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 الخلاصة

في هزا البحث نحن بشهنا نظشياث نقطت صاهذة هشتشكت جذيذة لتطبيقاث بأستخذام هفاهين التطبيقاث الوستوشة 

 . في الفضاء الوعياسي الضبابي والفضاء الوعياسي الضبابي الحذسي R-الوتوافقت والانتقال الضعيف,بالتبادل

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

mailto:ahmedalnajar49@yahoo.com
mailto:mohammed965@yahoo.com
mailto:mohammed965@yahoo.com
mailto:mohammed965@yahoo.com


Journal of College of Education for pure sciences(JCEPS) 
Web Site: http://eps.utq.edu.iq/              Email: eps_tqr@yahoo.com 

Volume 7, Number 2, May 2017 

135 
 

 

1. Introduction 

The concept of fuzzy was introduced by Zadeh [13]. Atanassov [1] defined the notion 

of intuitionistic fuzzy set. Katsaras [5] introduced the concept of fuzzy normed 

space.In [9] Park and Saadati introduced the concept of intuitionistic fuzzy normed 

space. M.S. Chauhan,V.H. Badshah and Deepti Sharma [3] proved common fixed 

point theorem for four self-mappings in fuzzy normed space using compatible 

mappings. In this paper, we prove new common fixed point theorem for mappings by 

using the concepts R-weakly commuting, compatibleand reciprocally continuous 

mappings in fuzzy normed space and intuitionistic fuzzy normed space. 

 

2. Preliminaries 

Definition (2.1)[13]: 

Let 𝑋 be a non-empty set and 𝐼 be the closed interval 𝐼 = [0,1] of real numbers. A 

fuzzy set 𝐻 in 𝑋 (or a fuzzy subset from 𝑋) is a function from 𝑋  into  𝐼 =  0 ,1 . ""If  

𝐻 is a fuzzy set in  𝑋  then  𝐻 is described as characteristic function which connects 

every  𝑥 ∈ 𝑋  to real number  𝐻 𝑥  in the interval I.  𝐻 𝑥 is the grade of membership 

function  to 𝑥 in𝐻. 𝐻can be described completely as": 𝐻 =   𝑥 ,𝐻 𝑥  : 𝑥 ∈ 𝑋, 0 ≤

𝐻𝑥≤1   or   𝐻=𝐻𝑥𝑥 :𝑥∈𝑋 

where𝐻 𝑥  is called the membership function for the fuzzy set 𝐻.  

The family of all fuzzy sets in 𝑋  is denoted by 𝐼𝑋 . 

Definition (2.2)[1]: 

Let 𝑋 be a non-empty set. An intuitionistic fuzzy set (In short, IFS) 𝐵 is an object 

having the form:                                                                                          

𝐵 =   𝑥,𝐺𝐵 𝑥 ,𝐻𝐵 𝑥  ,𝑥 ∈ 𝑋  , where the functions 𝐺𝐵 :𝑋 ⟶ 𝐼  and  𝐻𝐵 :𝑋 ⟶ 𝐼 

denote the degree of membership and the degree of non-membership of each element 

𝑥 ∈ 𝑋  to the set 𝐴  (respectively) and  0 ≤ 𝐺𝐵 𝑥 + 𝐻𝐵 𝑥 ≤ 1 for all 𝑥 ∈ 𝑋 . The 

family of all intuitionistic fuzzy sets denoted by IF(𝑋). 

Furthermore, we call:  

𝜋𝐵 𝑥 = 1 − 𝐺𝐵 𝑥 −  𝐻𝐵 𝑥 , 𝑥 ∈ 𝑋, the intuitionistic index or hesitancy degree of  

𝑥 in 𝐵. It is obvious that  0 ≤ 𝜋𝐵 𝑥 ≤ 1  for all  𝑥 ∈ 𝑋. " 

Definition (2.3)[12]: 
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"Let ∗  be a binary operation on the set 𝐼 =  0,1 , i.e∗∶   0,1 ×  0,1 →  0,1  is a 

function, then ∗ is said to be t-norm (triangular-norm) on the set 𝐼  if  ∗ satisfies  the 

following  axioms :  

 𝟏  ∗ is commutative  and  associative ; 

 𝟐   𝑎 ∗ 1 = 𝑎  for all  𝑎 ∈   0,1  ; 

 𝟑 if 𝑏, 𝑐 ∈ 𝐼 such that 𝑏 ≤ 𝑐, then  𝑎 ∗ 𝑏 ≤ 𝑎 ∗ 𝑐 for all  𝑎 ∈ 𝐼 ; 

In addition, if  ∗ is continuous then ∗ is called a continuous t-norm. 

Definition ( 2.4)[12]: 

"Let ◊  be a binary operation on the set 𝐼 =  0,1 , then ◊  is said to be t-conorm 

(triangular-conorm) on the set 𝐼  if  ◊ satisfies  the following  axioms:  

 𝟏  ◊ iscommutative  and  associative ; 

 𝟐   𝑎 ◊ 0 = 𝑎  for all  𝑎 ∈   0,1 ; 

 𝟑 if 𝑏, 𝑐 ∈ 𝐼 such that 𝑏 ≤ 𝑐, 𝑡ℎ𝑒𝑛  𝑎 ◊ 𝑏 ≤ 𝑎 ◊ 𝑐 for all  𝑎 ∈ 𝐼; 

In addition, If  ◊ is continuous then ◊is called a continuous t-conorm. 

Definition (2.5) [5]: 

The 3-tuple  𝑋,𝐺,∗  is said to be a fuzzy normed space (In short, FNS) if  𝑋 is a linear 

space over the field F, ∗  is a continuous t-norm and 𝐺  is a fuzzy set in 𝑋 ×

 0,∞ (𝑖. 𝑒.  𝐺 ∶ 𝑋 ×  0,∞ →  0,1 )  satisfying the following conditions: for all 

𝑥, 𝑦 ∈ 𝑋  and  𝑡, 𝑠 > 0; 

 𝑭𝑵.𝟏  𝐺 𝑥 , 𝑡 > 0; 

 𝑭𝑵.𝟐   𝐺 𝑥 , 𝑡 = 1 if and only if   𝑥 = 0; 

 𝑭𝑵.𝟑  𝐺 𝛼𝑥 , 𝑡 = 𝐺  𝑥 ,
𝑡

 𝛼 
 for all 𝛼 ∈ 𝐹| 0  ; 

 𝑭𝑵.𝟒  𝐺 𝑥 + 𝑦 , 𝑡 + 𝑠 ≥ 𝐺 𝑥 , 𝑡  ∗  𝐺 𝑦 , 𝑠 ; 

 𝑭𝑵.𝟓  𝐺 𝑥 ,• ∶   0 ,∞ →  0,1 is continuous ; 

 𝑭𝑵.𝟔 lim𝑡→∞ 𝐺 𝑥 , 𝑡 = 1  andlim𝑡→0 𝐺 𝑥 , 𝑡 = 0 ; 

Furthermore, assume that  𝑋,𝐺,∗  satisfying the following conditions: 

 𝑭𝑵.𝟕  𝛼 ∗ 𝛼 = 𝛼 ,∀𝛼 ∈  0,1 ; 

 𝑭𝑵.𝟖  𝐺 𝑥 , 𝑡 > 0 ,∀ 𝑡 > 0 ⟹  𝑥 = 0  . 

"Lemma(2.6)[10,4]: 

"Let   𝑋,𝐺,∗   be a fuzzy normed space.Then:   

 𝟏 𝐺 𝑥 ,• is non-decreasing  with  respect to  𝑡  for each  𝑥 ∈ 𝑋.  

 𝟐 𝐺 −𝑥 , 𝑡 =  𝐺 𝑥 , 𝑡 , hence𝐺 𝑥 − 𝑦 , 𝑡 = 𝐺 𝑦 − 𝑥 , 𝑡 for all 
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𝑥, 𝑦 ∈ 𝑋 .  

Definition (2.7) [2]:  

"Let   𝑋 ,𝐺 ,∗   be a fuzzy normed space, then: 

 𝟏 A sequence   𝑥𝑛  in 𝑋 is said to be  convergent to  𝑥 ∈ 𝑋 if for each 𝜖 ∈  0,1 and  

𝑡 > 0,  there exists 𝑛0 ∈ 𝑍+  such that  

𝐺 𝑥𝑛 − 𝑥 , 𝑡 > 1 − 𝜖for all  𝑛 ≥ 𝑛0. 

(or equivalently,lim𝑛→∞ 𝐺 𝑥𝑛 − 𝑥 , 𝑡 = 1 ) 

 𝟐 A sequence  𝑥𝑛   in 𝑋 is said to be  Cauchy if for each  𝜖 ∈  0,1  and 𝑡 > 0 , there 

exists 𝑛0 ∈ 𝑍+   such that   𝐺 𝑥𝑛 − 𝑥𝑚  , 𝑡 > 1 − 𝜖    for all  𝑛,𝑚 ≥ 𝑛0 . (or 

equivalently,lim𝑛  ,𝑚→∞ 𝐺 𝑥𝑛 − 𝑥𝑚  , 𝑡 = 1 ") . 

Definition (2.8) [2]:  

"A fuzzy normed space  𝑋 ,𝐺 ,∗ is said to be complete if every Cauchy sequence is 

convergent sequence. 

Definition(2.9) [8]: 

Let (𝑋 ,𝐺 ,∗) be a fuzzy normed linear space and  𝑆:𝑋 → 𝑋 be a mapping . 𝑆is said to 

be continuous ,if for every 𝑥 ∈ 𝑋 , 𝑥𝑛 → 𝑥 implies 

𝑆𝑥𝑛 → 𝑆𝑥. 

Lemma (2.10)[8]: 

In fuzzy normed space 𝑋,𝐺,∗ ,if for 𝑥 ∈ 𝑋, 𝐺 𝑥,𝑘𝑡 ≥ 𝐺 𝑥, 𝑡 ,for every 𝑡 > 0 and 

some 0 < 𝑘 < 1,then 𝑥 = 0. 

Lemma (2.11)[8]: 

A sequence {𝑥𝑛}  in fuzzy normed space (𝑋,𝐺,∗)  satisfying 𝐺(𝑥𝑛+1 − 𝑥𝑛 ,𝑘𝑡) ≥

𝐺(𝑥𝑛 − 𝑥𝑛−1 , 𝑡) , for every 𝑡 > 0 and some 0 < 𝑘 < 1 ,is a Cauchy sequence. 

Definition (2.12)[9]: 

The 5-tuple  𝑋,𝐺,𝐻,∗,◊  is said to be an intuitionistic fuzzy normed space (In short, 

IFNS) if  𝑋 is a linear space over field 𝐹,∗ is a continuous t-norm , ◊ is a continuous t-

conorm and 𝐺 ,𝐻  are fuzzy sets in 𝑋 ×  0,∞ (𝑖. 𝑒.  𝐺 ,𝐻: 𝑋 ×  0,∞ →  0,1 ) 

satisfying the following conditions: for all 𝑥,𝑦 ∈ 𝑋  and  𝑡, 𝑠 > 0, " 

" 𝑰𝑭𝑵.𝟏  𝐺 𝑥, 𝑡 + 𝐻 𝑥, 𝑡 ≤ 1 ; 

 𝑰𝑭𝑵.𝟐  𝐺 𝑥, 𝑡 > 0 ; 

 𝑰𝑭𝑵.𝟑  𝐺 𝑥, 𝑡 = 1 if and only if  𝑥 = 0; 

 𝑰𝑭𝑵.𝟒  𝐺 𝛼𝑥, 𝑡 = 𝐺  𝑥,
𝑡

 𝛼 
 for each 𝐹| 0 ; 
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 𝑰𝑭𝑵.𝟓  𝐺 𝑥 + 𝑦, 𝑡 + 𝑠 ≥ 𝐺 𝑥, 𝑡 ∗ 𝐺 𝑦, 𝑠 ; 

 𝑰𝑭𝑵.𝟔  𝐺 𝑥 ,• ∶   0 ,∞  →  0 ,1 is continuous; 

 𝑰𝑭𝑵.𝟕 lim𝑡→∞ 𝐺 𝑥, 𝑡  = 1 andlim𝑡→0 𝐺 𝑥 , 𝑡  = 0; 

 𝑰𝑭𝑵.𝟖   𝐻 𝑥, 𝑡 < 1; 

 𝑰𝑭𝑵.𝟗   𝐻 𝑥, 𝑡 = 0 if and only if  𝑥 = 0; 

 𝑰𝑭𝑵.𝟏𝟎   𝐻 𝛼𝑥, 𝑡 = 𝐻  𝑥,
𝑡

 𝛼 
 for each 𝐹| 0 ; 

 𝑰𝑭𝑵.𝟏𝟏  𝐻 𝑥 + 𝑦, 𝑡 + 𝑠 ≤  𝐻 𝑥, 𝑡  ◊  𝐻 𝑦, 𝑠  

 𝑰𝑭𝑵.𝟏𝟐  𝐻 𝑥 ,• ∶   0,∞ →   0 ,1 is continuous . 

 𝑰𝑭𝑵.𝟏𝟑 lim𝑡→∞ 𝐻 𝑥, 𝑡 = 0 andlim𝑡→0 𝐻 𝑥, 𝑡  = 1. 

Furthermore, assume that   𝑋,𝐺,𝐻,∗,◊  satisfying the following conditions: 

 𝑰𝑭𝑵.𝟏𝟒  𝛼 ∗ 𝛼 = 𝛼  and  𝛼 ◊ 𝛼 = 𝛼  ,∀𝛼 ∈  0,1 ; 

 𝑰𝑭𝑵.𝟏𝟓  𝐺 𝑥 , 𝑡 > 0 and 𝐻 𝑥 , 𝑡 < 1,∀ 𝑡 > 0 ⟹  𝑥 = 0. 

Lemma (2.13)[9]: 

"Let 𝑋,𝐺,𝐻,∗,◊  be an intuitionistic fuzzy normed space. Then for any t> 0: 

 𝒊 Every fuzzy normed space  𝑋,𝐺,∗  is an intuitionistic fuzzy normed space of the 

form  𝑋,𝐺, 1 − 𝐺,∗,◊  such that t-norm ∗ and t-conorm ◊ are dual. " 

" 𝒊𝒊 𝐺 𝑥 , 𝑡 and  𝐻 𝑥 , 𝑡  are non-decreasing and non-increasing with respect to 𝑡 , 

respectively. " 

" 𝒊𝒊𝒊   𝐺 𝑥 − 𝑦, 𝑡 = 𝐺 𝑦 − 𝑥, 𝑡 and   𝐻 𝑥 − 𝑦, 𝑡 = 𝐻 𝑦 − 𝑥, 𝑡 for all 𝑥, 𝑦 ∈ 𝑋 .  

"Definition (2.14) [11]:  

"Let   𝑋,𝐺,𝐻,∗,◊  be an intuitionistic fuzzy normed space, then: 

 𝟏 " A sequence   𝑥𝑛  in 𝑋  is said to be  convergent to 𝑥 ∈ 𝑋  , if for each 𝜖 ∈

 0,1 and 𝑡 > 0, there exist 𝑛0 ∈ 𝑍+   such that 𝐺 𝑥𝑛 − 𝑥 , 𝑡 > 1 − 𝜖  and  𝐻 𝑥𝑛 −

𝑥 , 𝑡<𝜖 

for all 𝑛 ≥ 𝑛0. ("or equivalentlylim𝑛→∞ 𝐺 𝑥𝑛 − 𝑥, 𝑡 = 1and lim𝑛→∞𝐻 𝑥𝑛 − 𝑥, 𝑡 =

0 ). 

 𝟐 " A sequence  𝑥𝑛   in 𝑋 is said to be  Cauchy , if for each  𝜖 ∈  0,1  and 𝑡 > 0 , 

there exist 𝑛0 ∈ 𝑍+  such that 𝐺 𝑥𝑛 − 𝑥𝑚  , 𝑡 > 1 − 𝜖  and  𝐻 𝑥𝑛 − 𝑥𝑚  , 𝑡 < 𝜖 for all  

𝑛,𝑚 ≥ 𝑛0. ( or equivalently lim𝑛  ,𝑚→∞ 𝐺 𝑥𝑛 − 𝑥𝑚 , 𝑡 = 1 and 

lim𝑛  ,𝑚→∞𝐻 𝑥𝑛 − 𝑥𝑚 , 𝑡 = 0 ). " 

Definition (1.15) [11]:  
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An intuitionistic fuzzy normed space  𝑋,𝐺,𝐻,∗,◊ is said to be complete if every 

Cauchy sequence in 𝑋is convergent sequence. 

Definition (2.16) [7]:  

Let  𝑋,𝐺,𝐻,∗,◊  and  𝑌,𝐺,𝐻,∗,◊  are two intuitionistic fuzzy normed space .  A 

function 𝑔 ∶ 𝑋 → 𝑌 is said to be continuous at a point  𝑥0 ∈ 𝑋  if for any sequence 

 𝑥𝑛   in 𝑋 converging to a point 𝑥0 ∈ 𝑋 , then the sequence  𝑔 𝑥𝑛   in 𝑌 convergence 

to a point  𝑥0 ∈ 𝑌 ."If 𝑔 is continuous at each point of 𝑋, then 𝑔 is continuous on 𝑋. 

Lemma (2.17)[6]: 

Let  𝑋,𝐺,𝐻,∗,◊  be an intuitionistic fuzzy normed space and{𝑧𝑛 } be a sequence in 𝑋 

such that  

𝐺 𝑧𝑛+1 − 𝑧𝑛 ,𝑘𝑡 ≥ 𝐺 𝑧𝑛 − 𝑧𝑛−1, 𝑡  𝑎𝑛𝑑𝐻(𝑧𝑛+1 − 𝑧𝑛 ,𝑘𝑡) ≤ 𝐻 𝑧𝑛 − 𝑧𝑛−1 , 𝑡 , ∀ 𝑡 >

0 ,𝑛 ∈ 𝑁 𝑎𝑛𝑑 0 < 𝑘 < 1. Then the sequence  𝑧𝑛   is a Cauchy sequence in 𝑋,𝐺,𝐻,∗

,◊  . 

Lemma (2.18): 

Let (𝑋,𝐺,𝐻,∗,◊) be an intuitionistic fuzzy normed space, if there exists 𝑘 ∈  0,1  

such that  

𝐺 𝑧 − 𝑤, 𝑘𝑡 ≥ 𝐺 𝑧 − 𝑤, 𝑡  

And                                                               

𝐻 𝑧 − 𝑤,𝑘𝑡 ≤ 𝐻 𝑧 − 𝑤, 𝑡  

∀ 𝑧,𝑤 ∈ 𝑋 , then𝑧 = 𝑤 

Proof: 

Since 𝐺 𝑧 − 𝑤, 𝑘𝑡 ≥ 𝐺 𝑧 − 𝑤, 𝑡 and   𝐻 𝑧 − 𝑤, 𝑘𝑡 ≤ 𝐻 𝑧 − 𝑤, 𝑡  

Then 𝐺 𝑧 − 𝑤, 𝑡 ≥ 𝐺(𝑧 − 𝑤,
𝑡

𝑘
)  and    𝐻 𝑧 − 𝑤, 𝑡 ≤ 𝐻(𝑧 − 𝑤,

𝑡

𝑘
) 

𝐺(𝑧 − 𝑤,
𝑡

𝑘
) = 𝐺(𝑧 − 𝑤,

𝑘𝑡

𝑘2
) ≥ 𝐺(𝑧 − 𝑤,

𝑡

𝑘2
) 

And 

𝐻(𝑧 − 𝑤,
𝑡

𝑘
) = 𝐻(𝑧 − 𝑤,

𝑘𝑡

𝑘2
) ≤ 𝐻(𝑧 − 𝑤,

𝑡

𝑘2
) 

By repeat the above operations, we get 

𝐺 𝑧 − 𝑤, 𝑡 ≥ 𝐺(𝑧 − 𝑤,
𝑡

𝑘
) ≥  𝐺(𝑧 − 𝑤,

𝑡

𝑘2
) ≥ ⋯ ≥ 𝐺(𝑧 − 𝑤,

𝑡

𝑘𝑛
) ≥ ⋯ 

And 

𝐻 𝑧 − 𝑤, 𝑡 ≤ 𝐻(𝑧 − 𝑤,
𝑡

𝑘
) ≤  𝐻(𝑧 − 𝑤,

𝑡

𝑘2
) ≤ ⋯ ≤  𝐻(𝑧 − 𝑤,

𝑡

𝑘𝑛
) ≤ ⋯ 
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Since 𝑘 ∈  0,1  then for 𝑛 ∈ 𝑁 which tends to 1 and 0 as 𝑛 → ∞ , respectively 

⟹ 𝐺 𝑧 − 𝑤, 𝑡 = 1 𝑎𝑛𝑑 𝐻 𝑧 − 𝑤, 𝑡 = 0 ,∀ 𝑡 > 0 

 ⟹ 𝑧 = 𝑤 .                                                                                        ■               

3. Main Results 

Definition (3.1): 

Let  𝐹 and 𝑇 be self mappings of a fuzzy normed space  𝑌,𝐺,∗ , then a pair  𝐹,𝑇  is 

said to be compatible if  lim𝑛→∞ 𝐺(𝐹𝑇𝑦𝑛 − 𝑇𝐹𝑦𝑛 , 𝑡) = 1 for all 𝑡 > 0, whenever {𝑦𝑛 } 

is a sequence in 𝑌 such that lim𝑛→∞ 𝐹𝑦𝑛 = lim𝑛→∞ 𝑇𝑦𝑛 = 𝑣 for some 𝑣 ∈ 𝑌 . 

Definition (3.2): 

Let  𝐹 and 𝑇 be self mappings of a fuzzy normed space  𝑌,𝐺,∗ , then a pair  𝐹,𝑇  is 

said to be reciprocally continuous if 𝐹𝑇𝑤𝑛 → 𝐹𝑤 and 𝑇𝐹𝑤𝑛 → 𝑇𝑤 whenever  𝑤𝑛   is 

a sequence such that 𝐹𝑤𝑛 → 𝑤 and 𝑇𝑤𝑛 → 𝑤 for some 𝑤 ∈ 𝑌 as 𝑛 → ∞  

Definition (3.3)[8]: 

Let  𝐹 and 𝑇 be self mappings of a fuzzy normed space  𝑌,𝐺,∗ , then a pair  𝐹,𝑇  is 

said to 𝑅 −weakly commuting if given 𝑥 ∈ 𝑌,there exist 𝑅 > 0 such that 𝐺(𝐹𝑇𝑥 −

𝑇𝐹𝑥, 𝑡) ≥ 𝐺(𝐹𝑥 − 𝑇𝑥,
𝑡

𝑅
) . 

Definition (3.4): 

Let  𝐹 and 𝑇 be self mappings of a fuzzy normed space  𝑌,𝐺,𝐻,∗,◊ , then a pair 

 𝐹,𝑇  is said to be compatible if  lim𝑛→∞ 𝐺(𝐹𝑇𝑦𝑛 − 𝑇𝐹𝑦𝑛 , 𝑡) = 1  and 

lim𝑛→∞ 𝐻(𝐹𝑇𝑦𝑛 − 𝑇𝐹𝑦𝑛 , 𝑡) = 0 for all 𝑡 > 0, whenever {𝑦𝑛 } is a sequence in 𝑌 such 

that lim𝑛→∞ 𝐹𝑦𝑛 = lim𝑛→∞ 𝑇𝑦𝑛 = 𝑣 for some 𝑣 ∈ 𝑌 . 

Definition (3.5): 

Let  𝐹  and 𝑇  be self mappings of an intuitionistic fuzzy normed space  𝑌,𝐺,𝐻,∗

,◊.then a pair 𝐹,𝑇 is said to be reciprocally continuous if 𝐹𝑇𝑤𝑛→𝐹𝑤 and 𝑇𝐹𝑤𝑛→𝑇𝑤 

whenever {𝑤𝑛 } is a sequence such that 𝐹𝑤𝑛 → 𝑤 and 𝑇𝑤𝑛 → 𝑤 for some 𝑤 ∈ 𝑌 as 

𝑛 → ∞ . 

Definition (3.6): 

A pair (𝐹, 𝑆) of self mappings of intuitionistic fuzzy normed space (𝑌,𝐺,𝐻,∗,◊) is 

said to be 𝑅 −weakly commuting if there exists a positive real number 𝑅 such 

that 𝐺 𝐹𝑆𝑧 − 𝑆𝐹𝑧, 𝑡 ≥ 𝐺  𝐹𝑧 − 𝑆𝑧,
𝑡

𝑅
  and 𝐻 𝐹𝑆𝑧 − 𝑆𝐹𝑧, 𝑡 ≤ 𝐻  𝐹𝑧 − 𝑆𝑧,

𝑡

𝑅
  for 

every 𝑧 ∈ 𝑌 and 𝑡 > 0. 

Proposition (3.7): 
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Let (𝑌,𝐺,∗) be a complete fuzzy normed space with  1 + 𝑞 ∗ 𝑘 = 𝑘 + 𝑞 ∗ 𝑘for all 

𝑞, 𝑘 ∈ [0,1]and let 𝐹,𝐷,𝑃 and 𝑄 be four self mappings of 𝑌 satisfying  

 𝑖  𝐹 𝑌 ⊂ 𝑄 𝑌 and𝐷 𝑌 ⊂ 𝑃 𝑌  

 𝑖𝑖 there exists a constant 𝑟 ∈ (0,1) such that 

 1 + 𝑏𝐺 𝑃𝑧 − 𝑄𝑤, 𝑟𝑡  ∗ 𝐺 𝐹𝑧 − 𝐷𝑤, 𝑟𝑡 

≥ 𝑏 𝐺 𝐹𝑧 − 𝑃𝑧, 𝑟𝑡 ∗ 𝐺 𝐷𝑤 − 𝑄𝑤, 𝑟𝑡 ∗ 𝐺 𝐷𝑤 − 𝑃𝑧, 𝑟𝑡  

+ 𝐺 𝑄𝑤 − 𝑃𝑧, 𝑡 ∗ 𝐺 𝐹𝑧 − 𝑃𝑧, 𝑡 ∗ 𝐺 𝐷𝑤 − 𝑄𝑤, 𝑡 ∗ 𝐺 𝐷𝑤 − 𝑃𝑧,𝛽𝑡 

∗ 𝐺 𝐹𝑧 − 𝑄𝑤,  2 − 𝛽 𝑡  

For all ,𝑤 ∈ 𝑌 ,0 ≤ 𝑏 ≤ 1 and 𝛽 ∈ (0,2) and 𝑡 > 0. If the pairs  𝐹,𝑃  and (𝐷,𝑄) are 

𝑅 −weakly commuting ,then one continuity of the mappings in compatible pair (𝐹,𝑃) 

or (𝐷,𝑄) implies their reciprocal continuity. 

Proof 

Let 𝐹  and 𝑃  be compatible and 𝑃  be continuous we will show that 𝐹  and 𝑃  are 

reciprocally continuous.let 𝑥𝑛  be a sequence such that 𝐹𝑥𝑛 → 𝑥  and 𝑃𝑥𝑛 → 𝑥  for 

some 𝑥 ∈ 𝑌 as 𝑛 → ∞.Since 𝑃 is continuous  

⟹ 𝑃𝐹𝑥𝑛 → 𝑃𝑥and𝑃𝑃𝑥𝑛 → 𝑃𝑥 as 𝑛 → ∞ 

And since (𝐹,𝑃) is compatible, we have 

lim𝑛→∞ 𝐺 𝐹𝑃𝑥𝑛 − 𝑃𝐹𝑥𝑛 , 𝑡 = 1 ,∀ 𝑡 > 0 

⟹ lim𝑛→∞ 𝐺 𝐹𝑃𝑥𝑛 − 𝑃𝑥, 𝑡 = 1 ,∀ 𝑡 > 0 

⟹  𝐹𝑃𝑥𝑛 → 𝑃𝑥as𝑛 → ∞ 

Since 𝐹 𝑌 ⊂ 𝑄 𝑌  

For each n, there exists {𝑦𝑛 } such that 𝐹 𝑃𝑥𝑛 = 𝑄(𝑦𝑛) i.e. 𝐹𝑃𝑥𝑛 = 𝑄𝑦𝑛  , thus we 

have  

𝑃𝑃𝑥𝑛 → 𝑃𝑥 as 𝑛 → ∞,𝑃𝐹𝑥𝑛 → 𝑃𝑥 as 𝑛 → ∞  ,  𝐹𝑃𝑥𝑛 → 𝑃𝑥 as 𝑛 → ∞  and 𝑄𝑦𝑛 →

𝑃𝑥 as 𝑛 → ∞ . 

From (𝑖𝑖) and choose 𝛽 = 1 , we have  

 1 + 𝑏𝐺 𝑃𝑃𝑥𝑛 − 𝑄𝑦𝑛 , 𝑟𝑡  ∗ 𝐺 𝐹𝑃𝑥𝑛 − 𝐷𝑦𝑛 , 𝑟𝑡 

≥ 𝑏 𝐺 𝐹𝑃𝑥𝑛 − 𝑃𝑃𝑥𝑛 , 𝑟𝑡 ∗ 𝐺 𝐷𝑦𝑛 − 𝑄𝑦𝑛 ,𝑟𝑡 ∗ 𝐺 𝐷𝑦𝑛 − 𝑃𝑃𝑥𝑛 ,𝑟𝑡  

+ 𝐺 𝑄𝑦𝑛 − 𝑃𝑃𝑥𝑛 , 𝑡 ∗ 𝐺 𝐹𝑃𝑥𝑛 − 𝑃𝑃𝑥𝑛 , 𝑡 ∗ 𝐺 𝐷𝑦𝑛 −𝑄𝑦𝑛 , 𝑡 

∗ 𝐺 𝐷𝑦𝑛 − 𝑃𝑃𝑥𝑛 , 𝑡 ∗ 𝐺 𝐹𝑃𝑥𝑛 − 𝑄𝑦𝑛 , 𝑡  

Taking 𝑛 → ∞ 
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⟹  1 + 𝑏𝐺 𝑃𝑥 − 𝑃𝑥, 𝑟𝑡  ∗ 𝐺 𝑃𝑥 − 𝐷𝑦𝑛 , 𝑟𝑡 

≥ 𝑏 𝐺 𝑃𝑥 − 𝑃𝑥, 𝑟𝑡 ∗ 𝐺 𝐷𝑦𝑛 − 𝑃𝑥, 𝑟𝑡 ∗ 𝐺 𝐷𝑦𝑛 − 𝑃𝑥, 𝑟𝑡  

+ 𝐺 𝑃𝑥 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝑃𝑥 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝐷𝑦𝑛 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝐷𝑦𝑛 − 𝑃𝑥, 𝑡 

∗ 𝐺 𝑃𝑥 − 𝑃𝑥, 𝑡  

⟹ 𝐺 𝑃𝑥 − 𝐷𝑦𝑛 , 𝑟𝑡 ≥ 𝐺 𝐷𝑦𝑛 − 𝑃𝑥, 𝑡  

By lemma (2.10), we have 𝐷𝑦𝑛 → 𝑃𝑥 as 𝑛 → ∞ 

Again by (𝑖𝑖) and we choose 𝛽 = 1, we get 
 1 + 𝑏𝐺 𝑃𝑥 − 𝑄𝑦𝑛 , 𝑟𝑡  ∗ 𝐺 𝐹𝑥 − 𝐷𝑦𝑛 , 𝑟𝑡 

≥ 𝑏 𝐺 𝐹𝑥 − 𝑃𝑥, 𝑟𝑡 ∗ 𝐺 𝐷𝑦𝑛 −𝑄𝑦𝑛 , 𝑟𝑡 ∗ 𝐺 𝐷𝑦𝑛 − 𝑃𝑥, 𝑟𝑡  

∗ 𝐺 𝑄𝑦𝑛 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝐹𝑥 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝐷𝑦𝑛 −𝑄𝑦𝑛 , 𝑡 
∗ 𝐺 𝐷𝑦𝑛 − 𝑃𝑥, 𝑡 ∗ 𝐺(𝐹𝑥 − 𝑄𝑦𝑛 , 𝑡) 

Taking 𝑛 → ∞ 

⟹  1 + 𝑏𝐺 𝑃𝑥 − 𝑃𝑥, 𝑟𝑡  ∗ 𝐺 𝐹𝑥 − 𝑃𝑥, 𝑟𝑡 

≥ 𝑏 𝐺 𝐹𝑥 − 𝑃𝑥, 𝑟𝑡 ∗ 𝐺 𝑃𝑥 − 𝑃𝑥, 𝑟𝑡 ∗ 𝐺 𝑃𝑥 − 𝑃𝑥, 𝑟𝑡  

+ 𝐺 𝑃𝑥 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝐹𝑥 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝑃𝑥 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝑃𝑥 − 𝑃𝑥, 𝑡 
∗ 𝐺 𝐹𝑥 − 𝑄𝑦𝑛 , 𝑡  

⟹ 𝐺 𝐹𝑥 − 𝑃𝑥, 𝑟𝑡 ≥ 𝐺 𝐹𝑥 − 𝑃𝑥, 𝑡  
By lemma (2.10) 

⟹ 𝐹𝑥 = 𝑃𝑥 

⟹ 𝑃𝐹𝑥𝑛 → 𝑃𝑥and𝐹𝑃𝑥𝑛 → 𝑃𝑥 = 𝐹𝑥  as 𝑛 → ∞ 

⟹ 𝐹 and𝑃 are reciprocally continuous on 𝑌. 

Similarly, if the pair  𝐷,𝑄  is compatible and 𝑄  is continuous then 𝐷  and 𝑄 are 

reciprocally continuous on 𝑌.    ■ 

 

Theorem (3.8): 

Let (𝑌,𝐺,∗) be a complete fuzzy normed space with  1 + 𝑞 ∗ 𝑘 = 𝑘 + 𝑞 ∗ 𝑘for all 

𝑞, 𝑘 ∈ [0,1]and let 𝐹,𝐷,𝑃 and 𝑄 be four self mappings of 𝑌 satisfying  

 𝑖  𝐹 𝑌 ⊂ 𝑄 𝑌 and𝐷 𝑌 ⊂ 𝑃 𝑌  

 𝑖𝑖 there exists a constant 𝑟 ∈ (0,1) such that 

 1 + 𝑏𝐺 𝑃𝑧 − 𝑄𝑤, 𝑟𝑡  ∗ 𝐺 𝐹𝑧 − 𝐷𝑤, 𝑟𝑡 

≥ 𝑏 𝐺 𝐹𝑧 − 𝑃𝑧, 𝑟𝑡 ∗ 𝐺 𝐷𝑤 − 𝑄𝑤, 𝑟𝑡 ∗ 𝐺 𝐷𝑤 − 𝑃𝑧, 𝑟𝑡  

+ 𝐺 𝑄𝑤 − 𝑃𝑧, 𝑡 ∗ 𝐺 𝐹𝑧 − 𝑃𝑧, 𝑡 ∗ 𝐺 𝐷𝑤 − 𝑄𝑤, 𝑡 ∗ 𝐺 𝐷𝑤 − 𝑃𝑧,𝛽𝑡 

∗ 𝐺 𝐹𝑧 − 𝑄𝑤,  2 − 𝛽 𝑡  
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For all ,𝑤 ∈ 𝑌 ,0 ≤ 𝑏 ≤ 1 and 𝛽 ∈ (0,2) and 𝑡 > 0. If the pairs  𝐹,𝑃  and (𝐷,𝑄) are 

𝑅 −weakly commuting and one of the mappings in compatible pair  (𝐹,𝑃) or (𝐷,𝑄) 

is continuous,then 𝐹,𝐷,𝑃𝑎𝑛𝑑 𝑄 have a unique common fixed point. 

Proof 

Since 𝐹 𝑌 ⊂ 𝑄 𝑌 , then for any point 𝑧0 ∈ 𝑌 there exists a point 𝑧1 ∈ 𝑌 such that 

𝐹𝑧0 = 𝑄𝑧1 .And since 𝐷 𝑌 ⊂ 𝑃 𝑌  ,for this point 𝑧1 ∈ 𝑌  there exists 𝑧2 ∈ 𝑌  such 

that 𝐷𝑧1 = 𝑃𝑧2 . 

We can define a sequence {𝑤𝑛 } in 𝑌 such that for 𝑛 = 0,1,2,…𝑤2𝑛 = 𝐹𝑧2𝑛 = 𝑄𝑧2𝑛+1 

And  

𝑤2𝑛+1 = 𝐷𝑧2𝑛+1 = 𝑃𝑧2𝑛+2 

From(𝑖𝑖), for all 𝑡 > 0 and 𝛽 = 1 − ℎ with ℎ ∈ (0,1] and let 𝑧 = 𝑧2𝑛+2  ,𝑤 = 𝑧2𝑛+1 

in(𝑖𝑖), then we get  

 1 + 𝑏𝐺 𝑃𝑧2𝑛+2 −𝑄𝑧2𝑛+1 , 𝑟𝑡  ∗ 𝐺 𝐹𝑧2𝑛+2 − 𝐷𝑧2𝑛+1, 𝑟𝑡 

≥ 𝑏 𝐺 𝐹𝑧2𝑛+2 − 𝑃𝑧2𝑛+2, 𝑟𝑡 ∗ 𝐺 𝐷𝑧2𝑛+1 −𝑄𝑧2𝑛+1 , 𝑟𝑡 

∗ 𝐺 𝐷𝑧2𝑛+1 − 𝑃𝑧2𝑛+2, 𝑟𝑡  + 𝐺 𝑄𝑧2𝑛+1 − 𝑃𝑧2𝑛+2 , 𝑡 

∗ 𝐺 𝐹𝑧2𝑛+2 − 𝑃𝑧2𝑛+2 , 𝑡 ∗ 𝐺 𝐷𝑧2𝑛+1 − 𝑄𝑧2𝑛+1 , 𝑡 

∗ 𝐺 𝐷𝑧2𝑛+1 − 𝑃𝑧2𝑛+2,  1 − ℎ 𝑡 ∗ 𝐺(𝐹𝑧2𝑛+2 −𝑄𝑧2𝑛+1 ,  1 + ℎ 𝑡) 

Since 𝑤2𝑛 = 𝐹𝑧2𝑛 = 𝑄𝑧2𝑛+1and 𝑤2𝑛+1 = 𝐷𝑧2𝑛+1 = 𝑃𝑧2𝑛+2 , we get 

 1 + 𝑏𝐺 𝑤2𝑛 −𝑤2𝑛+1 , 𝑟𝑡  ∗ 𝐺 𝑤2𝑛+1 −𝑤2𝑛+2, 𝑟𝑡 

≥ 𝑏 𝐺 𝑤2𝑛+2 − 𝑤2𝑛+1, 𝑟𝑡 ∗ 𝐺 𝑤2𝑛+1 −𝑤2𝑛 , 𝑟𝑡 

∗ 𝐺 𝑤2𝑛+1 −𝑤2𝑛+1 , 𝑟𝑡  + 𝐺 𝑤2𝑛 −𝑤2𝑛+1 , 𝑡 ∗ 𝐺 𝑤2𝑛+2 −𝑤2𝑛+1, 𝑡 

∗ 𝐺 𝑤2𝑛+1 −𝑤2𝑛 , 𝑡 ∗ 𝐺 𝑤2𝑛+1 − 𝑤2𝑛+1 ,  1 − ℎ 𝑡 

∗ 𝐺 𝑤2𝑛+2 −𝑤2𝑛 ,  1 + ℎ 𝑡 

≥ 𝑏 𝐺 𝑤2𝑛+2 − 𝑤2𝑛+1, 𝑟𝑡 ∗ 𝐺 𝑤2𝑛+1 −𝑤2𝑛 , 𝑟𝑡  

+ 𝐺 𝑤2𝑛 − 𝑤2𝑛+1 , 𝑡 ∗ 𝐺 𝑤2𝑛+2 −𝑤2𝑛+1 , 𝑡 ∗ 𝐺(𝑤2𝑛 − 𝑤2𝑛+1 ,ℎ𝑡) 

⟹ 𝐺 𝑤2𝑛+1 − 𝑤2𝑛+2, 𝑟𝑡 

≥ 𝐺 𝑤2𝑛 − 𝑤2𝑛+1 , 𝑡 ∗ 𝐺 𝑤2𝑛+2 − 𝑤2𝑛+1 , 𝑡 ∗ 𝐺 𝑤2𝑛 − 𝑤2𝑛+1, ℎ𝑡  

Put ℎ = 1 

⟹  𝐺 𝑤2𝑛+1 − 𝑤2𝑛+2, 𝑟𝑡 ≥ 𝐺 𝑤2𝑛 −𝑤2𝑛+1 , 𝑡 ∗ 𝐺 𝑤2𝑛+1 −𝑤2𝑛+2 , 𝑡  

In the similar way, we also get  

⟹ 𝐺 𝑤2𝑛+2 − 𝑤2𝑛+3, 𝑟𝑡 ≥ 𝐺 𝑤2𝑛+1 −𝑤2𝑛+2 , 𝑡 ∗ 𝐺 𝑤2𝑛+2 −𝑤2𝑛+3, 𝑡  

In general, for 𝑚 = 1,2,3,… 
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𝐺 𝑤𝑚+1 −𝑤𝑚+2 , 𝑟𝑡 ≥ 𝐺 𝑤𝑚 − 𝑤𝑚+1 , 𝑡 ∗ 𝐺 𝑤𝑚+1 − 𝑤𝑚+2, 𝑡  

It follows that for 𝑚 = 1,2,3,… and 𝑝 = 1,2,3,… 

𝐺 𝑤𝑚+1 −𝑤𝑚+2 , 𝑟𝑡 ≥ 𝐺 𝑤𝑚 − 𝑤𝑚+1 , 𝑡 ∗ 𝐺  𝑤𝑚+1 −𝑤𝑚+2 ,
𝑡

𝑟𝑝
  

As 𝑝 → ∞ 

⟹ 𝐺 𝑤𝑚+1 −𝑤𝑚+2 , 𝑟𝑡 ≥ 𝐺 𝑤𝑚 −𝑤𝑚+1 , 𝑡  

Then from lemma (2.11) we get  𝑤𝑚   is a Cauchy sequence in (𝑌,𝐺,∗). 

Since (𝑌,𝐺,∗) is a complete space  

⟹ ∃𝑥 ∈ 𝑌 such that 𝑤𝑚 → 𝑥 as 𝑛 → ∞ 

⟹ 𝐹𝑧2𝑛 → 𝑥as𝑛 → ∞, 

𝑄𝑧2𝑛+1 → 𝑥as𝑛 → ∞, 

𝐷𝑧2𝑛+1 → 𝑥as𝑛 → ∞ and 𝑃𝑧2𝑛+2 → 𝑥 as 𝑛 → ∞ . 

Now, assume that  𝐹,𝑃  is a compatible pair and 𝑃  is continuous. then by 

Proposition(3.7) we get 𝐹  and 𝑃  are reciprocally continuous thus 𝑃𝐹𝑧𝑛 → 𝑃𝑥  and 

𝐹𝑃𝑧𝑛 → 𝐹𝑥 as 𝑛 → ∞ . 

Since (𝐹,𝑃) is a compatible pair  

⟹ lim
𝑛→∞

𝐺(𝐹𝑃 𝑧𝑛 − 𝑃𝐹𝑧𝑛 , 𝑡) = 1 

⟹ 𝐺 𝐹𝑥 − 𝑃𝑥, 𝑡 = 1 

⟹ 𝐹𝑥 = 𝑃𝑥 

Since 𝐹 𝑌 ⊂ 𝑄 𝑌 , there exists a point 𝑦 ∈ 𝑌 such that 𝐹𝑥 = 𝑄𝑦 

⟹ 𝐹𝑥 = 𝑄𝑦 = 𝑃𝑥 

From (𝑖𝑖) and take 𝛽 = 1, we get 

 1 + 𝑏𝐺 𝑃𝑥 − 𝑄𝑦, 𝑟𝑡  ∗ 𝐺 𝐹𝑥 − 𝐷𝑦, 𝑟𝑡 

≥ 𝑏 𝐺 𝐹𝑥 − 𝑃𝑥, 𝑟𝑡 ∗ 𝐺 𝐷𝑦 − 𝑄𝑦, 𝑟𝑡 ∗ 𝐺 𝐷𝑦 − 𝑃𝑥, 𝑟𝑡  

+ 𝐺 𝑄𝑦 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝐹𝑥 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝐷𝑦 − 𝑄𝑦, 𝑡 ∗ 𝐺 𝐷𝑦 − 𝑃𝑥, 𝑡 

∗ 𝐺(𝐹𝑥 − 𝑄𝑦, 𝑡) 

⟹ 𝐺 𝐹𝑥 − 𝐷𝑦, 𝑟𝑡 ≥ 𝐺 𝐹𝑥 − 𝐷𝑦, 𝑡  ,∀𝑡 > 0 

Then by lemma (2.10) 

⟹ 𝐹𝑥 = 𝐷𝑦 

⟹ 𝐹𝑥 = 𝐷𝑦 = 𝑃𝑥 = 𝑄𝑦 

Since 𝐹 and 𝑃 are 𝑅 −weakly commuting mappings, then there exists 𝑅 > 0 such that 

𝐺 𝐹𝑃𝑥 − 𝑃𝐹𝑥, 𝑡 ≥ 𝐺  𝐹𝑥 − 𝑃𝑥,
𝑡

𝑅
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Since 𝐹𝑥 = 𝑃𝑥 

⟹ 𝐺  𝐹𝑥 − 𝑃𝑥,
𝑡

𝑅
 = 1 

⟹ 𝐺 𝐹𝑃𝑥 − 𝑃𝐹𝑥, 𝑡 ≥ 1 

⟹ 𝐺 𝐹𝑃𝑥 − 𝑃𝐹𝑥, 𝑡 = 1 

⟹ 𝐹𝑃𝑥 = 𝑃𝐹𝑥 

And since 𝐹𝑥 = 𝑃𝑥 

⟹ 𝐹𝐹𝑥 = 𝐹𝑃𝑥 and𝑃𝐹𝑥 = 𝑃𝑃𝑥 

∴ 𝐹𝐹𝑥 = 𝐹𝑃𝑥 = 𝑃𝐹𝑥 = 𝑃𝑃𝑥 

Similarly, since 𝐷  and 𝑄  are 𝑅 −weakly commuting mappings, then there exists 

𝑅 > 0 such that   

𝐺 𝐷𝑄𝑦 − 𝑄𝐷𝑦, 𝑡 ≥ 𝐺  𝐷𝑦 − 𝑄𝑦,
𝑡

𝑅
  

Since 𝐷𝑦 = 𝑄𝑦 

⟹ 𝐺  𝐷𝑦 − 𝑄𝑦,
𝑡

𝑅
 = 1 

⟹ 𝐺 𝐷𝑄𝑦 − 𝑄𝐷𝑦, 𝑡 ≥ 1 

⟹ 𝐺 𝐷𝑄𝑦 − 𝑄𝐷𝑦, 𝑡 = 1 

⟹ 𝐷𝑄𝑦 = 𝑄𝐷𝑦 

And since 𝐷𝑦 = 𝑄𝑦 

⟹ 𝑄𝐷𝑦 = 𝑄𝑄𝑦 and𝐷𝐷𝑦 = 𝐷𝑄𝑦 

⟹ 𝐷𝐷𝑦 = 𝑄𝐷𝑦 = 𝐷𝑄𝑦 = 𝑄𝑄𝑦 

Again from (𝑖𝑖) and choose 𝛽 = 1, we have 

 1 + 𝑏𝐺 𝑃𝐹𝑥 − 𝑄𝑦, 𝑟𝑡  ∗ 𝐺 𝐹𝐹𝑥 − 𝐷𝑦, 𝑟𝑡 

≥ 𝑏 𝐺 𝐹𝐹𝑥 − 𝑃𝐹𝑥, 𝑟𝑡 ∗ 𝐺 𝐷𝑦 − 𝑄𝑦, 𝑟𝑡 ∗ 𝐺 𝐷𝑦 − 𝑃𝐹𝑥, 𝑟𝑡  

+ 𝐺 𝑄𝑦 − 𝑃𝐹𝑥, 𝑡 ∗ 𝐺 𝐹𝐹𝑥 − 𝑃𝐹𝑥, 𝑡 ∗ 𝐺 𝐷𝑦 − 𝑄𝑦, 𝑡 

∗ 𝐺 𝐷𝑦 − 𝑃𝐹𝑥, 𝑡 ∗ 𝐺(𝐹𝐹𝑥 − 𝑄𝑦, 𝑡) 

⟹ 𝐺 𝐹𝐹𝑥 − 𝐹𝑥, 𝑟𝑡 ≥ 𝐺 𝐹𝐹𝑥 − 𝐹𝑥, 𝑡  

Then by lemma (2.10), we get 

𝐹𝐹𝑥 = 𝐹𝑥 

⟹ 𝐹𝑥 = 𝑃𝐹𝑥 

∴ 𝐹𝑥 is a common fixed point of 𝐹 and 𝑃. 

Again by (𝑖𝑖) and choose 𝛽 = 1,we get 
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 1 + 𝑏𝐺 𝑃𝑥 − 𝑄𝐷𝑦, 𝑟𝑡  ∗ 𝐺 𝐹𝑥 − 𝐷𝐷𝑦, 𝑟𝑡 

≥ 𝑏 𝐺 𝐹𝑥 − 𝑃𝑥, 𝑟𝑡 ∗ 𝐺 𝐷𝐷𝑦 − 𝑄𝐷𝑦, 𝑟𝑡 ∗ 𝐺 𝐷𝐷𝑦 − 𝑃𝑥, 𝑟𝑡  

+ 𝐺 𝑄𝐷𝑦 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝐹𝑥 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝐷𝐷𝑦 − 𝑄𝐷𝑦, 𝑡 

∗ 𝐺 𝐷𝐷𝑦 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝐹𝑥 − 𝑄𝐷𝑦, 𝑡  

⟹ 𝐺 𝐷𝑦 − 𝑄𝐷𝑦, 𝑟𝑡 ≥ 𝐺 𝐷𝑦 − 𝑄𝐷𝑦, 𝑡  

Then by lemma (2.10), we get  

𝑄𝐷𝑦 = 𝐷𝑦 = 𝐷𝐷𝑦 

Then 𝐷𝑦 is a common fixed point of 𝐷 and 𝑄. 

Since 𝐷𝑦 = 𝐹𝑥 

⟹ 𝐹𝑥is a common fixed point of 𝐹,𝐷,𝑃 and 𝑄. 

For the uniqueness, 

Suppose that 𝐹𝑣 is a common fixed point of 𝐹,𝐷,𝑃and 𝑄 and 𝐹𝑣 ≠ 𝐹𝑥. 

From (𝑖𝑖) and choose 𝛽 = 1, we get 

 1 + 𝑏𝐺 𝑃𝐹𝑥 − 𝑄𝐹𝑣, 𝑟𝑡  ∗ 𝐺 𝐹𝐹𝑥 − 𝐷𝐹𝑣, 𝑟𝑡 

≥ 𝑏 𝐺 𝐹𝐹𝑥 − 𝑃𝐹𝑥, 𝑟𝑡 ∗ 𝐺 𝐷𝐹𝑣 − 𝑄𝐹𝑣, 𝑟𝑡 ∗ 𝐺 𝐷𝐹𝑣 − 𝑃𝐹𝑥, 𝑟𝑡  

+ 𝐺 𝑄𝐹𝑣 − 𝑃𝐹𝑥, 𝑡 ∗ 𝐺 𝐹𝐹𝑥 − 𝑃𝐹𝑥, 𝑡 ∗ 𝐺 𝐷𝐹𝑣 − 𝑄𝐹𝑣, 𝑡 

∗ 𝐺 𝐷𝐹𝑣 − 𝑃𝐹𝑥, 𝑡 ∗ 𝐺 𝐹𝐹𝑥 − 𝑄𝐹𝑣, 𝑡  

⟹ 𝐺 𝐹𝑥 − 𝐹𝑣, 𝑟𝑡 ≥ 𝐺 𝐹𝑥 − 𝐹𝑣, 𝑡  

Then by lemma (2.10) we get 

𝐹𝑥 = 𝐹𝑣 

Therefore 𝐹𝑥 is a unique common fixed point of 𝐹,𝐷,𝑃and 𝑄.                     ∎ 

Proposition (3.9): 

Let (𝑌,𝐺,𝐻,∗,◊) be a complete intuitionistic fuzzy normed space with  1 + 𝑞 ∗ 𝑘 =

𝑘 + 𝑞 ∗ 𝑘  and  1 + 𝑞 ◊ 𝑘 = 𝑘 + 𝑞 ◊ 𝑘  for all 𝑞,𝑘 ∈ [0,1]and let 𝐹,𝐷,𝑃 and 𝑄  be 

four self mappings of 𝑌 satisfying  

 𝑖  𝐹 𝑌 ⊂ 𝑄 𝑌 and𝐷 𝑌 ⊂ 𝑃 𝑌  

 𝑖𝑖 there a constant 𝑟 ∈ (0,1) such that 

 1 + 𝑏𝐺 𝑃𝑧 − 𝑄𝑤, 𝑟𝑡  ∗ 𝐺 𝐹𝑧 − 𝐷𝑤, 𝑟𝑡 

≥ 𝑏 𝐺 𝐹𝑧 − 𝑃𝑧, 𝑟𝑡 ∗ 𝐺 𝐷𝑤 − 𝑄𝑤, 𝑟𝑡 ∗ 𝐺 𝐷𝑤 − 𝑃𝑧, 𝑟𝑡  

+ 𝐺 𝑄𝑤 − 𝑃𝑧, 𝑡 ∗ 𝐺 𝐹𝑧 − 𝑃𝑧, 𝑡 ∗ 𝐺 𝐷𝑤 − 𝑄𝑤, 𝑡 ∗ 𝐺 𝐷𝑤 − 𝑃𝑧,𝛽𝑡 

∗ 𝐺 𝐹𝑧 − 𝑄𝑤,  2 − 𝛽 𝑡  

And  
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 1 + 𝑏𝐻 𝑃𝑧 − 𝑄𝑤, 𝑟𝑡  ◊ 𝐻 𝐹𝑧 − 𝐷𝑤, 𝑟𝑡 

≤ 𝑏 𝐻 𝐹𝑧 − 𝑃𝑧, 𝑟𝑡 ◊ 𝐻 𝐷𝑤 − 𝑄𝑤, 𝑟𝑡 ◊ 𝐻 𝐷𝑤 − 𝑃𝑧, 𝑟𝑡  

+ 𝐻 𝑄𝑤 − 𝑃𝑧, 𝑡 ◊ 𝐻 𝐹𝑧 − 𝑃𝑧, 𝑡 ◊ 𝐻 𝐷𝑤 − 𝑄𝑤, 𝑡 

◊ 𝐻 𝐷𝑤 − 𝑃𝑧,𝛽𝑡 ◊ 𝐻 𝐹𝑧 − 𝑄𝑤,  2 − 𝛽 𝑡  

For all ,𝑤 ∈ 𝑌 ,0 ≤ 𝑏 ≤ 1 and 𝛽 ∈ (0,2) and 𝑡 > 0. If the pairs  𝐹,𝑃  and (𝐷,𝑄) are 

𝑅 −weakly commuting ,then one continuity of the mappings in compatible pair (𝐹,𝑃) 

or (𝐷,𝑄) implies their reciprocal continuity. 

Proof 

Let 𝐹  and 𝑃  are compatible and 𝑃  is continuous we will show that 𝐹  and 𝑃  are 

reciprocally continuous .let  𝑥𝑛  be a sequence such that 𝐹𝑥𝑛 → 𝑥 and 𝑃𝑥𝑛 → 𝑥 for 

some 𝑥 ∈ 𝑌 as 𝑛 → ∞.Since 𝑃 is continuous  

⟹ 𝑃𝐹𝑥𝑛 → 𝑃𝑥and𝑃𝑃𝑥𝑛 → 𝑃𝑥 as 𝑛 → ∞ 

And since (𝐹,𝑃) is compatible, we have 

lim
𝑛→∞

𝐺 𝐹𝑃𝑥𝑛 − 𝑃𝐹𝑥𝑛 , 𝑡 = 1 

And 

lim𝑛→∞ 𝐻 𝐹𝑃𝑥𝑛 − 𝑃𝐹𝑥𝑛 , 𝑡 = 0 ,∀ 𝑡 > 0 

⟹ lim
𝑛→∞

𝐺 𝐹𝑃𝑥𝑛 − 𝑃𝑥, 𝑡 = 1 

And  

lim𝑛→∞ 𝐻 𝐹𝑃𝑥𝑛 − 𝑃𝑥, 𝑡 = 0 ,∀ 𝑡 > 0 

⟹  𝐹𝑃𝑥𝑛 → 𝑃𝑥as𝑛 → ∞ 

Since 𝐹 𝑌 ⊂ 𝑄 𝑌  

For each n, there exists {𝑦𝑛 } such that 𝐹 𝑃𝑥𝑛 = 𝑄(𝑦𝑛) i.e. 𝐹𝑃𝑥𝑛 = 𝑄𝑦𝑛  , thus we 

have  

𝑃𝑃𝑥𝑛 → 𝑃𝑥 as 𝑛 → ∞,𝑃𝐹𝑥𝑛 → 𝑃𝑥 as 𝑛 → ∞  ,  𝐹𝑃𝑥𝑛 → 𝑃𝑥 as 𝑛 → ∞  and 𝑄𝑦𝑛 →

𝑃𝑥 as 𝑛 → ∞ . 

From (𝑖𝑖) and choose 𝛽 = 1, we have  

 1 + 𝑏𝐺 𝑃𝑃𝑥𝑛 − 𝑄𝑦𝑛 , 𝑟𝑡  ∗ 𝐺 𝐹𝑃𝑥𝑛 − 𝐷𝑦𝑛 , 𝑟𝑡 

≥ 𝑏 𝐺 𝐹𝑃𝑥𝑛 − 𝑃𝑃𝑥𝑛 , 𝑟𝑡 ∗ 𝐺 𝐷𝑦𝑛 − 𝑄𝑦𝑛 ,𝑟𝑡 ∗ 𝐺 𝐷𝑦𝑛 − 𝑃𝑃𝑥𝑛 ,𝑟𝑡  

+ 𝐺 𝑄𝑦𝑛 − 𝑃𝑃𝑥𝑛 , 𝑡 ∗ 𝐺 𝐹𝑃𝑥𝑛 − 𝑃𝑃𝑥𝑛 , 𝑡 ∗ 𝐺 𝐷𝑦𝑛 −𝑄𝑦𝑛 , 𝑡 

∗ 𝐺 𝐷𝑦𝑛 − 𝑃𝑃𝑥𝑛 , 𝑡 ∗ 𝐺 𝐹𝑃𝑥𝑛 − 𝑄𝑦𝑛 , 𝑡  

And  
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 1 + 𝑏𝐻 𝑃𝑃𝑥𝑛 − 𝑄𝑦𝑛 , 𝑟𝑡  ◊ 𝐻 𝐹𝑃𝑥𝑛 − 𝐷𝑦𝑛 , 𝑟𝑡 

≤ 𝑏 𝐻 𝐹𝑃𝑥𝑛 − 𝑃𝑃𝑥𝑛 ,𝑟𝑡 ◊ 𝐻 𝐷𝑦𝑛 − 𝑄𝑦𝑛 , 𝑟𝑡 ◊ 𝐻 𝐷𝑦𝑛 − 𝑃𝑃𝑥𝑛 ,𝑟𝑡  

+ 𝐻 𝑄𝑦𝑛 − 𝑃𝑃𝑥𝑛 , 𝑡 ◊ 𝐻 𝐹𝑃𝑥𝑛 − 𝑃𝑃𝑥𝑛 , 𝑡 ◊ 𝐻 𝐷𝑦𝑛 − 𝑄𝑦𝑛 , 𝑡 

◊ 𝐻 𝐷𝑦𝑛 − 𝑃𝑃𝑥𝑛 , 𝑡 ◊ 𝐻 𝐹𝑃𝑥𝑛 − 𝑄𝑦𝑛 , 𝑡  

Taking 𝑛 → ∞ 

⟹  1 + 𝑏𝐺 𝑃𝑥 − 𝑃𝑥, 𝑟𝑡  ∗ 𝐺 𝑃𝑥 − 𝐷𝑦𝑛 , 𝑟𝑡 

≥ 𝑏 𝐺 𝑃𝑥 − 𝑃𝑥, 𝑟𝑡 ∗ 𝐺 𝐷𝑦𝑛 − 𝑃𝑥, 𝑟𝑡 ∗ 𝐺 𝐷𝑦𝑛 − 𝑃𝑥, 𝑟𝑡  

+ 𝐺 𝑃𝑥 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝑃𝑥 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝐷𝑦𝑛 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝐷𝑦𝑛 − 𝑃𝑥, 𝑡 

∗ 𝐺 𝑃𝑥 − 𝑃𝑥, 𝑡  

And  

 1 + 𝑏𝐻 𝑃𝑥 − 𝑃𝑥, 𝑟𝑡  ◊ 𝐻 𝑃𝑥 − 𝐷𝑦𝑛 , 𝑟𝑡 

≤ 𝑏 𝐻 𝑃𝑥 − 𝑃𝑥, 𝑟𝑡 ◊ 𝐻 𝐷𝑦𝑛 − 𝑃𝑥, 𝑟𝑡 ◊ 𝐻 𝐷𝑦𝑛 − 𝑃𝑥, 𝑟𝑡  

+ 𝐻 𝑃𝑥 − 𝑃𝑥, 𝑡 ◊ 𝐻 𝑃𝑥 − 𝑃𝑥, 𝑡 ◊ 𝐻 𝐷𝑦𝑛 − 𝑃𝑥, 𝑡 

◊ 𝐻 𝐷𝑦𝑛 − 𝑃𝑥, 𝑡 ◊ 𝐻 𝑃𝑥 − 𝑃𝑥, 𝑡  

⟹ 𝐺 𝑃𝑥 − 𝐷𝑦𝑛 , 𝑟𝑡 ≥ 𝐺 𝐷𝑦𝑛 − 𝑃𝑥, 𝑡  

And 

𝐻 𝑃𝑥 − 𝐷𝑦𝑛 , 𝑟𝑡 ≤ 𝐻 𝐷𝑦𝑛 − 𝑃𝑥, 𝑡  

By lemma (2.18) ,we have 𝐷𝑦𝑛 → 𝑃𝑥 as 𝑛 → ∞ 

Again by (𝑖𝑖) and we choose 𝛽 = 1 , we get 

 1 + 𝑏𝐺 𝑃𝑥 − 𝑄𝑦𝑛 , 𝑟𝑡  ∗ 𝐺 𝐹𝑥 − 𝐷𝑦𝑛 , 𝑟𝑡 

≥ 𝑏 𝐺 𝐹𝑥 − 𝑃𝑥, 𝑟𝑡 ∗ 𝐺 𝐷𝑦𝑛 −𝑄𝑦𝑛 , 𝑟𝑡 ∗ 𝐺 𝐷𝑦𝑛 − 𝑃𝑥, 𝑟𝑡  

+ 𝐺 𝑄𝑦𝑛 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝐹𝑥 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝐷𝑦𝑛 − 𝑄𝑦𝑛 , 𝑡 

∗ 𝐺 𝐷𝑦𝑛 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝐹𝑥 − 𝑄𝑦𝑛 , 𝑡  

And  

 1 + 𝑏𝐻 𝑃𝑥 − 𝑄𝑦𝑛 , 𝑟𝑡  ◊ 𝐻 𝐹𝑥 − 𝐷𝑦𝑛 ,𝑟𝑡 

≤ 𝑏 𝐻 𝐹𝑥 − 𝑃𝑥, 𝑟𝑡 ◊ 𝐻 𝐷𝑦𝑛 − 𝑄𝑦𝑛 , 𝑟𝑡 ◊ 𝐻 𝐷𝑦𝑛 − 𝑃𝑥, 𝑟𝑡  

+ 𝐻 𝑄𝑦𝑛 − 𝑃𝑥, 𝑡 ◊ 𝐻 𝐹𝑥 − 𝑃𝑥, 𝑡 ◊ 𝐻 𝐷𝑦𝑛 − 𝑄𝑦𝑛 , 𝑡 

◊ 𝐻 𝐷𝑦𝑛 − 𝑃𝑥, 𝑡 ◊ 𝐻(𝐹𝑥 − 𝑄𝑦𝑛 , 𝑡) 

Taking 𝑛 → ∞ 
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⟹  1 + 𝑏𝐺 𝑃𝑥 − 𝑃𝑥, 𝑟𝑡  ∗ 𝐺 𝐹𝑥 − 𝑃𝑥, 𝑟𝑡 

≥ 𝑏 𝐺 𝐹𝑥 − 𝑃𝑥, 𝑟𝑡 ∗ 𝐺 𝑃𝑥 − 𝑃𝑥, 𝑟𝑡 ∗ 𝐺 𝑃𝑥 − 𝑃𝑥, 𝑟𝑡  

+ 𝐺 𝑃𝑥 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝐹𝑥 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝑃𝑥 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝑃𝑥 − 𝑃𝑥, 𝑡 

∗ 𝐺 𝐹𝑥 − 𝑄𝑦𝑛 , 𝑡  

And  

 1 + 𝑏𝐻 𝑃𝑥 − 𝑃𝑥, 𝑟𝑡  ◊ 𝐻 𝐹𝑥 − 𝑃𝑥, 𝑟𝑡 

≤ 𝑏 𝐻 𝐹𝑥 − 𝑃𝑥, 𝑟𝑡 ◊ 𝐻 𝑃𝑥 − 𝑃𝑥, 𝑟𝑡 ◊ 𝐻 𝑃𝑥 − 𝑃𝑥, 𝑟𝑡  

+ 𝐻 𝑃𝑥 − 𝑃𝑥, 𝑡 ◊ 𝐻 𝐹𝑥 − 𝑃𝑥, 𝑡 ◊ 𝐻 𝑃𝑥 − 𝑃𝑥, 𝑡 ◊ 𝐻 𝑃𝑥 − 𝑃𝑥, 𝑡 

◊ 𝐻 𝐹𝑥 − 𝑄𝑦𝑛 , 𝑡  

⟹ 𝐺 𝐹𝑥 − 𝑃𝑥, 𝑟𝑡 ≥ 𝐺 𝐹𝑥 − 𝑃𝑥, 𝑡  

And  

𝐻 𝐹𝑥 − 𝑃𝑥, 𝑟𝑡 ≤ 𝐻 𝐹𝑥 − 𝑃𝑥, 𝑡  

By lemma (2.18) 

⟹ 𝐹𝑥 = 𝑃𝑥 

⟹ 𝑃𝐹𝑥𝑛 → 𝑃𝑥and𝐹𝑃𝑥𝑛 → 𝑃𝑥 = 𝐹𝑥  as 𝑛 → ∞ 

⟹ 𝐹 and𝑃 are reciprocally continuous on 𝑌. 

Similarly, if the pair  𝐷,𝑄  is compatible and 𝑄  is continuous then 𝐷  and 𝑄 are 

reciprocally continuous on 𝑌.  ■ 

Theorem (3.10): 

Let (𝑌,𝐺,𝐻,∗,◊) be a complete intuitionistic fuzzy normed space with  1 + 𝑞 ∗ 𝑘 =

𝑘 + 𝑞 ∗ 𝑘  and  1 + 𝑞 ◊ 𝑘 = 𝑘 + 𝑞 ◊ 𝑘  for all 𝑞,𝑘 ∈ [0,1]and let 𝐹,𝐷,𝑃 and 𝑄  be 

four self mappings of 𝑌 satisfying  

 𝑖  𝐹 𝑌 ⊂ 𝑄 𝑌 and𝐷 𝑌 ⊂ 𝑃 𝑌  

 𝑖𝑖 there a constant 𝑟 ∈ (0,1) such that 

 1 + 𝑏𝐺 𝑃𝑧 − 𝑄𝑤, 𝑟𝑡  ∗ 𝐺 𝐹𝑧 − 𝐷𝑤, 𝑟𝑡 

≥ 𝑏 𝐺 𝐹𝑧 − 𝑃𝑧, 𝑟𝑡 ∗ 𝐺 𝐷𝑤 − 𝑄𝑤, 𝑟𝑡 ∗ 𝐺 𝐷𝑤 − 𝑃𝑧, 𝑟𝑡  

+ 𝐺 𝑄𝑤 − 𝑃𝑧, 𝑡 ∗ 𝐺 𝐹𝑧 − 𝑃𝑧, 𝑡 ∗ 𝐺 𝐷𝑤 − 𝑄𝑤, 𝑡 ∗ 𝐺 𝐷𝑤 − 𝑃𝑧,𝛽𝑡 

∗ 𝐺 𝐹𝑧 − 𝑄𝑤,  2 − 𝛽 𝑡  

And 
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 1 + 𝑏𝐻 𝑃𝑧 − 𝑄𝑤, 𝑟𝑡  ◊ 𝐻 𝐹𝑧 − 𝐷𝑤, 𝑟𝑡 

≤ 𝑏 𝐻 𝐹𝑧 − 𝑃𝑧, 𝑟𝑡 ◊ 𝐻 𝐷𝑤 − 𝑄𝑤, 𝑟𝑡 ◊ 𝐻 𝐷𝑤 − 𝑃𝑧, 𝑟𝑡  

+ 𝐻 𝑄𝑤 − 𝑃𝑧, 𝑡 ◊ 𝐻 𝐹𝑧 − 𝑃𝑧, 𝑡 ◊ 𝐻 𝐷𝑤 − 𝑄𝑤, 𝑡 

◊ 𝐻 𝐷𝑤 − 𝑃𝑧,𝛽𝑡 ◊ 𝐻 𝐹𝑧 − 𝑄𝑤,  2 − 𝛽 𝑡  

For all 𝑧,𝑤 ∈ 𝑌  ,0 ≤ 𝑏 ≤ 1 and 𝛽 ∈ (0,2) and 𝑡 > 0. If the pairs  𝐹,𝑃  and (𝐷,𝑄) 

are point wise 𝑅 −weakly commuting and one of the mappings in compatible pair  

(𝐹,𝑃) or (𝐷,𝑄) is continuous ,then 𝐹,𝐷,𝑃𝑎𝑛𝑑 𝑄 have a unique common fixed point. 

Proof 

Since 𝐹 𝑌 ⊂ 𝑄 𝑌 , then for any point 𝑧0 ∈ 𝑌 there exists a point 𝑧1 ∈ 𝑌 such that 

𝐹𝑧0 = 𝑄𝑧1  .And since 𝐷 𝑌 ⊂ 𝑃 𝑌  ,for this point 𝑧1 ∈ 𝑌  there exists 𝑧2 ∈ 𝑌  such 

that 𝐷𝑧1 = 𝑃𝑧2 . 

We can define a sequence {𝑤𝑛 } in 𝑌 such that for 𝑛 = 0,1,2,…𝑤2𝑛 = 𝐹𝑧2𝑛 = 𝑄𝑧2𝑛+1 

And  

𝑤2𝑛+1 = 𝐷𝑧2𝑛+1 = 𝑃𝑧2𝑛+2 

From(𝑖𝑖), for all 𝑡 > 0 and 𝛽 = 1 − ℎ with ℎ ∈ (0,1] and let 𝑧 = 𝑧2𝑛+2  ,𝑤 = 𝑧2𝑛+1 

in(𝑖𝑖), then we get  

 1 + 𝑏𝐺 𝑃𝑧2𝑛+2 −𝑄𝑧2𝑛+1 , 𝑟𝑡  ∗ 𝐺 𝐹𝑧2𝑛+2 − 𝐷𝑧2𝑛+1, 𝑟𝑡 

≥ 𝑏 𝐺 𝐹𝑧2𝑛+2 − 𝑃𝑧2𝑛+2, 𝑟𝑡 ∗ 𝐺 𝐷𝑧2𝑛+1 −𝑄𝑧2𝑛+1 , 𝑟𝑡 

∗ 𝐺 𝐷𝑧2𝑛+1 − 𝑃𝑧2𝑛+2, 𝑟𝑡  + 𝐺 𝑄𝑧2𝑛+1 − 𝑃𝑧2𝑛+2 , 𝑡 

∗ 𝐺 𝐹𝑧2𝑛+2 − 𝑃𝑧2𝑛+2 , 𝑡 ∗ 𝐺 𝐷𝑧2𝑛+1 − 𝑄𝑧2𝑛+1 , 𝑡 

∗ 𝐺 𝐷𝑧2𝑛+1 − 𝑃𝑧2𝑛+2,  1 − ℎ 𝑡 ∗ 𝐺(𝐹𝑧2𝑛+2 −𝑄𝑧2𝑛+1 ,  1 + ℎ 𝑡) 

And  

 1 + 𝑏𝐻 𝑃𝑧2𝑛+2 −𝑄𝑧2𝑛+1, 𝑟𝑡  ◊ 𝐻 𝐹𝑧2𝑛+2 − 𝐷𝑧2𝑛+1, 𝑟𝑡 

≤ 𝑏 𝐻 𝐹𝑧2𝑛+2 − 𝑃𝑧2𝑛+2 , 𝑟𝑡 ◊ 𝐻 𝐷𝑧2𝑛+1 −𝑄𝑧2𝑛+1, 𝑟𝑡 

◊ 𝐻 𝐷𝑧2𝑛+1 − 𝑃𝑧2𝑛+2, 𝑟𝑡  + 𝐻 𝑄𝑧2𝑛+1 − 𝑃𝑧2𝑛+2 , 𝑡 

◊ 𝐻 𝐹𝑧2𝑛+2 − 𝑃𝑧2𝑛+2 , 𝑡 ◊ 𝐻 𝐷𝑧2𝑛+1 − 𝑄𝑧2𝑛+1 , 𝑡 

◊ 𝐻 𝐷𝑧2𝑛+1 − 𝑃𝑧2𝑛+2,  1 − ℎ 𝑡 ◊ 𝐻(𝐹𝑧2𝑛+2 −𝑄𝑧2𝑛+1 ,  1 + ℎ 𝑡) 

 

Since 𝑤2𝑛 = 𝐹𝑧2𝑛 = 𝑄𝑧2𝑛+1and 𝑤2𝑛+1 = 𝐷𝑧2𝑛+1 = 𝑃𝑧2𝑛+2 , we get 
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 1 + 𝑏𝐺 𝑤2𝑛 −𝑤2𝑛+1 , 𝑟𝑡  ∗ 𝐺 𝑤2𝑛+1 −𝑤2𝑛+2, 𝑟𝑡 

≥ 𝑏 𝐺 𝑤2𝑛+2 − 𝑤2𝑛+1, 𝑟𝑡 ∗ 𝐺 𝑤2𝑛+1 −𝑤2𝑛 , 𝑟𝑡 

∗ 𝐺 𝑤2𝑛+1 −𝑤2𝑛+1 , 𝑟𝑡  + 𝐺 𝑤2𝑛 −𝑤2𝑛+1 , 𝑡 ∗ 𝐺 𝑤2𝑛+2 −𝑤2𝑛+1, 𝑡 

∗ 𝐺 𝑤2𝑛+1 −𝑤2𝑛 , 𝑡 ∗ 𝐺 𝑤2𝑛+1 − 𝑤2𝑛+1 ,  1 − ℎ 𝑡 

∗ 𝐺 𝑤2𝑛+2 −𝑤2𝑛 ,  1 + ℎ 𝑡 

≥ 𝑏 𝐺 𝑤2𝑛+2 − 𝑤2𝑛+1, 𝑟𝑡 ∗ 𝐺 𝑤2𝑛+1 −𝑤2𝑛 , 𝑟𝑡  

+ 𝐺 𝑤2𝑛 − 𝑤2𝑛+1 , 𝑡 ∗ 𝐺 𝑤2𝑛+2 −𝑤2𝑛+1 , 𝑡 ∗ 𝐺 𝑤2𝑛 − 𝑤2𝑛+1 ,ℎ𝑡  

And 

 1 + 𝑏𝐻 𝑤2𝑛 −𝑤2𝑛+1 , 𝑟𝑡  ◊ 𝐻 𝑤2𝑛+1 − 𝑤2𝑛+2, 𝑟𝑡 

≤ 𝑏 𝐻 𝑤2𝑛+2 − 𝑤2𝑛+1, 𝑟𝑡 ◊ 𝐻 𝑤2𝑛+1 − 𝑤2𝑛 , 𝑟𝑡 

◊ 𝐻 𝑤2𝑛+1 −𝑤2𝑛+1 , 𝑟𝑡  + 𝐻 𝑤2𝑛 −𝑤2𝑛+1, 𝑡 

◊ 𝐻 𝑤2𝑛+2 −𝑤2𝑛+1 , 𝑡 ◊ 𝐻 𝑤2𝑛+1 −𝑤2𝑛 , 𝑡 

◊ 𝐻 𝑤2𝑛+1 −𝑤2𝑛+1 ,  1 − ℎ 𝑡 ◊ 𝐻 𝑤2𝑛+2 −𝑤2𝑛 ,  1 + ℎ 𝑡 

≤ 𝑏 𝐻 𝑤2𝑛+2 − 𝑤2𝑛+1, 𝑟𝑡 ◊ 𝐻 𝑤2𝑛+1 − 𝑤2𝑛 , 𝑟𝑡  

+ 𝐻 𝑤2𝑛 −𝑤2𝑛+1 , 𝑡 ◊ 𝐻 𝑤2𝑛+2 −𝑤2𝑛+1 , 𝑡 ∗ 𝐺(𝑤2𝑛 −𝑤2𝑛+1 ,ℎ𝑡) 

 

⟹ 𝐺 𝑤2𝑛+1 − 𝑤2𝑛+2, 𝑟𝑡 

≥ 𝐺 𝑤2𝑛 − 𝑤2𝑛+1 , 𝑡 ∗ 𝐺 𝑤2𝑛+2 − 𝑤2𝑛+1 , 𝑡 ∗ 𝐺 𝑤2𝑛 − 𝑤2𝑛+1, ℎ𝑡  

And 

𝐻 𝑤2𝑛+1 − 𝑤2𝑛+2 , 𝑟𝑡 

≤ 𝐻 𝑤2𝑛 −𝑤2𝑛+1 , 𝑡 ◊ 𝐻 𝑤2𝑛+2 −𝑤2𝑛+1 , 𝑡 ◊ 𝐻 𝑤2𝑛 − 𝑤2𝑛+1 ,ℎ𝑡  

Letting ℎ = 1 

⟹  𝐺 𝑤2𝑛+1 − 𝑤2𝑛+2, 𝑟𝑡 ≥ 𝐺 𝑤2𝑛 −𝑤2𝑛+1 , 𝑡 ∗ 𝐺 𝑤2𝑛+1 −𝑤2𝑛+2 , 𝑡  

And 

𝐻 𝑤2𝑛+1 − 𝑤2𝑛+2 , 𝑟𝑡 ≤ 𝐻 𝑤2𝑛 − 𝑤2𝑛+1, 𝑡 ◊ 𝐻 𝑤2𝑛+1 − 𝑤2𝑛+2, 𝑡  

By the same way, we also get  

⟹ 𝐺 𝑤2𝑛+2 − 𝑤2𝑛+3, 𝑟𝑡 ≥ 𝐺 𝑤2𝑛+1 −𝑤2𝑛+2 , 𝑡 ∗ 𝐺 𝑤2𝑛+2 −𝑤2𝑛+3, 𝑡  

And  

𝐻 𝑤2𝑛+2 − 𝑤2𝑛+3 , 𝑟𝑡 ≤ 𝐻 𝑤2𝑛+1 − 𝑤2𝑛+2 , 𝑡 ◊ 𝐻 𝑤2𝑛+2 − 𝑤2𝑛+3 , 𝑡  

In general, for 𝑚 = 1,2,3,… 

𝐺 𝑤𝑚+1 −𝑤𝑚+2 , 𝑟𝑡 ≥ 𝐺 𝑤𝑚 − 𝑤𝑚+1 , 𝑡 ∗ 𝐺 𝑤𝑚+1 − 𝑤𝑚+2, 𝑡  

And 
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𝐻 𝑤𝑚+1 − 𝑤𝑚+2 , 𝑟𝑡 ≤ 𝐻 𝑤𝑚 − 𝑤𝑚+1, 𝑡 ◊ 𝐻 𝑤𝑚+1 −𝑤𝑚+2 , 𝑡  

It follows that for 𝑚 = 1,2,3,… and 𝑝 = 1,2,3,… 

𝐺 𝑤𝑚+1 −𝑤𝑚+2 , 𝑟𝑡 ≥ 𝐺 𝑤𝑚 − 𝑤𝑚+1 , 𝑡 ∗ 𝐺  𝑤𝑚+1 −𝑤𝑚+2 ,
𝑡

𝑟𝑝
  

And 

𝐻 𝑤𝑚+1 − 𝑤𝑚+2 , 𝑟𝑡 ≤ 𝐻 𝑤𝑚 − 𝑤𝑚+1, 𝑡 ◊ 𝐻  𝑤𝑚+1 − 𝑤𝑚+2 ,
𝑡

𝑟𝑝
  

As 𝑝 → ∞ 

⟹ 𝐺 𝑤𝑚+1 −𝑤𝑚+2 , 𝑟𝑡 ≥ 𝐺 𝑤𝑚 −𝑤𝑚+1 , 𝑡  

And 

𝐻 𝑤𝑚+1 − 𝑤𝑚+2 , 𝑟𝑡 ≤ 𝐻 𝑤𝑚 − 𝑤𝑚+1, 𝑡  

Then from lemma (2.17) we get  𝑤𝑚   is a Cauchy sequence in (𝑌,𝐺,𝐻,∗,◊). 

Since (𝑌,𝐺,𝐻,∗,◊) is a complete space  

⟹ ∃𝑥 ∈ 𝑌 such that 𝑤𝑚 → 𝑥 as 𝑛 → ∞ 

⟹ 𝐹𝑧2𝑛 → 𝑥as𝑛 → ∞, 

𝑄𝑧2𝑛+1 → 𝑥as𝑛 → ∞, 

𝐷𝑧2𝑛+1 → 𝑥as𝑛 → ∞ and 𝑃𝑧2𝑛+2 → 𝑥 as 𝑛 → ∞ . 

Now, assume that  𝐹,𝑃  is a compatible pair and 𝑃  is continuous. then by 

Proposition(3.9) we get 𝐹  and 𝑃  are reciprocally continuous thus 𝑃𝐹𝑧𝑛 → 𝑃𝑥  and 

𝐹𝑃𝑧𝑛 → 𝐹𝑥 as 𝑛 → ∞ . 

Since (𝐹,𝑃) is a compatible pair  

⟹ lim
𝑛→∞

𝐺(𝐹𝑃 𝑧𝑛 − 𝑃𝐹𝑧𝑛 , 𝑡) = 1 

And  

lim
𝑛→∞

𝐻(𝐹𝑃 𝑧𝑛 − 𝑃𝐹𝑧𝑛 , 𝑡) = 0 

⟹ 𝐺 𝐹𝑥 − 𝑃𝑥, 𝑡 = 1 

And 

𝐻 𝐹𝑥 − 𝑃𝑥, 𝑡 = 0 

⟹ 𝐹𝑥 = 𝑃𝑥 

Since 𝐹 𝑌 ⊂ 𝑄 𝑌 , there exists a point 𝑦 ∈ 𝑌 such that 𝐹𝑥 = 𝑄𝑦 

⟹ 𝐹𝑥 = 𝑄𝑦 = 𝑃𝑥 

From (𝑖𝑖) and take 𝛽 = 1, we get 
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 1 + 𝑏𝐺 𝑃𝑥 − 𝑄𝑦, 𝑟𝑡  ∗ 𝐺 𝐹𝑥 − 𝐷𝑦, 𝑟𝑡 

≥ 𝑏 𝐺 𝐹𝑥 − 𝑃𝑥, 𝑟𝑡 ∗ 𝐺 𝐷𝑦 − 𝑄𝑦, 𝑟𝑡 ∗ 𝐺 𝐷𝑦 − 𝑃𝑥, 𝑟𝑡  

+ 𝐺 𝑄𝑦 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝐹𝑥 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝐷𝑦 − 𝑄𝑦, 𝑡 ∗ 𝐺 𝐷𝑦 − 𝑃𝑥, 𝑡 

∗ 𝐺(𝐹𝑥 − 𝑄𝑦, 𝑡) 

And  1 + 𝑏𝐻 𝑃𝑥 − 𝑄𝑦, 𝑟𝑡  ◊ 𝐻 𝐹𝑥 − 𝐷𝑦, 𝑟𝑡 ≤ 𝑏 𝐻 𝐹𝑥 − 𝑃𝑥, 𝑟𝑡 ◊ 𝐻 𝐷𝑦 −

𝑄𝑦,𝑟𝑡◊𝐻𝐷𝑦−𝑃𝑥,𝑟𝑡+𝐻𝑄𝑦−𝑃𝑥,𝑡◊𝐻𝐹𝑥−𝑃𝑥,𝑡◊𝐻𝐷𝑦−𝑄𝑦,𝑡◊𝐻𝐷𝑦−𝑃𝑥,𝑡◊𝐻(𝐹𝑥−𝑄𝑦,𝑡) 

⟹ 𝐺 𝐹𝑥 − 𝐷𝑦, 𝑟𝑡 ≥ 𝐺 𝐹𝑥 − 𝐷𝑦, 𝑡  

And  

𝐻 𝐹𝑥 − 𝐷𝑦, 𝑟𝑡 ≤ 𝐻 𝐹𝑥 − 𝐷𝑦, 𝑡 ,∀𝑡 > 0 

Then by lemma (2.18) 

⟹ 𝐹𝑥 = 𝐷𝑦 

⟹ 𝐹𝑥 = 𝐷𝑦 = 𝑃𝑥 = 𝑄𝑦 

Since 𝐹 and 𝑃 are 𝑅 −weakly commuting mappings, then there exists 𝑅 > 0 such that 

𝐺 𝐹𝑃𝑥 − 𝑃𝐹𝑥, 𝑡 ≥ 𝐺  𝐹𝑥 − 𝑃𝑥,
𝑡

𝑅
  and 𝐻 𝐹𝑃𝑥 − 𝑃𝐹𝑥, 𝑡 ≤ 𝐻  𝐹𝑥 − 𝑃𝑥,

𝑡

𝑅
  

Since 𝐹𝑥 = 𝑃𝑥 

⟹ 𝐺  𝐹𝑥 − 𝑃𝑥,
𝑡

𝑅
 = 1and𝐻  𝐹𝑥 − 𝑃𝑥,

𝑡

𝑅
 = 0 

⟹ 𝐺 𝐹𝑃𝑥 − 𝑃𝐹𝑥, 𝑡 ≥ 1and𝐻 𝐹𝑃𝑥 − 𝑃𝐹𝑥, 𝑡 ≤ 0 

⟹ 𝐺 𝐹𝑃𝑥 − 𝑃𝐹𝑥, 𝑡 = 1and𝐻 𝐹𝑃𝑥 − 𝑃𝐹𝑥, 𝑡 = 0 

⟹ 𝐹𝑃𝑥 = 𝑃𝐹𝑥 

And since 𝐹𝑥 = 𝑃𝑥 

⟹ 𝐹𝐹𝑥 = 𝐹𝑃𝑥 and𝑃𝐹𝑥 = 𝑃𝑃𝑥 

∴ 𝐹𝐹𝑥 = 𝐹𝑃𝑥 = 𝑃𝐹𝑥 = 𝑃𝑃𝑥 

Similarly, since 𝐷 and 𝑄 are point wise 𝑅 −weakly commuting mappings, then there 

exists 𝑅 > 0 such that   

𝐺 𝐷𝑄𝑦 − 𝑄𝐷𝑦, 𝑡 ≥ 𝐺  𝐷𝑦 − 𝑄𝑦,
𝑡

𝑅
  

and 

𝐻 𝐷𝑄𝑦 − 𝑄𝐷𝑦, 𝑡 ≤ 𝐻  𝐷𝑦 − 𝑄𝑦,
𝑡

𝑅
  

Since 𝐷𝑦 = 𝑄𝑦 

⟹ 𝐺  𝐷𝑦 − 𝑄𝑦,
𝑡

𝑅
 = 1and𝐻  𝐷𝑦 − 𝑄𝑦,

𝑡

𝑅
 = 0 
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⟹ 𝐺 𝐷𝑄𝑦 − 𝑄𝐷𝑦, 𝑡 ≥ 1and𝐻 𝐷𝑄𝑦 − 𝑄𝐷𝑦, 𝑡 ≤ 0 

⟹ 𝐺 𝐷𝑄𝑦 − 𝑄𝐷𝑦, 𝑡 = 1and𝐻 𝐷𝑄𝑦 − 𝑄𝐷𝑦, 𝑡 = 0 

⟹ 𝐷𝑄𝑦 = 𝑄𝐷𝑦 

And since 𝐷𝑦 = 𝑄𝑦 

⟹ 𝑄𝐷𝑦 = 𝑄𝑄𝑦 and𝐷𝐷𝑦 = 𝐷𝑄𝑦 

⟹ 𝐷𝐷𝑦 = 𝑄𝐷𝑦 = 𝐷𝑄𝑦 = 𝑄𝑄𝑦 

Again from (𝑖𝑖) and choose 𝛽 = 1, we have 

 1 + 𝑏𝐺 𝑃𝐹𝑥 − 𝑄𝑦, 𝑟𝑡  ∗ 𝐺 𝐹𝐹𝑥 − 𝐷𝑦, 𝑟𝑡 

≥ 𝑏 𝐺 𝐹𝐹𝑥 − 𝑃𝐹𝑥, 𝑟𝑡 ∗ 𝐺 𝐷𝑦 − 𝑄𝑦, 𝑟𝑡 ∗ 𝐺 𝐷𝑦 − 𝑃𝐹𝑥, 𝑟𝑡  

+ 𝐺 𝑄𝑦 − 𝑃𝐹𝑥, 𝑡 ∗ 𝐺 𝐹𝐹𝑥 − 𝑃𝐹𝑥, 𝑡 ∗ 𝐺 𝐷𝑦 − 𝑄𝑦, 𝑡 

∗ 𝐺 𝐷𝑦 − 𝑃𝐹𝑥, 𝑡 ∗ 𝐺(𝐹𝐹𝑥 − 𝑄𝑦, 𝑡) 

And 

 1 + 𝑏𝐻 𝑃𝐹𝑥 − 𝑄𝑦, 𝑟𝑡  ◊ 𝐻 𝐹𝐹𝑥 − 𝐷𝑦, 𝑟𝑡 

≤ 𝑏 𝐻 𝐹𝐹𝑥 − 𝑃𝐹𝑥, 𝑟𝑡 ◊ 𝐻 𝐷𝑦 − 𝑄𝑦, 𝑟𝑡 ◊ 𝐻 𝐷𝑦 − 𝑃𝐹𝑥, 𝑟𝑡  

+ 𝐻 𝑄𝑦 − 𝑃𝐹𝑥, 𝑡 ◊ 𝐻 𝐹𝐹𝑥 − 𝑃𝐹𝑥, 𝑡 ◊ 𝐻 𝐷𝑦 − 𝑄𝑦, 𝑡 

◊ 𝐻 𝐷𝑦 − 𝑃𝐹𝑥, 𝑡 ◊ 𝐻(𝐹𝐹𝑥 − 𝑄𝑦, 𝑡) 

⟹ 𝐺 𝐹𝐹𝑥 − 𝐹𝑥, 𝑟𝑡 ≥ 𝐺 𝐹𝐹𝑥 − 𝐹𝑥, 𝑡 and𝐻 𝐹𝐹𝑥 − 𝐹𝑥, 𝑟𝑡 ≤ 𝐻 𝐹𝐹𝑥 − 𝐹𝑥, 𝑡  

Then by lemma (2.18), we get 

𝐹𝐹𝑥 = 𝐹𝑥 

⟹ 𝐹𝑥 = 𝑃𝐹𝑥 

∴ 𝐹𝑥 is a common fixed point of 𝐹 and 𝑃. 

Again by (𝑖𝑖) and choose 𝛽 = 1,we get 

 1 + 𝑏𝐺 𝑃𝑥 − 𝑄𝐷𝑦, 𝑟𝑡  ∗ 𝐺 𝐹𝑥 − 𝐷𝐷𝑦, 𝑟𝑡 

≥ 𝑏 𝐺 𝐹𝑥 − 𝑃𝑥, 𝑟𝑡 ∗ 𝐺 𝐷𝐷𝑦 − 𝑄𝐷𝑦, 𝑟𝑡 ∗ 𝐺 𝐷𝐷𝑦 − 𝑃𝑥, 𝑟𝑡  

+ 𝐺 𝑄𝐷𝑦 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝐹𝑥 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝐷𝐷𝑦 − 𝑄𝐷𝑦, 𝑡 

∗ 𝐺 𝐷𝐷𝑦 − 𝑃𝑥, 𝑡 ∗ 𝐺 𝐹𝑥 − 𝑄𝐷𝑦, 𝑡  

And 

 1 + 𝑏𝐻 𝑃𝑥 − 𝑄𝐷𝑦, 𝑟𝑡  ◊ 𝐻 𝐹𝑥 − 𝐷𝐷𝑦, 𝑟𝑡 

≤ 𝑏 𝐻 𝐹𝑥 − 𝑃𝑥, 𝑟𝑡 ◊ 𝐻 𝐷𝐷𝑦 − 𝑄𝐷𝑦, 𝑟𝑡 ◊ 𝐻 𝐷𝐷𝑦 − 𝑃𝑥, 𝑟𝑡  

+ 𝐻 𝑄𝐷𝑦 − 𝑃𝑥, 𝑡 ◊ 𝐻 𝐹𝑥 − 𝑃𝑥, 𝑡 ◊ 𝐻 𝐷𝐷𝑦 − 𝑄𝐷𝑦, 𝑡 

◊ 𝐻 𝐷𝐷𝑦 − 𝑃𝑥, 𝑡 ◊ 𝐻 𝐹𝑥 − 𝑄𝐷𝑦, 𝑡  
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⟹ 𝐺 𝐷𝑦 − 𝑄𝐷𝑦, 𝑟𝑡 ≥ 𝐺 𝐷𝑦 − 𝑄𝐷𝑦, 𝑡 and𝐻 𝐷𝑦 − 𝑄𝐷𝑦, 𝑟𝑡 ≤ 𝐻 𝐷𝑦 − 𝑄𝐷𝑦, 𝑡  

Then by lemma (2.18), we get  

𝑄𝐷𝑦 = 𝐷𝑦 = 𝐷𝐷𝑦 

Then 𝐷𝑦 is a common fixed point of 𝐷 and 𝑄. 

Since 𝐷𝑦 = 𝐹𝑥 

⟹ 𝐹𝑥is a common fixed point of 𝐹,𝐷,𝑃 and 𝑄. 

For the uniqueness, 

Suppose that 𝐹𝑣 is a common fixed point of 𝐹,𝐷,𝑃and 𝑄 and 𝐹𝑣 ≠ 𝐹𝑥. 

From (𝑖𝑖) and choose 𝛽 = 1, we get 

 1 + 𝑏𝐺 𝑃𝐹𝑥 − 𝑄𝐹𝑣, 𝑟𝑡  ∗ 𝐺 𝐹𝐹𝑥 − 𝐷𝐹𝑣, 𝑟𝑡 

≥ 𝑏 𝐺 𝐹𝐹𝑥 − 𝑃𝐹𝑥, 𝑟𝑡 ∗ 𝐺 𝐷𝐹𝑣 − 𝑄𝐹𝑣, 𝑟𝑡 ∗ 𝐺 𝐷𝐹𝑣 − 𝑃𝐹𝑥, 𝑟𝑡  

+ 𝐺 𝑄𝐹𝑣 − 𝑃𝐹𝑥, 𝑡 ∗ 𝐺 𝐹𝐹𝑥 − 𝑃𝐹𝑥, 𝑡 ∗ 𝐺 𝐷𝐹𝑣 − 𝑄𝐹𝑣, 𝑡 

∗ 𝐺 𝐷𝐹𝑣 − 𝑃𝐹𝑥, 𝑡 ∗ 𝐺 𝐹𝐹𝑥 − 𝑄𝐹𝑣, 𝑡  

And  

 1 + 𝑏𝐻 𝑃𝐹𝑥 − 𝑄𝐹𝑣, 𝑟𝑡  ◊ 𝐻 𝐹𝐹𝑥 − 𝐷𝐹𝑣, 𝑟𝑡 

≤ 𝑏 𝐻 𝐹𝐹𝑥 − 𝑃𝐹𝑥, 𝑟𝑡 ◊ 𝐻 𝐷𝐹𝑣 − 𝑄𝐹𝑣, 𝑟𝑡 ◊ 𝐻 𝐷𝐹𝑣 − 𝑃𝐹𝑥, 𝑟𝑡  

+ 𝐻 𝑄𝐹𝑣 − 𝑃𝐹𝑥, 𝑡 ◊ 𝐻 𝐹𝐹𝑥 − 𝑃𝐹𝑥, 𝑡 ◊ 𝐻 𝐷𝐹𝑣 − 𝑄𝐹𝑣, 𝑡 

◊ 𝐻 𝐷𝐹𝑣 − 𝑃𝐹𝑥, 𝑡 ◊ 𝐻 𝐹𝐹𝑥 − 𝑄𝐹𝑣, 𝑡  

⟹ 𝐺 𝐹𝑥 − 𝐹𝑣, 𝑟𝑡 ≥ 𝐺 𝐹𝑥 − 𝐹𝑣, 𝑡 and𝐻 𝐹𝑥 − 𝐹𝑣, 𝑟𝑡 ≤ 𝐻 𝐹𝑥 − 𝐹𝑣, 𝑡  

Then by lemma (2.18) we get 

𝐹𝑥 = 𝐹𝑣 

Therefore Fx is a unique common fixed point of F,D,Pand Q.■ 
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