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1. Introduction

The concept of fuzzy was introduced by Zadeh [13]. Atanassov [1] defined the notion
of intuitionistic fuzzy set. Katsaras [5] introduced the concept of fuzzy normed
space.In [9] Park and Saadati introduced the concept of intuitionistic fuzzy normed
space. M.S. Chauhan,V.H. Badshah and Deepti Sharma [3] proved common fixed
point theorem for four self-mappings in fuzzy normed space using compatible
mappings. In this paper, we prove new common fixed point theorem for mappings by
using the concepts R-weakly commuting, compatibleand reciprocally continuous

mappings in fuzzy normed space and intuitionistic fuzzy normed space.

2. Preliminaries
Definition (2.1)[13]:

Let X be a non-empty set and I be the closed interval I = [0,1] of real numbers. A

fuzzy set H in X (or a fuzzy subset from X) is a function from X into 1 =[0,1]. If
H is a fuzzy set in X then H is described as characteristic function which connects
every x € X to real number H(x) in the interval I. H(x)is the grade of membership
function to x inH. Hcan be described completely as : H = {(x ,H(x)):x € X, 0 <
Hx<1 or H=Hrx x€EX

whereH (x) is called the membership function for the fuzzy set H.
The family of all fuzzy sets in X is denoted by 1.
Definition (2.2)[1]:

Let X be a non-empty set. An intuitionistic fuzzy set (In short, IFS) B is an object

having the form:

B={(x,Gg(x),Hz(x)),x € X}, where the functions Gz:X — I and Hz:X — I
denote the degree of membership and the degree of non-membership of each element
x € X to the set A (respectively) and 0 < Gp(x) + Hz(x) <1 for all x € X. The
family of all intuitionistic fuzzy sets denoted by IF(X).

Furthermore, we call:

mg(x) =1— Gg(x) — Hg(x), x € X, the intuitionistic index or hesitancy degree of
x in B. It is obvious that 0 < mz(x) <1 forall x € X.

Definition (2.3)[12]:
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Let « be a binary operation on the set I = [0,1], i.ex: [0,1] X [0,1] - [0,1] is a

function, then = is said to be t-norm (triangular-norm) on the set I if = satisfies the
following axioms :

(1) =is commutative and associative ;

(2) ax1=aqa forall a € [0,1];

(3)if b,c € I suchthatb < c,then axb <axcforall a €l;

In addition, if = is continuous then = is called a continuous t-norm.

Definition ( 2.4)[12]:

Let ¢ be a binary operation on the set I = [0,1], then ¢ is said to be t-conorm

(triangular-conorm) on the set I if ¢ satisfies the following axioms:

(1) ¢ iscommutative and associative ;

(2) a¢00=a forall a € [0,1];

(3)if b,c € I suchthatb < c,then a0b <adcforall a €I;

In addition, If ¢ is continuous then ¢is called a continuous t-conorm.

Definition (2.5) [5]:

The 3-tuple (X, G,*) is said to be a fuzzy normed space (In short, FNS) if X is a linear

space over the field F, = is a continuous t-norm and G is a fuzzy set in X X
(0,0)(i.e. G : X x (0,0) - [0,1]) satisfying the following conditions: for all
x,y € X and t,s > 0;

(FN.1) G(x,t) > 0;

(FN.2) G(x,t) =1ifandonlyif x = 0;

(FN.3) G(ax,t) =G (x,ls{—l)for all a € FI{0} ;

(FN.4)G(x+y,t+s)=G(x,t) ~ G(y,s);
(FN.5) G(x,»): (0,0) - [0,1]is continuous ;
(FN.6)lim,_, G(x,t) =1 andlim,,, G(x,t) =0 ;
Furthermore, assume that (X, G,*) satisfying the following conditions:
(FN.7)a*a=a,Va €[0,1];
(FN.8)G(x,t) >0,Vvt>0 = x=0.
Lemma(2.6)[10.4]:
Let (X,G,*) be a fuzzy normed space.Then:
(1)G(x ,e)is non-decreasing with respectto t for each x € X.
(2)G(—x,t) = G(x,t), henceG(x —y,t) = G(y — x, t)for all
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x,y€X.
Definition (2.7) [2]:

Let (X,G ,x) be afuzzy normed space, then:

(1)A sequence {x,}in X is said to be convergentto x € X if for each € € (0,1)and
t > 0, there exists ny € Z* such that
G(x, —x,t)>1—¢forall n > n,.
(or equivalently,lim,,_,.. G(x, —x,t) = 1)

(2)A sequence {x,} in X is said to be Cauchy if for each ¢ € (0,1) and ¢t > 0, there
exists ny € Zt such that G(x,—x,,,t) >1—€¢ for all n,m=n,. (or
equivalently,lim,, ,, ., G(x, —x,, ,t) =1 ).

Definition (2.8) [2]:

A fuzzy normed space (X, G ,*)is said to be complete if every Cauchy sequence is
convergent sequence.

Definition(2.9) [8]:

Let (X, G ,*) be a fuzzy normed linear space and S:X — X be a mapping . Sis said to
be continuous ,if for every x € X, x,, —» x implies

Sx, — Sx.
Lemma (2.10)[8]:
In fuzzy normed space(X, G,*),if for x € X, G(x, kt) = G(x,t),for every t > 0 and

some 0 < k < 1,then x = 0.
Lemma (2.11)[8]:

A sequence {x,} in fuzzy normed space (X,G,*) satisfying G(x, .1 — X, kt) =

G(x, —x,_1,t) ,forevery t > 0 and some 0 < k < 1 ,is a Cauchy sequence.
Definition (2.12)[9]:

The 5-tuple (X, G, H,*,0) is said to be an intuitionistic fuzzy normed space (In short,

IFNS) if X is a linear space over field F,* is a continuous t-norm , ¢ is a continuous t-
conorm and G,H are fuzzy sets in X x (0,0)(i.e. G,H:X x (0,0) - [0,1])
satisfying the following conditions: for all x,y € X and t,s > 0,

(IFN.1) G(x,t) + H(x,t) < 1;
(IFN.2) G(x,t) > 0;
(IFN.3) G(x,t) = 1ifand only if x = 0;

(IFN.4) G(ax,t) = G (x, ﬁ)for each F|{0};
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(IFN.5) G(x+ y,t+5s) = G(x,t) *G(y,s);

(IFN.6) G(x,»): (0,%0) — [0,1]is continuous;
(IFN.7)lim,, G(x,t) = 1andlim,,,G(x,t) = 0;
(IFN.8) H(x,t) < 1;

(IFN.9) H(x,t) = 0ifand only if x = 0;

(IFN.10) H(ax,t) = H (x |;—|)for each F|{0};

(IFN.11)H(x +y,t+s) < H(x,t) ¢ H(y,s)

(IFN.12) H(x,») : (0,00) = [0,1]is continuous .

(IFN.13) lim,_, H(x,t) = 0 andlim,_, H(x,t) = 1.

Furthermore, assume that (X, G, H,*,0) satisfying the following conditions:
(IFN14)a*a=a and a0 a = a ,Va € [0,1];

(IFN.15)G(x,t) >0and H(x,t) < 1,vt >0 = x =0.

Lemma (2.13)[9]:

Let(X, G, H,x,9) be an intuitionistic fuzzy normed space. Then for any t> 0:
(i)Every fuzzy normed space (X, G,*) is an intuitionistic fuzzy normed space of the
form (X, G,1 — G,,0) such that t-norm = and t-conorm ¢ are dual.

(ii)G(x,t)and H(x,t) are non-decreasing and non-increasing with respect to t,
respectively.

(iii) G(x —y,t) =G(y—x,t)and H(x —y,t) =H(y —x,t)forallx,y € X .

finition (2.14) [11]:

Let (X, G, H,x) be an intuitionistic fuzzy normed space, then:

(1) A sequence {x,}in X is said to be convergent to x € X , if for each € €
(0,1)and t > 0, there exist ny € Z* such that G(x,, —x,t) >1—¢€ and H(x, —
X, (<€

for all n = ny. ( or equivalentlylim,,_,, G(x, — x,t) = 1and lim,,_, H(x,, — x,t) =
0).

(2) A sequence {x, }in X is said to be Cauchy , if for each e € (0,1)andt >0,
there exist ny, € Z* such that G(x,, — x,, ,t) > 1 —¢€ and H(x, — x,, ,t) < € for all
n,m = nq. (or equivalently lim,, ,,, ., G(x, — x,,,t) =1 and

limy, pooH (X, — X, t) =0).

Definition (1.15) [11]:
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An intuitionistic fuzzy normed space (X, G, H,*,0)is said to be complete if every

Cauchy sequence in Xis convergent sequence.

Definition (2.16) [7]:

Let (X,G,H,*9) and(Y,G,H,*,0) are two intuitionistic fuzzy normed space . A
functiong : X — Y is said to be continuous at a point x, € X if for any sequence
{x,} in X converging to a point x, € X, then the sequence {g(x, )} in Y convergence
to a point (xy) € Y . If g is continuous at each point of X, then g is continuous on X.
Lemma (2.17)[6]:

Let (X, G, H,*,0) be an intuitionistic fuzzy normed space and{z,} be a sequence in X
such that

G(zy41 — 2y, kt) = G(z, — 2z,_1,t) andH(z, 41 — 2, kt) < H(z, — z,_4,t) , Vt>
0,n € Nand 0 < k < 1. Then the sequence {z,} is a Cauchy sequence in(X, G, H,x
0.

Lemma (2.18):

Let (X, G, H,*0) be an intuitionistic fuzzy normed space, if there exists k € (0,1)
such that

G(z—w,kt)=>G(z—w,t)

And

H(z—-w,kt) <H(z—w,t)

Vz,weX,thenz=w

Proof:

Since G(z —w,kt) = G(z—w,t)and H(z—w,kt) < H(z—w,t)

ThenG(z —w,t) = G(z—w,%) and H(z—w,t) < H(Z—W,%)

t kt t
G(Z—W,E) = G(Z—W;ﬁ) = G(Z—W,ﬁ)

And

t kt t
H(Z—W,E) = H(Z—W,ﬁ) < H(z—w,ﬁ)

By repeat the above operations, we get

t t t
G(z—w,t) = G(Z—W,E) > G(Z—W,ﬁ) > 26(z— W,k—n) >
And

t t t
H(z—-w,t) < H(Z—W,E) < H(Z—W,ﬁ) <. < H(z—w,k—n) < -
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Since k € (0,1) then for n € N which tends to 1 and 0 as n — o, respectively

= 6z-wt)=1landHz—-w,t) =0,Vt>0

= Z=Ww. |

3. Main Results

Definition (3.1):

Let F and T be self mappings of a fuzzy normed space (Y, G,*), then a pair (F,T) is

said to be compatible if lim, . G(FTy, —TFy,,t) = 1forall t > 0, whenever {y,}
IS a sequence in Y such that lim,, ., Fy,, = lim,,_, Ty, = vforsomev €Y .
Definition (3.2):

Let F and T be self mappings of a fuzzy normed space (Y, G,*), then a pair (F,T) is

said to be reciprocally continuous if FTw,, —» Fw and TFw, — Tw whenever {w, } is
a sequence such that Fw, - w and Tw,, - w for somew € Y asn - o

Definition (3.3)[8]:

Let F and T be self mappings of a fuzzy normed space (Y, G,*), then a pair (F,T) is

said to R —weakly commuting if given x € Y there exist R > 0 such that G(FTx —
TFx,t) = G(Fx = Tx,7) .

Definition (3.4):

Let F and T be self mappings of a fuzzy normed space (Y, G, H,*,9), then a pair
(F,T) is said to be compatible if lim,_,G(FTy,—TFy,,t)=1 and

lim,_, H(FTy, — TFy, ,t) = 0 for all t > 0, whenever {y,} is a sequence in Y such
that lim,,_,, Fy,, = lim,_,, Ty, = vforsomev eY.
Definition (3.5):

Let F and T be self mappings of an intuitionistic fuzzy normed space (Y, G, H,*

,0.then a pair /4, 7is said to be reciprocally continuous if #7wn— Fwand 7Fwn— 7w
whenever {w, } is a sequence such that Fw, - w and Tw,, - w for some w € Y as
n — oo,

Definition (3.6):

A pair (F, S) of self mappings of intuitionistic fuzzy normed space (Y, G, H,*,0) is

said to be R —weakly commuting if there exists a positive real number R such
that G(FSz — SFz,t) 2 G (FZ - SZ'%) and H(FSz—SFz,t) <H (Fz — Sz,%) for

everyzeYandt > 0.
Proposition (3.7):
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Let (Y, G,*) be a complete fuzzy normed space with (1 + q) * k = k + q * kfor all

q,k € [0,1]and let F, D, P and Q be four self mappings of Y satisfying
(i) F(Y) c Q(Y)andD(Y) c P(Y)
(ii)there exists a constant r € (0,1) such that
(1 + bG(Pz — Qw, rt)) x G(Fz— Dw,rt)
> b(G(FZ — Pz,rt) * G(Dw — Qw, rt) x G(Dw — Pz, rt))
+ G(Qw — Pz,t) x G(Fz — Pz,t) * G(Dw — Qw, t) * G(Dw — Pz, Bt)
*G(Fz—Qw, (2 - p)t)
Forall,weY ,0<b<1landp € (0,2)andt > 0.If the pairs (F,P) and (D, Q) are
R —weakly commuting ,then one continuity of the mappings in compatible pair (F, P)
or (D, Q) implies their reciprocal continuity.
Proof
Let F and P be compatible and P be continuous we will show that F and P are
reciprocally continuous.let{x,} be a sequence such that Fx, —» x and Px, — x for
some x € Y asn — «.Since P is continuous
= PFx, - PxandPPx,, - Pxasn — o
And since (F, P) is compatible, we have
lim,_,, G(FPx, — PFx,,t) =1, Vt>0
= lim,,_,, G(FPx, — Px,t) =1Vt >0
= FPx, = Pxasn -» o«
Since F(Y) c Q(Y)
For each n, there exists {y,} such that F(Px,) = Q(y,) i.e. FPx, = Qy, , thus we
have
PPx, - Px asn — «,PFx, » Px as n »« , FPx, - Px as n - « and Qy, —
Pxasn —» «.
From (ii) and choose 8 = 1, we have
(1 + bG(PPx, — Qy,,7t)) * G(FPx, — Dy,,1t)
> b(G(FPx, — PPx,,rt) * G(Dy, — Qy,,rt) * G(Dy, — PPxn,rt))
+ G(Qy,, — PPx,,t) * G(FPx,, — PPx,,t) * G(Dy,, — Qy,,t)
* G(Dy, — PPx,,t) * G(FPx, — Qy,,t)

Takingn — o
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= (1 + bG(Px — Px, rt)) * G(Px — Dy,,rt)
> b(G (Px — Px,rt) * G(Dy, — Px,rt) * G(Dy, — Px,rt))
+ G(Px — Px,t) * G(Px — Px,t) * G(Dy, — Px,t) x G(Dy, — Px,t)
* G(Px — Px,t)
= G(Px — Dy,,rt) = G(Dy, — Px,t)
By lemma (2.10), we have Dy, = Px asn = «
Again by (ii) and we choose f = 1, we get
(1 + bG(Px — Qy,,1t)) * G(Fx — Dy,,t)
> b(G(Fx — Px,rt) * G(Dy, — Qy,,7t) * G(Dy, — Px,rt))
* G(Qy, — Px,t) * G(Fx — Px,t) * G(Dy,, — Qy,, t)
* G(Dy, — Px,t) * G(Fx — Qy,,t)
Taking n - o
= (1 + bG(Px — Px, rt)) * G(Fx — Px,rt)
> b(G(Fx — Px,rt) * G(Px — Px,rt) * G(Px — Px, rt))
+ G(Px — Px,t) * G(Fx — Px,t) * G(Px — Px,t) * G(Px — Px,t)

* G(Fx — Qy,,t)
= G(Fx — Px,rt) > G(Fx — Px,t)
By lemma (2.10)

= Fx = Px

= PFx, - PxandFPx, - Px = Fx asn - «

= F andP are reciprocally continuous on Y.

Similarly, if the pair (D, Q) is compatible and Q is continuous then D and Q are

reciprocally continuouson Y. m

Theorem (3.8):
Let (Y, G,*) be a complete fuzzy normed space with (1 + q) * k = k + q = kfor all

q,k € [0,1]and let F, D, P and Q be four self mappings of Y satisfying

() F(Y) c Q(Y)andD(Y) < P(Y)

(ii)there exists a constant r € (0,1) such that

(1 + bG(Pz — Qw, rt)) x G(Fz — Dw,rt)
> b(G(Fz — Pz, rt) « G(Dw — Qw, rt) * G(Dw — Pz,rt))
+ G(Qw — Pz,t) * G(Fz — Pz, t) * G(Dw — Qw, t) x G(Dw — Pz, Bt)
*G(Fz—Qw,(2 - p)t)
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Forall,weY ,0<b<1landp € (0,2)andt > 0.If the pairs (F,P) and (D, Q) are

R —weakly commuting and one of the mappings in compatible pair (F,P) or (D, Q)
is continuous,then F, D, Pand Q have a unique common fixed point.
Proof
Since F(Y) c Q(Y), then for any point z, € Y there exists a point z; € Y such that
Fzy = Qz,.And since D(Y) c P(Y) ,for this point z; € Y there exists z, € Y such
that Dz; = Pz,.
We can define a sequence {w,} in Y such that forn = 0,1,2, ...w,, = Fz, = QZ3,41
And
Wan+1 = DZany1 = PZon4o
From(ii), for allt >0and f =1—hwithh € (0,1] and let z = z,, 4,5 , W = Z3,, 44
in(ii), then we get
(14 bG(Pz2n17 — Qz2n41,70)) * G(FZpp 42 — DZpyyq,7T)

> b(G(Fzyp42 = PZos2,7t) * G(DZ3p 41 — QZpn41,Tt)

* G(DZzn41 — PZan42, 7)) + G(Q2Z2 11 — PZpy 2, 1)

* G(FZynyg — PZoni2,t) * G(DZan 1 — QZap41,t)

* G(DZyn i1 — PZony2, (1 — R)E) % G(FZ2n 42 — QZap 41, (1 4+ M)T)
Since wy, = Fzyn, = QZpp4180d Won 11 = DZpp 1 = PZpu42, We get
(1 + bG(way — Won41,78)) * G(Wap 41 — Wop 42, T)

> b(G Want2 — Wan41,TE) * G(Wap 41 — Wap, Tt)

* G(Won1 — Wons1,T0)) + GWap — Wop i1, t) ¥ G(Wop iz — Wop 41, t)

* G(Wany1 — Wan, £) * G(Wan 1 — Wan g1, (1 — R)E)

* G(Wapi2 — o, (1 4+ )E)

> b(G(Wans2 — Wans1,7t) ¥ G(Wap i1 — Wop, 7))

+ G(Wap = Wany1,8) * G(Wanyp — Wopg1, t) * G(Wan — Wopqq, ht)
= G(Wan11 — Wany2, Tt)

= G(Wan — Wanp1, 8) ¥ GWapi2 — Wany1, t) * G(Way — Wapn 41, ht)
Puth =1
= G(Wanq1 — Wany2,T8) = G(Wop — Wy, 1) * G(Wop i1 — Wopyp, £)
In the similar way, we also get
= G(Wany2 = Wany3,Tt) = GWop i — Wopgp, £) ¥ G(Wap gy — Wap 3, t)

In general, form = 1,2,3, ...
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G(Wm+1 - Wm+2'rt) = G(Wm - Wm+1jt) * G(Wm+1 — Wm+2, t)

It follows that form = 1,2,3,...and p = 1,2,3, ...

t
G(Wm+1 - Wm+2'rt) = G(Wm - Wm+1Jt) * G (Wm+1 - Wm+2'r_p)

Asp - o

= G(Wpp1 — Wiy, Tt) = G(Wy, — Wiy yq, t)

Then from lemma (2.11) we get {w,, } is a Cauchy sequence in (Y, G,*).

Since (Y, G,*) is a complete space

= 3Jx € Y such that w,, » xasn - «

= Fz,, — xasn — oo,

Q73,41 = xaSN = o,

Dzy,+1 = xasn » wand Pzy,,, > xasn — .

Now, assume that (F,P) is a compatible pair and P is continuous. then by
Proposition(3.7) we get F and P are reciprocally continuous thus PFz, — Px and
FPz, - Fxasn - o

Since (F, P) is a compatible pair

= lim G(FP z, — PFz,,t) =1

n-w®
= G(Fx—Px,t) =1
= Fx = Px
Since F(Y) c Q(Y), there exists a point y € Y such that Fx = Qy
= Fx =Qy = Px
From (ii) and take f = 1, we get
(1 + bG(Px — Qy, rt)) * G(Fx — Dy, rt)
> b(G(Fx — Px,rt) * G(Dy — Qy,rt) * G(Dy — Px,rt))
+ G(Qy — Px,t) x G(Fx — Px,t) * G(Dy — Qy,t) * G(Dy — Px,t)
*G(Fx — Qy,t)
= G(Fx — Dy,rt) = G(Fx — Dy,t),Vt >0
Then by lemma (2.10)
= Fx =Dy
= Fx = Dy = Px = Qy

Since F and P are R —weakly commuting mappings, then there exists R > 0 such that

G(FPx — PFx,t) =G (Fx _ Px, %)
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Since Fx = Px
t
= G(Fx— Px,ﬁ> =1
= G(FPx — PFx,t) > 1
= G(FPx — PFx,t) =1
— FPx = PFx
And since Fx = Px
= FFx = FPx andPFx = PPx
~ FFx = FPx = PFx = PPx
Similarly, since D and Q are R —weakly commuting mappings, then there exists
R > 0 such that

60y - QDy,0) = 6 (Dy - Qv. %)

Since Dy = Qy

= G(Dy— Qy,%) =1

= G(DQy — QDy,t) = 1

= G(DQy — QDy,t) =1

= DQy = @Dy

And since Dy = Qy

= QDy = QQy andDDy = DQy

= DDy = QDy = DQy = QQy

Again from (ii) and choose f = 1, we have

(1 + bG(PFx — Qy,rt)) * G(FFx — Dy, rt)
> b(G(FFx — PFx,rt) * G(Dy — Qy,rt) * G(Dy — PFx,7t))
+ G(Qy — PFx,t) * G(FFx — PFx,t) « G(Dy — Qy, t)
* G(Dy — PFx,t) x G(FFx — Qy, t)

= G(FFx — Fx,rt) = G(FFx — Fx,t)

Then by lemma (2.10), we get

FFx = Fx

= Fx = PFx

~ Fx is a common fixed point of F and P.

Again by (ii) and choose g = 1,we get
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(1 + bG(Px — QDy,rt)) * G(Fx — DDy, t)

> b(G (Fx — Px,rt) * G(DDy — QDy,rt) * G(DDy — Px,rt))
+ G(QDy — Px,t) * G(Fx — Px,t) * G(DDy — QDy, t)
* G(DDy — Px,t) * G(Fx — QDy, t)

= G(Dy — QDy,rt) = G(Dy — QDy,t)

Then by lemma (2.10), we get

QDy =Dy = DDy

Then Dy is a common fixed point of D and Q.

Since Dy = Fx

= Fxis a common fixed point of F, D, P and Q.

For the uniqueness,

Suppose that Fv is a common fixed point of F, D, Pand Q and Fv # Fx.

From (ii) and choose 8 = 1, we get

(1 + bG(PFx — QFv,1t)) * G(FFx — DFv,1t)
> b(G(FFx — PFx,1t) * G(DFv — QFv,rt) * G(DFv — PFx,71t))
+ G(QFv — PFx,t) « G(FFx — PFx,t) * G(DFv — QFv, t)
* G(DFv — PFx,t) * G(FFx — QFv,t)

= G(Fx — Fv,rt) > G(Fx — Fv,t)

Then by lemma (2.10) we get

Fx =Fv

Therefore Fx is a uniqgue common fixed point of F, D, Pand Q. [ |

Proposition (3.9):

Let (Y, G, H,x,0) be a complete intuitionistic fuzzy normed space with (1+ q) * k =
k+qgxkand (1+q)0k=k+q0k for all g,k €[0,1]and let F,D,P and Q be
four self mappings of Y satisfying
(D) F(Y) c Q(Y)andD(Y) c P(Y)
(ii)there a constant r € (0,1) such that
(1 + bG(Pz — Qw, rt)) x G(Fz — Dw,rt)
> b(G(Fz — Pz, rt) « G(Dw — Qw, rt) * G(Dw — Pz,rt))
+ G(Qw — Pz,t) * G(Fz — Pz, t) * G(Dw — Qw, t) x G(Dw — Pz, Bt)
*G(Fz—Qw,(2 - p)t)
And
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(14 bH(Pz — Qw,7t)) 0 H(Fz — Dw,7t)

< b(H(Fz — Pz,1t) 0 H(Dw — Qw,1t) 0 H(Dw — Pz,1t))

+ H(Qw — Pz,t) O H(Fz — Pz,t) 0 H(Dw — Qw, t)

0 H(Dw — Pz,Bt) 0 H(Fz — Qw, (2 — B)t)
Forall,weY ,0<b<1landp € (0,2)andt > 0.If the pairs (F,P) and (D, Q) are
R —weakly commuting ,then one continuity of the mappings in compatible pair (F, P)
or (D, Q) implies their reciprocal continuity.
Proof
Let F and P are compatible and P is continuous we will show that F and P are
reciprocally continuous .let {x,} be a sequence such that Fx, — x and Px, — x for
some x € Y asn — «.Since P is continuous
= PFx, - PxandPPx, - Pxasn — «
And since (F, P) is compatible, we have

lim G(FPx, — PFx,,t) =1

n-—oo

And
lim,,,, H(FPx,, — PFx,,t) =0 vVt >0
= lim G(FPx, — Px,t) =1

n-—oo

And
lim,_,, H(FPx, — Px,t) =0,Vt >0
= FPx, = Pxasn -» o«
Since F(Y) c Q(Y)
For each n, there exists {y,} such that F(Px,) = Q(y,) i.e. FPx, = Qy, , thus we
have
PPx, - Px asn — «,PFx, » Px as n »« , FPx, » Px as n - « and Qy, —
Pxasn —» «.
From (ii) and choose § = 1, we have
(1 + bG(PPx, — Qy,,7t)) * G(FPx, — Dy,,1t)
> b(G(FPx, — PPx,,rt) * G(Dy, — Qy,,rt) * G(Dy, — PPxn,rt))
+ G(Qy, — PPxy, t) x G(FPx, — PPxy,t) x G(Dy, — Qyy,t)
* G(Dy, — PPxy,t) x G(FPx, — QYp, t)
And
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(1 + bH(PPx,, — Qy,,1t)) 0 H(FPx, — Dy,,rt)

< b(H(FPx, — PPx,,rt) 0 H(Dy, — Qy,,rt) 0 H(Dy, — PPx,,1t))
+ H(Qy, — PPx,,t) 0 H(FPx, — PPx,,t) ¢ H(Dy,, — Qy,,t)
0 H(Dy, — PPx,,t) 0 H(FPx, — Qy,,t)
Taking n — o
= (1 + bG(Px — Px, rt)) * G(Px — Dy,,rt)
> b(G(Px — Px,rt) * G(Dy, — Px,rt) * G(Dy, — Px,1t))
+ G(Px — Px,t) * G(Px — Px,t) * G(Dy, — Px,t) x G(Dy, — Px,t)
* G(Px — Px,t)
And
(1 + bH(Px — Px,7t)) 0 H(Px — Dy,,1t)
< b(H(Px — Px,rt) 0 H(Dy, — Px,rt) 0 H(Dy, — Px,1t))
+ H(Px — Px,t) 0 H(Px — Px,t) 0 H(Dy, — Px,t)
0 H(Dy, — Px,t) 0 H(Px — Px,t)
= G(Px — Dy,,rt) = G(Dy, — Px,t)
And
H(Px — Dy,,rt) < H(Dy, — Px,t)
By lemma (2.18) ,we have Dy, - Px asn —
Again by (ii) and we choose g = 1, we get
(1 + bG(Px — Qy,,1t)) * G(Fx — Dy,,t)
> b(G(Fx — Px,rt) * G(Dy, — Qy,,7t) * G(Dy, — Px,rt))
+ G(Qy, — Px,t) * G(Fx — Px,t) * G(Dy, — Qyp, 1)
* G(Dy, — Px,t) * G(Fx — Qy,,t)
And
(1 + bH(Px — Qy,,1t)) 0 H(Fx — Dy,,rt)
< b(H(Fx — Px,rt) 0 H(Dy, — Qy,,7t) 0 H(Dy, — Px,1t))
+ H(Qy, — Px,t) O H(Fx — Px,t) 0 H(Dy, — Qy,,t)
0 H(Dy, — Px,t) 0 H(Fx — Qy,,t)

Takingn — o
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= (1 + bG(Px — Px,1t)) * G(Fx — Px,7t)

> b(G(Fx — Px,rt) * G(Px — Px,rt) * G(Px — Px,7t))
+ G(Px — Px,t) * G(Fx — Px,t) * G(Px — Px,t) * G(Px — Px,t)
* G(Fx — Qyp, t)
And
(1 + bH(Px — Px,7t)) 0 H(Fx — Px,rt)
< b(H(Fx — Px,rt) 0 H(Px — Px,rt) 0 H(Px — Px,7t))
+ H(Px — Px,t) 0 H(Fx — Px,t) 0 H(Px — Px,t) ¢ H(Px — Px, t)
0 H(Fx — Qy,, t)
= G(Fx — Px,rt) = G(Fx — Px,t)
And
H(Fx — Px,rt) < H(Fx — Px,t)
By lemma (2.18)
= Fx = Px
= PFx, - PxandFPx, - Px = Fx asn - «
= F andP are reciprocally continuous on Y.
Similarly, if the pair (D, Q) is compatible and Q is continuous then D and Q are
reciprocally continuouson Y. m
Theorem (3.10):
Let (Y, G, H,*,0) be a complete intuitionistic fuzzy normed space with (1 +q) *k =
k+qg+kand (1+q)0k=k+q0k for all g,k €[0,1]and let F,D,P and Q be
four self mappings of Y satisfying
(D)) F(Y) c Q(Y)andD(Y) c P(Y)

(ii)there a constant r € (0,1) such that

(1 + bG(Pz — Qw, rt)) x G(Fz — Dw,rt)
> b(G(Fz — Pz, rt) « G(Dw — Qw, rt) * G(Dw — Pz,rt))
+ G(Qw — Pz,t) * G(Fz — Pz, t) * G(Dw — Qw, t) x G(Dw — Pz, Bt)

*G(Fz — Qw, (2 — B)t)
And
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(14 bH(Pz — Qw,7t)) 0 H(Fz — Dw,7t)

< b(H(Fz — Pz,1t) 0 H(Dw — Qw,1t) 0 H(Dw — Pz,1t))

+ H(Qw — Pz,t) O H(Fz — Pz,t) 0 H(Dw — Qw, t)

0 H(Dw — Pz,Bt) 0 H(Fz — Qw, (2 — B)t)
ForallzweY ,0<bh<1andpe€(0,2)andt>0.If the pairs (F,P) and (D, Q)
are point wise R —weakly commuting and one of the mappings in compatible pair
(F,P)or (D, Q) is continuous ,then F, D, Pand Q have a unique common fixed point.
Proof
Since F(Y) c Q(Y), then for any point z, € Y there exists a point z; € Y such that
Fzy = Qz, .And since D(Y) c P(Y) ,for this point z; € Y there exists z, € Y such
that Dz; = Pz,.
We can define a sequence {w, } in Y such that forn = 0,1,2, ...w,, = Fz, = QZ3,41
And
Wont1 = DZyny1 = PZyn 4y
From(ii), for allt >0and f =1—hwithh € (0,1] and let z = z,, 4, , W = Z3,, 44
in(ii), then we get
(14 bG(Pzan4z — Qzzn11,78)) ¥ G(F2Zpn 42 — DZgpy1,78)

> b(G(Fzzn42 — PZans2,Tt) * G(DZzni1 — QZzp41,7t)

* G(DZyn41 — PZon42, 7)) + G(Q2Z2 11 — PZyy 12, 1)

* G(FZyp42 — PZoniz,t) * G(DZan 41 — QZop41,t)

* G(DZyn i1 — PZony2, (1 — R)E) % G(FZ2n 42 — QZan 41, (1 4+ H)T)
And
(14 bH(Pz3n42 — QZ3041,71)) O H(FZpn1p — DZpy 41, 7)

< b(H(Fzan42 = PZan42,70) 0 H(DZpp 11 — QZp541, T1)

0 H(DZyp11 — PZn42,7)) + H(QZ2p 11 — PZop 42, t)

O H(Fzn42 — PZ3p12,t) 0 H(DZ3p 41 — Q22 41, 1)

0 H(DZz2n41 — PZop12, (1 = R)t) O H(F 23045 — Q233 41, (1 + A)Y)

Since wy, = Fzyp, = QZpp4180d Won 11 = DZpp 1 = PZg,42, We get
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(14 bG(Wyy — Wop41,70)) * G(Wap 1 — Wop 42, TE)
> b(G(Wan42 — Wan41, T) * G(Wap 41 — Wyp,, 70)
* G(Wap 41 — W2n+1;7”t)) + G(Wap — Wopy1,t) * G(Wopyp — Wop i, t)
* G(Wont1 — Wan, t) * G(Wop 41 — Wanqq, (1 — R)E)
* G(Wapi2 — Wan, (1 4+ )T)
> b(G(Wansz2 — Wans1,78) ¥ G(Wap g1 — Wop, 7))
+ G(Wan = Wany1,8) % G(Wan gy — Wopg, £) * G(Wop, — Wy g, hE)
And
(1+ bHwWzy — Wap11,78)) 0 HWon 1 — Won, 7))
< b(HWant2 = Want1,76) 0 HWap g — Wyp,, 70)
0 HWzp41 — Wani1, 7)) + HWz, — Wop 41, t)
0 HWop42 = Wang1,t) 0 HWapyq — Wap, t)
0 HWap 41 — Wang1, (1 = h)t) 0 HWyp 4z — Wop, (1 + h)t)
< b(H(Wansz = Wans1,7t) O HWyp sy — Wop, 1))

+ H(Wyy — Wopi1,t) O HWop 42 — Wop i1, t) * G(Way — Wopgq, At)

= G(Wyp41 — Won42, Tt)
> G(Wap — Woni1,t) ¥ G(Wopip — Wopn g1, ) ¥ G(Wypy — Wop 41, ht)
And
H(Wzn 41 = Wan 42, 71)
< HWzn —Woni1,t) O HWapipp — Woniq,t) O H(Wy, — Wy 4q, At)
Lettingh =1
= G(Want1 — W42, Tt) = G(Way — Wop i1, t) * G(Wop 1 — W4, t)
And
HWp1 — Woni2,7t) < HWpy — Wop g1, t) O HWpp 1 — Wopgo, t)
By the same way, we also get
= G(W2nt2 — Won43,Tt) = G(Woppq — Wop g2, t) ¥ G(Wop 40 — Wop 43, t)
And
HWyni2 = Wonts, 1) < HWppp1 — Wanyo, t) O H(Woy o — W3, t)
In general, form = 1,2,3, ...
G(Wm+1 - Wm+2'rt) = G(Wm - Wm+1't) * G(Wm+1 - Wm+21t)
And
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H(Wm+1 - Wm+2'rt) < H(Wm ~ Wt t) 0 H(Wm+1 — Win+t2, t)

It follows that form = 1,2,3,...and p = 1,2,3, ...

t
G(Wm+1 - Wm+2'rt) = G(Wm - Wm+1Jt) * G (Wm+1 - Wm+2'r_p)

And

t
HWp 41 = Wiy, t) S HWy, — Wy yq,t) O H (Wm+1 - Wm+2;r_p)

Asp - o

= G(Wpp1 — Wiy, Tt) = G(Wy, — Wiy yq, t)

And

HWp, 41 — Wi g0, 7t) < HW,,, — W41, t)

Then from lemma (2.17) we get {w,, } is a Cauchy sequence in (Y, G, H,*,0).

Since (Y, G, H,*,0) is a complete space

= 3Jx € Y such that w,, » xasn - «

= Fz,, — xasn — oo,

QZzp+1 = xaSN — o,

Dzy, 41 = xasn - coand Pz,,,, > xasn — .

Now, assume that (F,P) is a compatible pair and P is continuous. then by
Proposition(3.9) we get F and P are reciprocally continuous thus PFz, — Px and
FPz, - Fxasn - «.

Since (F, P) is a compatible pair

= lim G(FP z, — PFz,,t) =1

n—-o0

And
lim H(FP z, — PFz,,t) =0

-
= G(Fx—Px,t) =1

And

H(Fx—Px,t) =0

= Fx = Px

Since F(Y) c Q(Y), there exists a point y € Y such that Fx = Qy
= Fx =Qy = Px

From (ii) and take 8 = 1, we get
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(1 + bG(Px — Qy, rt)) * G(Fx — Dy, rt)

> b(G(Fx — Px,rt) * G(Dy — Qy,7t) * G(Dy — Px,7t))
+ G(Qy — Px,t) x G(Fx — Px,t) * G(Dy — Qy,t) * G(Dy — Px,t)
*G(Fx —Qy,t)
And (1 + bH(Px — Qy,1t)) 0 H(Fx — Dy,rt) < b(H(Fx — Px,rt) 0 H(Dy —
Oy, 7O HDy— Px,rt+HQy— Px, (0 HFx— P, 0 HDy— Oy, 00 HDy— Pr, (0 H(Fx— Oy, L)

= G(Fx — Dy,rt) = G(Fx — Dy, t)

And

H(Fx — Dy,rt) < H(Fx — Dy, t),Vt >0

Then by lemma (2.18)

= Fx = Dy

= Fx =Dy =Px =Qy

Since F and P are R —weakly commuting mappings, then there exists R > 0 such that
G(FPx — PFx,t) > G (Fx — Px,%) and H(FPx — PFx,t) < H (Fx — Px,%)

Since Fx = Px

= G (Fx — Px,5) = 1andH (Fx — Px,5) = 0

= G(FPx — PFx,t) = landH(FPx — PFx,t) < 0

= G(FPx — PFx,t) = landH(FPx — PFx,t) = 0

= FPx = PFx

And since Fx = Px

= FFx = FPx andPFx = PPx

~ FFx = FPx = PFx = PPx

Similarly, since D and Q are point wise R —weakly commuting mappings, then there

exists R > 0 such that

6(0Qy - 0Dy,0 2 6 (Dy - 07.7)

and

H®Qy - Dy,t) < H (Dy - 07,7)

since Dy = Qy

= G (Dy - Qy,%) = 1andH (Dy — Qy,5) = 0

153



Journal of College of Education for pure sciences(JCEPS)
Web Site: http://eps.utg.edu.iq/ Email: eps_tqr@yahoo.com
Volume 7, Number 2, May 2017
= G(DQy — QDy,t) = landH(DQy — QDy,t) <0

= G(DQy — QDy,t) = landH(DQy — QDy,t) =0
= DQy = QDy
And since Dy = Qy
= QDy = QQy andDDy = DQy
= DDy = QDy = DQy = QQy
Again from (ii) and choose f = 1, we have
(1 + bG(PFx — Qy,rt)) * G(FFx — Dy, rt)
> b(G(FFx — PFx,rt) * G(Dy — Qy,rt) * G(Dy — PFx,7t))
+ G(Qy — PFx,t) x G(FFx — PFx,t) * G(Dy — Qy, t)
* G(Dy — PFx,t) * G(FFx — Qy, t)
And
(1 + bH(PFx — Qy,rt)) 0 H(FFx — Dy, rt)
< b(H(FFx — PFx,rt) 0 H(Dy — Qy,rt) ¢ H(Dy — PFx, rt))
+ H(Qy — PFx,t) 0 H(FFx — PFx,t) 0 H(Dy — Qy, t)
0 H(Dy — PFx,t) 0 H(FFx — Qy,t)
= G(FFx — Fx,rt) = G(FFx — Fx,t)andH(FFx — Fx,rt) < H(FFx — Fx,t)
Then by lemma (2.18), we get
FFx =Fx
= Fx = PFx
~ Fx is a common fixed point of F and P.
Again by (ii) and choose f = 1,we get
(1 + bG(Px — QDy,rt)) * G(Fx — DDy,t)
> b(G(Fx — Px,rt) * G(DDy — QDy, rt) * G(DDy — Px,1t))
+ G(QDy — Px,t) * G(Fx — Px,t) * G(DDy — QDy, t)
* G(DDy — Px,t) * G(Fx — QDy, t)
And
(1 + bH(Px — QDy,rt)) 0 H(Fx — DDy,t)
< b(H(Fx — Px,rt) 0 H(DDy — QDy, rt) 0 H(DDy — Px,t))
+ H(QDy — Px,t) 0 H(Fx — Px,t) 0 H(DDy — QDy,t)
0 H(DDy — Px,t) 0 H(Fx — QDy,t)
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= G(Dy — QDy,rt) = G(Dy — QDy,t)andH(Dy — QDy,rt) < H(Dy — QDy, t)

Then by lemma (2.18), we get
QDy = Dy = DDy
Then Dy is a common fixed point of D and Q.
Since Dy = Fx
= Fxis a common fixed point of F, D, P and Q.
For the uniqueness,
Suppose that Fv is a common fixed point of F, D, Pand Q and Fv # Fx.
From (ii) and choose 8 = 1, we get
(1 + bG(PFx — QFv,1t)) * G(FFx — DFv,1t)
> b(G(FFx — PFx,rt) * G(DFv — QFv,rt) x G(DFv — PFx, rt))
+ G(QFv — PFx,t) x G(FFx — PFx,t) * G(DFv — QFv, t)
* G(DFv — PFx,t) * G(FFx — QFv,t)
And
(1 + bH(PFx — QFv,rt)) 0 H(FFx — DFv,1t)
< b(H(FFx — PFx,rt) 0 HIDFv — QFv,rt) 0 H(DFv — PFx, rt))
+ H(QFv — PFx,t) 0 H(FFx — PFx,t) 0 H(DFv — QFv,t)
0 H(DFv — PFx,t) 0 H(FFx — QFv,t)
= G(Fx — Fv,rt) = G(Fx — Fv,t)andH (Fx — Fv,rt) < H(Fx — Fv,t)
Then by lemma (2.18) we get
Fx =Fv
Therefore Fx is a unique common fixed point of F,D,Pand Q.m
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