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Abstract:

In the present paper, we introduce a subclass X, (v, 5, m, 4, A, B, a) of multivalent analytic
functions in the open unit disc U. We study coefficient inequalities, closure theorem , radii of
starlikeness, convexity and close-to-convexity. We also obtain weighted mean, arithmetic mean
and linear combination.
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1- Introduction :
Let A, denote the class of all functions of the form:

f(z) =zP + z aez®, (peN={123..}), (D
k=p+i
which are analytic and multivalent in the open unit disk U = {z € C: |z| < 1}.
Let M, denote the subclass of A, containing of functions of the form:

f(z) =27 + z az®, (@ =0,pEN={123,..}), )
k=p+i
which are analytic and multivalent in the open unit disk U = {z € C: |z| < 1}.
For the functions f € M, given by (2) and g € M, defined by

g(2) =27 + z bez®, (@ =0,p€EN), 3)
k=p+i
We define the convolution (or Hadamard product) of f and g by
FrP@D =20+ ) apbes*. “
k=p+i
A function f € M, is said to be p-valently starlike of order a if it satisfies the inequality:[2]
Re{%}>a (zeU;0<a<p;p €EN). (5
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We denote by M, the class of all p-valently starlike functions of order a. Also a function
f(z) € M, is said to be p-valently convex of order « if it satisfies the inequality:[2]

w1+ 29> o

15 (zeU;0<a<p;p EN). (6)

We denote by C(p, a) the class of all p-valently convex functions of order a. We note that (see
for example Duren [6] and Goodman [7])
zf (2)
f@elChpa) e >

A function f € M, is closed —to-convex of order « if
po (£@ _
e\ o1 >a, (zeU;0<a<p) (8)
Definition (1)[6] : Lety,f,mE€R,y =20, =>0,m>0,p € N and

€ M (p, @) (0<a<pp€EN). (7

f(z) =zP + z a z~.
k=p+1
Then, we define the linear operator

DYE: A, — A, by

DYhf(z) =2P + z (1 + %) a,z,z€eU. 9)

k=p+1
Definition (2): Let g be a fixed function defined by (3). The function f € M,, given by (2) is said to
be in the class ¥, (y, 8, m, 4, 4, B, a) if and only if
®)
z(DYA(F+9)(@) - (DYh(f * 9)@)

Az (Dz)v/,’ri(f * g)(Z))(p) +(A+B) (Dgﬁ(f . g)(z))(p_l)

(»-1)

<a, (10)

where
0<1<10<A4<1,0<B<1,0<a<1ly,B,mERy=>0,=>0,m=>0,p€EN,
and for each f € R, (y, 8,m, 4, A, B, a) we have
fP@ =8maz "+ ) Sp.a)a
k=p+1
p! {1 (g=0)
5 ) = ———=

®.4) -9 e-D.(p—q+1D (g #0)

Some of the following properties studied for other classes in [1],[2], [4] and [5].

2- Coefficient Inequalities:
Theorem (1): Let f € M,,. Then f € K,(y, 8, m, 4, A, B, a) if and only if
k _ m
(1 + ﬂ) [k =p) — a(A(k —p + 1) + (4 + B))|6(k, p — Dahy
S ®+B)
<ap!(A+A+B). (11)

Where

0<1<10<A<1,0<B<1,0<a<ly,fmeRy=0,=20m=0,p€EN.
The result is sharp for the function

f) =27+ ap!(A+ A+ B)

zk.

(1+ %) [(k—p) — a(Alc = p + 1) + (4 + B))|8(k, p — )b,
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Proof :Suppose that the inequality (11) holds true and |z| = 1. Then we have
V.8 ®) V.8 (»-1)
2(DVE G+ 9)@) ~ (DY + 9)(@)
() (r-1)
Az (D,f,’ffl(f * g)(z)) +(A+B) (Dgfl(f * g)(z))
(») (»-1)
2(Dp @)~ (DI @) |

12 (D = 9)@) " + 4+ B) (DY + ) @))

p-1)
—a

= kz (1 + ((p +}'9‘3))/> (k—p)6(k,p — 1) agbz*P*?

—a|p!(A+A+B)z

+ Z (1 G p)y> [(Ak —p + 1) + (A + B))]6(k, p — Daghpz" P+

k=p+1 (p + ﬁ)
) k=zp+1 <1 i ((P +PF3)V> (k = p)6(k,p = 1) axbylz|* 7! —ap! (A + A + B)|z| -
’ ,;m (1 ¥ ((p +p;)y> (A —p + 1) + (A + B))|8(k,p — Dagby |27+
) k=zp+1 <1 i (57;2;30 [k =p) —a(Ak —p+ 1) + (a+B))]s(k,p = 1) —ap! (A + A + B)
<0
by hypothesis.

Hence by maximum modulus principle, f € X,(y,,m, 4,4, B, a).
Conversely : suppose that f € K, (v, 8, m, A, A, B, «). Then from (10), we have

2D+ @) = (DL @)
12(DYE(F + )@) " +(a+B) (DI + 9)()
Y pa1 (1 o p)y) (k — p)8(k,p — 1) agbyz*P*!

r-1)

(+B)
P!(A+A+B)z+ 37,4 (1 + ((];:_pﬁ))y)m [(Ak—p+ 1) + (A + B))|6(k, p — 1)aybyzkr+1
<a.
Since Re(z) < |z| forall z (z € U), we get
N 5 (1+E58L) (k=980 p - D ayhr > \
PLO+A+B)z + 5,0 (14 ((’; jr’;g))y ) [(AGk = p+ 1)+ (4 + )3k p — Daghezirt /

<a. (13)
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®
We choose the value of z on the real axis so that (D;,"fl(f * g)(z)) is real.

Letting z — 1~. Through real values, we obtain inequality (11).
Finally, sharpness follows if we have

fz)=2"+ o ap!(A+A+B) Jk
(1+ @ ﬁg)y) (k- p) — a(Alk —p+ 1) + (4 + B))]|6(k, p — Dby
k=p+1p+2,.. (14)

Corollary (1): Let f € K, (y, ,m, 4, A, B, a). Then

an
< ap!(A+ A+ B)

pl(A+A+B)z+32 ., (1 + ((’;;—pﬁ))y) [(Ak = p+ 1) + (A + B))]6(k, p — Dabez*—r+
k=p+1,p+2,.. (15)

3- Closure Theorem:
Theorem (2): Let the functions f; defined by

fi(z) =2 + Z ak,l-zk, (ak,i >0,peN,i=1,2, ...,#),
k=p+1
be in the class K, (v, ,m, 4, A, B, a) forevery i = 1,2, ..., £. Then the function h defined by

h(Z) = zP + Z ekzk, (ek = O,p € N),
k=p+1
also belongs to class K, (v, 5, m, 4, 4, B «), Where

Tl ‘gzakli n=p+1,p+2,
Proof: Since f; € K, (y,B,m, /1 A, B a) we have
- (k —p)y\™
(1 + [(k—p) —a(A(k—p+ 1) + (A+ B))|6(k, p — 1ay,bx
vy (®+B)

<ap!(A+A+B).
forevery i = 1,2,...,¢. Hence

k;ﬂ (1 + ((’;_ergo [(k—p)—a(A(k—p+ 1)+ (a+ B))][6(k,p — Deyby

> ¢

k

z ( ( +pﬁ3)y) [(k -p)— a(l(k —p+1)+(a+ B))](S(k,p — )by, (%Z ak,i>

{,z ( 2 ( +& _erﬁ))y> [(k —p) — a(Ak —p + 1) + (a + B))]6(k, p — )by, ak,i>
k=j+p

< ap!(A+A+B).
Therefore, by Theorem (1), we have h € K, (v, 8, m, 4, A, B, @).
This completes the proof of the theorem.
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4-Radii of Starlikeness, Convexity and Close-to-convexity.
Using the inequality (5), (6) and (8) and Theorem (1), we can compute the radii of
starlikeness, convexity and close-to-convex.
Theorem (3): If f € K, (v, 8,m, A4, A, B,a). Then f is p-valently starlike of order p, (0 < p <p) in
the disk |z| < r =r(y,B,m, A, A, B,a), where
rn(yv,8,m A A B,a,p)
1
\ k-p

{(p - p) (1 + ((’;jrpﬁ))V) [(k—p) — a(Atk —p+ 1) + (A+ B))]6(k,p — l)bk}

= inf
n

(k—p)ap!(A+ A+ B)

Proof: It is sufficient to show that

Z]{(g) — p‘ <p-op for |z| < ry. (16)
But
2f'@ | _ |2 @D =pf@)| _ | = Lepsrnaa 2P | _ Ipirlk = play 21

f@ F f@

Thus, (16) will be satisfied if

Yiepri(k = pag |z]*77
1= X s ak |2]FP

zP — Z?=p+1 ar Zk_p B 1- Z?=p+1 aj |Z|k_p .

Sp—-p
orif

o (k —p)

P (®—-p)

Since f € K, (v, 6,m, 4, A, B, a), we have

e (1 iy p)”) [(k—p) —a(Alk —p + 1) + (4 + B))|6(k,p — 1)by

z (@ +B)
ap!(A+ A+ B)

k=p+1

Hence, (17) will be true if
(k=p) e (1 T —((I;,_erﬁ))y) [(k—p) —a(A(k—p+ 1)+ (A+ B))|6(k,p — 1)by
(p—p)lzl B ap!(A+ A+ B) ’
or equivalently

ailz|* P < 1. (17)

akﬁl.

1

=) (1+558Y) (0= p) = a3k —p+ 1) + (4 + BY)3Ckp = Db

(k—p)ap!(A+ A+ B)

|z| <

>1,
Setting |z| = r,we get the desired result.
Theorem(4): Let f € K, (v, B,m, A4, A, B,a). Then f is p-valently convex of order p , (0 < p <p)
in |z| <r=nr(y,B mAAB,a,p), where

Tz(y;ﬁ;m;A:A;B;a;p) 1

{ 00 (1+E5BE) [0e—p) - Ak —p+ D + (4 + B3k, - 1)bklk_p
k(k —p)ap'(A+ A+ B) '

\ )

= inf
n
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Proof: It is sufficient to show that

Zj{((ZZ)) +1- p‘ <p —p,for|z| <. (18)
But
7@, | p‘ '@+ A= 0 @] _ |~ Zizpa k(k = p) az" P
f'(@) f'@) 1=k agz®?

_ L pra k(k = p) aylz P
T 1-Epakaglzlr
Thus, (18) will be satisfied if

Yiipe1 k(k —p) aglz]*P

1-30  kagze =P F
orif
k(e — k=p
( ( (;)_azl)zl >ak|Z|k‘p <1. (19)

k=p+1
Since f € K,(y, B,m, 4, A, B, a), we have

k _ m
o (1 + ((p +%V) [(k —=p) —a(Alk —p + 1) + (4 + B))|6(k, p — Dby

ag < 1.
]
S ap!(A+ A+ B)

Hence, (19) will be true if
(k —p)y
e~ paglz*? _ (1+ . ) [k —p) — a(Atk —p + 1) + (A + B))|8(k, p — Dby

(»—p) - ap!(A+ A+ B) '
or equivalently

1

-0 (1+E52L) [0 ) - Al —p+ 1) + (4 + B)]50p — Dby

|z| < :
k(k —p)ap! (A + A+ B)

Setting |z| = r,we get the desired result.

Theorem (5): Let a function f € K,(y,8,m, A, A,B,a). Then f is p-valently close -to-convex of
order p, (0 < p < p) inthedisk |z| < r =r;(y, B, m, A, A, B, a), where

rs(y,B,m, A, A B,a,p)

1

J(p ~p)(1+ (591’2)”) [(k—p) — a(Alc = p + 1) + (4 + B))]|8(k, p — 1)bklk_

= inf
o k kap!(A+ A+ B) J

Proof: It is sufficient to show that

f'(2)

ZP— 1 4 < bp—p fOI' |Z| < 3. (20)
We have

‘ Z kay 121*7P,
k=p+1
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Thus
f'(2)
~p—1 —-pl=p—p
if
N kay|z|*7P
z ﬁ <1 (21)

k=p+1
Since f € K, (v, ,m, 4, A, B, «), we have

- (1 4 k= p)V)m [(k—p) —a(Ak —p +1) + (4 + B))]|6(k, p — Dby

(»+B)
k;ﬂ ap!(A+ A+ B) Ge=1.
Hence, (21) will be true if
Kzl _ ( (('; +pﬁ))”) [k —p) — a(Ak —p + 1) + (A+ B))|6(k,p — Dby
p—p ap!(A+ A+ B) ’

or equivalently
1

J (- (1+ ED0Y [k =) — (@ =+ 1) + (4 + B[k, p - 1)bkl N
kap' A+ A+ B) o

\ )

>1,
Setting |z| = rswe get the desired result.

|z| <

5- weighted Mean and Arithmetic Mean.
Definition (3): Let f; and f, be in the class K,(y, 5, m, 4, A, B, a). Then the weighted mean w, of

f1 and £, is given by
1
we(2) =Z[A-DA@D+ (A +9f>E)]  0<q<l
Theorem (6): Let f; and f, be in the class K, (y, 5, m, 4, A, B, a). Then the weighted mean w, of f;

and f5 is also in the class X, (y, 8, m, A4, A, B, a).
Proof: By Definition (3), we have

N =

[(A-9fi(2) + A+ q)f2(2)]

wy(2) = %[(1 -q) (zp + Z akllzk> +(1+q) (z” + Z ak,zzk>]

k=p+1 k=p+1

w,(2) =

zp+z [(1 = Dais + (1 + Daz] 0¥
k=p+1
Since f; and f; are in the class X, (y, 5,m, 4, A, B, a). So by Theorem (1), we get

o)

k=Zp+1 <1 " ((];_-l-p;)y) [(k—p) —a(A(k —p + 1) + (A+ B))|6(k, p — 1)ay,,1 b

<ap!'(1+ A+ B),
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and
(o] k _ m
k=zp+1 <1 * ((p ;2;) [(k—p) —a(Alc —p+ 1) + (A+ B))]6(k,p — Dayzby
<ap!(1+ A + B).
Hence

N (k—py\"
Zl<1+ (p+ﬁ)) [(k—p)—a(Atk—p+ 1D+ (4 +B))|sk,p— 1)

1
x (101 = Dy + A+ Daga] ) b

1 = (k—p)y\"
=>(1-9) zp:ﬂ<1+ (p+ﬁ)> [(e=p) — a(Ak —p+ 1) + (A+ B))]6(k, p — 1) ay 1 by

1 C k—py\"
+§(1+q) Zﬂ(n (p+ﬁ)> [(k—p) —a(Ak—p+ 1)+ (A+ B))]6(k,p — 1) ay by

1 1
< 5(1 —q)(ap! (A + A+ B)) +§(1 +q)(ap!(A+A+B))=ap!(A+ A+ B)
There for w, € K, (v, B,m, 4, A, B, a). The proof is complete.
Theorem (7): Let f, f5, ... f; defined by

fi(z) = zP + Z ariz¥,(a; 20,i=123,..Lk=p+1), (22)
k=p+1
be in the class ¥, (v, 8,m, 4, A, B, ). Then the arithmetic mean of f;(2), (i = 1,2,3, ...,1) defined

by
1
h@ =7 £ @), 23)
i=1

also in the class K, (y, 5,m, 4, A, B, a).
Proof: By (22) and (23) we can write

Since f; € X, (v, 8,m, A4, A, B, a) for every (i = 1,2,3, ..., 1) so by using Theorem (1) we prove that,

[ee] m l
2 (1+ 555 (0= - aae=p+ 0+ @+ B)JsCkp - (}2 o

+ﬁ ) m
1 =
= 72 Z ((1 + ((p f;)y) (e =p) —a(Atk —p+ 1) + (A+ B))]6(k,p — 1)) g by
i=1k=p+1

!
1
STZap!(/1+A+B)=ap!(A+A+B).

i=1
There for h € K, (y, ,m, 4, A, B, ). The proof is complete.
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6- Convex Linear Combination:

Theorem (8): The class K, (y, ,m, 4, A, B, a) is closed under convex linear combinations.

Proof: Let f and g be the arbitrary elements of ¥, (y, 8, m, 4, A, B,a) Then for every (0 <t < 1)
, we show that (1 —t)f(z) + tg(z) € K,(y,8,m, A, A, B,a). Thus , we have

1-tf(2)+tg(z) =zP — 2 [(A—=t)a, +tay,]z"

—-— St
kzzpﬂ <1 + ((’;;P;)V)m [(k—p) — a(Ak —p + 1) + (A + B))]6(k, p — Dby [(1 — Days
_ 2|
=(1-1¢) k:zp.;l <1 + ((’;‘er;)y)m [(k—p) —a(Ak —p+ 1) + (A+ B))]6(k,p — Dban,
+ tkz:-i-l <1 + ((’;_Jr’g’)m [(k —p) — a(ACk —p + 1) + (A + B))]6(k, p — 1)bgan,

<A+t)ap!(A+A+B)+tap!(A+A+B)=ap!'(1+ A+ B).
This completes the proof.
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