):
The next theorem shows that the operators M,, ,,(f(t); x) = f(x) as n — oo.
Theorem 1: Forv € N°, n € N = {1,2,3, ...} and x € R,, the following conditions are hold
(i) My,(1;x)=1;

(i) M, ,(t; x) =x+%(1—r) — X as n - oo;

4 4
()M, , (% x) = x* + —x(l -N+-50-N2-1r - x% as n > oo;

m j

2
(V) My, (t™;x) = x™ +Z ( 1)-i w m-1 4 0(n~2),
0

j=0 i=
Therefore, M,, ,(f(t);x) = f(x) as n > .

Proof: Using Lemma 1 and direct computation, we have :

® ®© r—1
O My (150 =1 ) 000 [ i @ e+ ) i) = 1.
k=r 0 k=0

y N [ NG
@OMyo(63) =1 Y 40 @) [ Gy (0 =Dl et +0
k=r 0 j=0 J:
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Moo =1 400 [ @i D+ =) +0) +0
k=r 0

2 oo o
= Ekz Qi@ =7+ 1) —x (kz G (x))

2
=x+E(1—r) — xasn — oo,
Using the same technique we get the value of M,, ,, (t%; x)is followed immediately as:

4x 4
(iii) M, , (t%; x) = x* +?(1 -7) +ﬁ(1 —1r)(2—-71) - x*asn - oo.

Dit™dt+0

. N ( (=)
(iv) My o (¢ ,x>—n; Qs () f qn,k_ra); .

S m

= i nk(x)] Tn r(t)Z ]Z (—x) T em Tt de
=0

=0 i

:i i ( X)) Z%k(x)qunk L)ttt d

j=0 i=0

D N e )
m o )
=) (R (v B o0

Therefore, M,, ,(f(t);x) = f(x) as n — oo.

4. The m-th Order Moment for M,, ,(f; x):

In this part, we define the m-th order moment for the operators M, ,(f; x) which is denoted by
TM, ,(x). Then we prove a recurrence relation for this moment.

Definition 1: For m € N°, the m-th order moment T, ,, (x) for the operators M,, ,(f;x) is defined

as:
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TMn,v (X) = Mn,v((t - x)m; X)

N [ S-x)
=1, i) Oj qn,k_ra); DI

LG L Ne)) @)
k=0

Lemma 3: The moment for the operators M,, ,, (f; x) has the following formula

m r—1

TMnﬂ,(x)=Z( )( x)™™ l{x +—xl L4+ T.L.P. (x)+o(1)}+( x)qunk(x)

i=0

Proof: By using Theorem 1, we have :

nm<x>—nzan(x>fan_r(t)z (=)t + (- x)mzan(x)

- i (T) (=)™t {nkzr G i (X) Of Tn —r (DT dt} + (=)™ ;ZO e (%)

i=0
Now,

P2

+—x""14+T.L.P.(x) + 0(1)} + (=x)™ Z G i ()
k=0

I
.MS

Il
o

(D)o {e

L

Theorem 2: Suppose that v € N, f € C}/[0, o) for some h > 0 and £ exists at a point x € (0, o),
then

lim M) (F(0;2) = £ ). 3)
Further, if f() exists and is continuous on (a—1,b+n) c (0,00),n >0, then (3) holds
uniformly on [a, b].

Proof: By Taylor's expansion of f , we get

@
f) = Zf ( )(t —x)' +e(t,x)(t —x)", where (t,x) - 0as t - x. Hence,
i=0

MEF@3x) = Zf O (e - x5x) + M~ X 530 = s+

By using Theorem 1, if i < r we have M,Srg(t";x) = 0. Hence,

@ )
]1 Zf ( )M(r)((t Zf (x)z r—j M(r)(t] X)
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:N;
T N L
:f—NL P T, L BY T =0T\ »
» > R
L—@NLJ” T p; iPF T7 P .pgr;:PF TNepP
:T; — P, & He ; @
o @'IN MTES MTEE-FN =3
GLN r FLT
NF s
E TAT;:FTF " Mg:T;g°L 4, E ,
GLr

Next, making use of Lemma 2 e have:

> >

p Bgg T i+, PR TF
2 Q JEES—TN Mg :T; GF JTF - Mgpy P — & :pAT;:PF TF @P
tEE FQN GLN r FLr
EERT
Since :PAT; \ r=0 P\ Ten for given P rihere exists P rsuch that :PAT; O E

whenever rO PF T O For PF T R #here exists a constant % P wsuch that :PAT; :PF
T :NQ ¢ADP
Hence,

N >
, N Beem Tit P
w QL” @A — JE S Mg :T; GFJIT"L - Mgpy:P; PF TVeP
tEE FON
ELr HERT tEE FON GLN PFT O
EFRY
E - Mgrs P % EF @By

PFT R

WEX

N

@ Poen ;+L / T;ET— vk
—_— :T; — T ;

E‘AtEEEQN ™

EFRT

”
ELr

Now, using Cauchy-Schwarz inequality for integration and then for summation, we are led to:

S
»

G tF t
wQ% 7 FwmdF Mg :T;—lJF Tp g
tEE FON GLN
EFRT
S
> Tt
HLJ" Mg :T; - Mgry :Pi:PF T @PM
GLN PFT O

We have:
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=n? (O(n_j) + O(n_s)) =0(n), forany s > 0.

Since,
R @@ [ G 0= 07 de =0,
k= [t—x|<é
Hence,
, L _r 214 T

Js = Ce Z n10<n2>0(n 2) = eO(n 2 2) =e0(1).

2itj<r

i,j =0

Next, again using Cauchy-Schwarz inequality for integration and then for summation, we have:

2

1
(00} 7 (o]
Jo<C ). ni( qn,k(x)(k—nx>2f> Y @l | @ de
2t <r k=r k=r
i,j =0

|[t—x|=6

Using of Taylor's expansion, Cauchy-Schwarz inequality for integration and then for summation and

Lemma 3 , we have:

- O(Tl_s) ; 520, where [ := nz An,k (x)f n,k—r (t)Qth dt.
k=r |

t—x|=>6
Therefore,

. I r

=C Z n' o (nZ) 0(n=%) =o0(1), for s > o
2t <r
i,j=0

Now, since € > 0 is arbitrary, it follows that J3 > 0 as n - oo. Also J, = 0 asn — oo and hence
J> = 0(1). Combining the estimates J; and J,, (3) is immediate. [

The next theorem is a Voronovskaja-type asymptotic formula for the operators
MI)(f(t);x), T €N

Theorem 3: Let f € C}'[0, ) for some h > 0. If f"+2) exists at a point x € (0, ), then

7{1_{{}0 n {Mﬂ(f(t); x) — f(r)(x)} =+ D)+ xf T+ (x).

(4). Further, if fT+2) exists and is continuous on the interval (a —n,b + 1) < (0,),n > 0, then
(4) holds uniformly on [a, b].

Proof: By using Taylor's expansion of f, we have:

r+2

)]
f) = Zf i!(x) (t—x)' +e(t,x)(t —x)""2, where e(t,x) > 0 as t - x.
i=0
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Then,

r+2

0
MO F(E) = Zf D0~ ') + MeCe D~ 07 )

From Theorem 2, we get:

M) (e(t; ) (t — x)™2;x) > 0 as n > .

We have:
r+2f(l)( )
MO0 = ) === M = 0)'5%)
i=0
®
R Z (j) =0 mR(e52)
f(r)( ) ) ur, £ () ) ror ) ror Fr8 )
M0 + 5 (O DEOMDE DM 0 ) + T
x (2D (—x)? M (75 2) +(r + 2 (—)OMI (7 )+MI) (74 3)).
S A CO T A €)) FOBD0) (r+2)(r+1)
= M (€ ’x){ a1 T oy CHVED T 2 2
™) vt FOE) ) ") vt ()
+Mr(l,3(f 1;x){ o+ 1) + - +2) (r+ 2)(—?5)} +M1(1,3(t 2:x) {m}
Since,
2
M, ,(¢7;x) = x7 + %xr-l +o(1) +T.L.P.(x).
M) %) = 7
2
M,(:B(tr“;x) =x(r+ 1!+ (r -I;ll) r!
2 2
Mr(fg(t”z;x) = x? (r +22) + (r+2) (r+1D'x
we obtain:
MO (F(0;20) - FO (0] =
) (r+1) 2
= f r.(x) '+ n f( :_ 1()') ((r +D(—)r!l+x(r+ 1!+ r -I;ll) r!)
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(r + 1)?
!

(r+2)
T f(r n 2(;) <(T s 2)2(1” +D (=) )+ + 2)(—)x(r + D! + (r + 2)(—x)
422 (r+2)

+x > + - (r+1)!x)—nf(r)(x).

=+ D) +xf D).

Finally, we give an estimate of the degree of approximation by the operators M,(LTB (f(®); x)

Theorem 4: Let f € C/[0,0) for some h >0 and r < q <r + 2.1f (@ exists

and continuous on (a—n,b+n) c (0,00),n > 0, then for sufficiently large n,

q
MRG0 =0y = 67 DIl
i=r

+C2n_71wf(q) (n_Tl: (a—nb+ 77)) +0(n™?),
where Cy, C; are constants independent of f and n, ws(8) is the modulus of continuity of f on
(a—mn,b+mn),and ||.|l¢p,s) denotes the sup-norm on [a, b].

Proof: By our hypothesis

G @ (&) — F@
O e (RS UTORYICR CEPIO)!
i=0

i!
where ¢ lies between t, x, and y(t) is the characteristic function of the interval (a —n, b + n).
Fort € (a—n,b+n)and x € [a, b], we get:
q

® (@ — f@
Fo=Y1B ] (f)q!f K2

(t —x)1.
i=0
Fort € [0,0)\(a —n,b + 1) and x € [a, b], we define
10 ,
h(t,x) = f(t) — T(t —x).
i=0

Now,

NAE)
MO @ix) ~ fO0) = (Z M (=) - f(”(x)>
i=0

@ —_ fl@
+Mr(11:3 (f Te) q!f T (t— x)q)((t);x) + Mgg(h(t, D(1=x®O);x) =31+, + 3.

By using Theorem 1, we get:
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M E

B¥ .T; E @
Y, L~ = ” 1Fp:FTFFFEN LT

T F
I F :I F FE Ef
E ” @A’ @EA:Fs,FFE—J TFSE1:F%;MF BV :T;
FLr ELr

Consequently,

Mz, Q& F%e” B . iE 1:F" & =F>7

=87

To estimate ~.w&e proceed as follows:

. s 8% FBM T+ " .
T PFTY :p; T
t Q JR ME,

&M K =F EBE joO . PF T "
Q /;g MFsB—— G PF T" Tq

ML
» > R
&,k =F BE jo :PF T u
NO L T ;2 :p; " — & :PFT
Q VE. M M grn -
GLN r FLr
NF' s
E F® ppF TMES ;@PE " Mg :T; ' E FST'®°;ig P r
GLr

Now, for OL rBEZE We have:

> »> R.
’ , PFTF o
J” Mg T;GFJT - Mgpy:P; " ——— & PF TC @P
GLN r FLT
_S _S
(0] o > t »> > t
Q" @Am” Mg T;GF JTHFq LI " Mg :Ti- Mgry :Pi:PF T @M
ELr GLN GLN r
O
0 _F _FO :FF O;
L @All¥pla@tAL1lIc p =F>7 W;
EL.r

Therefore, by using Lemma 2, :w;we get:

(0] > > o
@) N O +3m'1m :T;+

" @AJ” LT Z- :P; :PF TP @PQ L~ @ _—
EA M Mern E'AtEEEQNT—;zE? =

ELr GLN r EL.r

EFRT
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[oe]

X( Z n' (ni G (%) |k —nx|/ JQn,k—r(t)lt_xls dt )
20+ <r k=r

0

0,j>0
. (G—s) (r—s)
= Z n10<n 2 )=0<n 2 ),uniformlyon[a,b], (6)
2i4j<r
i,j>0
since sup sup |Q”—rr()| = M(x), but fixed.
2i4j <r x€[a,b] X
0,j>0

-1

Choosing § = n2 and applying (6), we are led to:

We (o) (n_TlF (a—nb+ 77)) [0 ( - q)) + n20 (

vl

12 lctae) < )o@,

foranym > 0,

o G
<Cn 7" f<q>(n2 (a— n,b+n)>

Since t € [0,0)\(a —n,b + 1), we choose § > 0 in such a way that
|t — x| = 6 forall x € [a,b].
Thus,

N 00

2= Y Q)Y Y w2l e | @0l de

i=0 k=r 2itj<r |t —x|>5
i,j >0

£ Guk ) 10,21
k=0

For |t — x| < &, we find aconstant C > 0 such that |h(t,x)| < Ce™.
Finally using Schwarz inequality for integration and then for summation , we
get:

|Z5] = 0(n%),s > 0 uniformly on [a, b].

Combining the estimates of ).1, Y.», )3, the required result is immediate.
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