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Abstract:

In this paper, we consider the local fractional Adomian decomposition method for solving
the second kind Volterra integro-differential equations within local fractional integral operators.
This application maintains the efficiency and accuracy of the Adomian analytic method for solving
local fractional integral equations. An illustrative examples are given to show the accuracy and
reliability of the results.
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1. Introduction:

The theory of local fractional calculus is one of useful tools to process the fractal and
continuously non differentiable functions [1-8]. It was successfully applied in local fractional
Fokker Planck equation [1], the fractal heat conduction equation [2,8], fractal-time dynamical
systems [4], fractal elasticity [5], local fractional diffusion equation [8], local fractional Laplace
equation [7,9], local fractional integral equations [10,11,12], local fractional ordinary and partial
differential equations [13,14,15], fractal wave equation [9,16].

In this work, we consider analysis solution to the local fractional Volterra integro-differential
equation of the second kind. This paper is organized as follows: In section 2, the concept of local
fractional calculus and integrals are given. In section 3, Adomian decomposition method is
proposed based on local fractional integrals. An illustrative examples are shown in section 4.

Conclusions are given in section 5.

2. Preliminary Definitions

Definition 1 [17]: The function f(x) is local fractional continuous at x = X, , if it is valid for
[F(X) = f(x)| <& ,0<a<1 (2.1)
with |x— x0| <o,for e>0 and ¢ e R. For xe(a,b); itis so called local fractional continuous on

the interval (a,b), denoted by f(x)eC,_(a,b).

Definition 2 [17]: The local fractional derivative of f(x) at x =X, is defined as

= f (a)(x) = lim Aa(f (X) —f (Xo)) (2.2)

D! (x,) = L v
0 Mo

da
f
dx” )

X=Xq

where A% (f(x)— f (X)) = T(a +1) ACT (X) = T (X,)).

Local fractional derivative of high order is written in the form

Definition 3 [17]: A partition of the interval [a,b] is denoted as (t;,t;;), j=0..,N-1 ty=a and
ty =b with At; =t —t; and At=max{Aty,At;,....}. The local fractional integral of f(x) in the
interval [a,b] is given by

1
I'l+a)

1y ()=

[RICICHEE 1 |iT0§f(tj)(Atj)“. (2.3)

I'l+a)a
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Definition 4 [17]: In fractal space, the Mittage Leffler function, sine function, cosine function are,

respectively defined by

Ea(x“):ir(l+k j0<ast (2.4)
w (2k+1)a

sin, (<) = > (-1) F[1+X(2k+1)a] O<a<1 (2.5)

cos, (x“) = Z( 1)* X ,0<a<l (2.6)

ko [TL+2ka]’

3. Analysis of the Method
The standard ke order local fractional Volterra integro-differential equation of the second kind

IS given by

u(x) = f(x)+

/la X o
) £ K (x,t)u(t) (dt)*, (3.1)

subject to initial conditions

u©) =ay, u”©0)=a, ,..u*H0)=3, ,,

where u®(x) =

d* oK u( )| is linear local fractional derivative operator.
X

By integrating both sides of (3.1) leads to

L(—ka)(u(ka)(x)):L(—ka)(f (X))+ L(‘k“)( IK(X t)u(t)(dt)” j (3.2)

L+

Thus, we obtain

N X(k—l)oz
=a 4 —+....+ a, —_—
MO0 =0 F e A T ) 1]

(~ka) (~ka)
+ LT (£ (%)) + L [r

j K (x, )u(t)(dt)* J

(3.3)
where the initial conditions u(0), u‘® (0), u®®(0),..., u®3) o) are used, and
K time
LI ()= 159 = (1@ 191 (). (3.4)
Then, we use the decomposition series
u(x) = ioun (x) (3.5)

in both sides (3.3) to obtain
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0 ~ N X(k—l)oz (ka)
n;)un(x) —ag+a ) Fot ak,ler LRI (£ (x))+
(3.6)
(~ka)
L (F(l j K (X, t)(Zun(t)J(dt) J
or equivalently
Uo(X) + Uy (X) + U, (X) +.... =
X% X(k—l)a (ka)
a0+a1r(1+a) +....+ak_lm+L (f(x)+ (3.7)
W“)[r iia j K (X, t)up (t)(dt)” J+ L ka{r ira j K (x, ), (£) (dt)” ]
To determine the components u,(x),u,(x),u,(x), ---- of the solution u(x) we set the recurrence
relations
~ a X(k—l)a k)
Uy (x) =a, + al—l"(1+a) +..4a, s Da) + L (£ (x)) (3.8)
— (ka)
Uy (X) = (ra j K (x,)u, (£)(dt)” ] (3.9)
It means that
o (k-1)ex
_ (ka)
U, (x) =a, +a, o) Fota, ) + L7 (x)) (3.10)
| (~ka) A1
U, (x) = (m j K (%, ), ()(lt)” J (3.11)
Uy (X) = (ka)[r(l j K (x, t)uy (t)(dt)® J (3.12)
Uy (X) = L(ka)[r(1+a) j K (x,t)u, (t)(dt)* j (3.13)

4. An lllustrative Examples
In this section three examples for the local fractional Volterra integro-differential equation
from the second kind is presented in order to demonstrate the simplicity and the efficiency of the

above method.

Vo
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Example 1. We consider the local fractional Volterra integro-differential equation

U@ (x) =1— j u(t) (dt)* ,u(0)=0 (4.1)

1“(

Let the solution in the series form

u(x) = > u,(x) (4.2)
n=0
Applying the integral operator L") defined by
LE) 1) () t)* 4.3
()= 1, m TR (43)

to both sides of (4.1), and using the given initial condition we obtain

X

o B (70[
I'dl+ea) [F(l
Then substituting (4.2) in (4.4), we have that

- e o 0,
Z T Tl+a) L (F(l !(Zgu (t)}(dt)j (4.5)

From (3.8) and (3.9), we get

u(x) =

j u(t) (dt)“ J (4.4)

uo(X)—r(1+ ) (4.6)
e 17 o X
u,(x)= L (F(lJra)'!;uo(t)(dt) ] T 39) (4.7
e 1 X
u,(x) = L (m ol j NOICIE ] Ts50) (4.8)
X70:
_ [ AN
u(X) = L (F(l j u, (t)(dt)“ J “Tai7a) (4.9)
and so on.
This gives the solution in a series form
Xa X3a X5a X7a
u(x) — — + — e
'l+a) T'l+3a) T'l+5a2) TI'(l+7a)
o x(2k+Da
=) (4.10)

= I+ 2k + D]

and hence the exact solution is given by

Vo)
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u(x) =sin_ (x*) (4.11)

Example 2. We consider the local fractional Volterra integro-differential equation

@) oy X“ 1 ((x—t) a a4 @y
u (x)_1+1_(1+a)+F(1+a)'([r(1+a)u(t)(dt) u(0) =1, u“(0) =1 (4.12)

Let the solution in the series form

u() = U, (x) (413)
n=0
Applying the integral operator L“** to both sides of (4.12), and using the given initial condition
we obtain
a 2a 3a X a
U =14 —X X XT el 1 | =0 o) (dty” (4.14)
I'l+a) T(1+2a) T'(1+3e) IQ+a); Tl+a)

Then substituting (4.13) in (4.14), we have that

2a 3a )

X X (-2a) 1 X(X D
Z“ (x) = r(1+a) trae2e) TTarea Th (F(lwc)I F(1+a)(z (t)](dt)}

a

_ X (~ka) 4.15
U, (X) a0+a1r(1+a)+L (f(x) (4.15)
_ | (~ka) 1 t(x=1)" P
U, (x)=L (F(1+a) ! F(l+a)un(t)(dt) J n>0. (4.16)
Therefore,
Up(x) =1+ . X + x* (4.17)

I'l+a) T'l+2a) T'(l+3a)

U, (x) = “”( - f“_oa%axmvj

IF'l+a)  TF'l+a)
da 5a 6a Ta
- P P T (4.18)
I'l+4a) T'(l+5a) T'(l+6a) T'(l+7a)
and so on. This gives the solution in a series form
Xa X2a X3a X4a X5a
u(x) =1+ + + + + +
Nl+a) T'l+2a) T(1l+3e) T'l+4a) T'(l+5)
i (4.19)
=T+ ka)

oy
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Hence, the exact solution

u(x) = E_ (x“). (4.20)

Example 3. We consider the local fractional VVolterra integro-differential equation

u“(x)=-1+

X“ 1 ¢ (x-t)” 0,
rl+a) F(1+a)-([ rl+a) u(O (4.21)

u(0) =-1, u’(0) =1, u®”(0) =1, u®”(0) = -1

Applying Equations (3.8) and (3.9), we arrive at the following iteration formula:

2a 3a

_ X“ X X (<)
U ) = oy T Tar 2a) Tar3w) - (f) (4.22)
ke 1 p(x=D° « 4.23
Uy () =-L (F(l+a)£l“(1+a)u”(t)(dt) J n>0. (4.23)
a 2a 3a 4a 5a
Up(X) =-1+ X N X U T (4.24)
I'l+a) T'l+2a) T'(l+3a) T'(l+4a) T'(1+5)
e 1 (x=1)° «
heo=-L (F(1+a) ;[ r(ir o) 0O j
6a Ta 8a
__ X L X PR (4.25)
'l+6a) I'l+7a) TI'(l+8a)
and so on.
This gives the solution in a series form
a 3a S5a 2a 4a
u(x)=( X — X + X )_( — X + X _|_)
I'l+a) T@+3a) T'(l+5a) I'l+2a) T'(l+4a)
=sin , (x*) —cos, (x*) . (4.26)

5. Conclusions

In this work, we discuss the methodology of the Adomian decomposition method to handling a
class of local fractional Volterra integro-differential equation. Based on local fractional integral
operator. We give an illustrative examples to elaborate the accuracy and reliable results

\ov
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