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Abstract 

  In this paper we study some subsets of intuitionistic fuzzy ideal topological space 

like intuitionistic fuzzy regular-I-closed set, intuitionistic fuzzy 𝐴𝐼 −set, intuitionistic 

fuzzy 𝑓𝐼 −set and intuitionistic fuzzy-I-locally closed set. Also, we 

characterize𝜏 −codense intuitionistic fuzzy ideals in terms of  intuitionistic fuzzy 𝐴𝐼 −set, 

intuitionistic fuzzy regular-I-closed set and intuitionistic fuzzy-I-locally   closed set and 

prove some result about them. 
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 الخلاصة

  في هرا البحث دزسنا بعض الوجوىعات الجزئية هن الفضاء التبىلىجي الوثالي الضبابي الحدسي هثل 

 الضبابية الحدسية 𝑓𝐼الوجوىعة ,  الضبابية الحدسية𝐴𝐼الوجوىعة  , الوغلقة I الوجوىعة الضبابية الحدسية الونظوة 

𝜏وكرلك قونا بتوييز الوثاليات الضبابية الحدسية . الوغلقة الوحلية الضبابية الحدسيةIوالوجوىعة  −codense  هن 

 الضبابية 𝑓𝐼الوجوىعات ,  الضبابية الحدسية𝐴𝐼الوجوىعات  , الوغلقة I ناحية الوجوىعات الضبابية الحدسية الونظوة 

 .الوغلقة الوحلية الضبابية الحدسية وبسهنا بعض النتائج عليهاIالحدسية والوجوىعات 
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1.Introduction 

The concept of intuitionistic fuzzy sets and their operations introduced by 

Atanassov[1] in 1986 as a generalization of fuzzy sets which published by L.A. Zadeh[8] 

in 1965. Later many researchers worked on this set as Coker and Saadati      [2, 4] who 

defined the notion of intuitionistic fuzzy topology and studied the basic concepts of 

intuitionistic fuzzy point [4]. Gain P.K. and et al [3] in 2012 are studied and characterized 

some fuzzy subsets like fuzzy regular I-closed set, fuzzy 𝐴𝐼 −set and others and 

characterized 𝜏 −codense fuzzy ideals on fuzzy 𝐴𝐼 −set, fuzzy regular-I-closed set and 

fuzzy-I-locally closed set. In this paper, we extended those ideas of fuzzy ideal 

topological space in intuitionistic fuzzy ideal topological spaces and we generalized some 

concepts of intuitionistic fuzzy ideal topological space which initiated by Salama [5] and 

proved some results about them. 

2.Preliminaries 

Definition(2.1) [1]  Let X be a non-empty set. An intuitionistic fuzzy set (IFS) 𝐴 is an 

object having the form:                                                                                

A=  𝑥, 𝜇𝐴 𝑥 , 𝑣𝐴 𝑥  , 𝑥 ∈ 𝑋 , where the functions 𝜇𝐴: 𝑋 ⟶ 𝐼 and  𝑣𝐴: 𝑋 ⟶ 𝐼 denote the 

degree of membership and the degree of non-membership of each element 𝑥 ∈ 𝑋 to the 

set A, respectively, and  

0 ≤ 𝜇𝐴 𝑥 + 𝑣𝐴 𝑥 ≤ 1for each 𝑥 ∈ 𝑋.  

Definition(2.2) [1]0  =  𝑥, 0,1 , 𝑥 ∈ 𝑋  

1  =  𝑥, 1,0 , 𝑥 ∈ 𝑋  
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are the intuitionistic fuzzy sets  corresponding to empty set and the entire universe 

respectively . 

 

Definition(2.3) [1]Let 𝑋 be a non-empty set and let 𝐴 and 𝐵 are IFSs in the form 

𝐴=  𝑥, 𝜇𝐴 𝑥 , 𝑣𝐴 𝑥  , 𝑥 ∈ 𝑋  , B=  𝑥, 𝜇𝐵 𝑥 , 𝑣𝐵 𝑥  , 𝑥 ∈ 𝑋  . 

Then: 

1) 𝐴 ⊆ 𝐵if and only if 𝜇𝐴 𝑥 ≤ 𝜇𝐵 𝑥  and 𝑣𝐴 𝑥 ≥ 𝑣𝐵 𝑥  for all 𝑥 ∈ 𝑋. 

2) 𝐴 = 𝐵if and only if 𝐴 ⊆ 𝐵 and 𝐵 ⊆ 𝐴 . 

3)𝐴𝑐 =   𝑥, 𝑣𝐴 𝑥 , 𝜇𝐴 𝑥  , 𝑥 ∈ 𝑋  . 

4)𝐴 ∩ 𝐵 = {𝑚𝑖𝑛 𝜇𝐴 𝑥 , 𝜇𝐵 𝑥  ,𝑚𝑎𝑥⁡{𝑣𝐴 𝑥 , 𝑣𝐵 𝑥 }, 𝑥 ∈ 𝑋}. 

5) 𝐴 ∪ 𝐵 = {𝑚𝑎𝑥 𝜇𝐴 𝑥 , 𝜇𝐵 𝑥  ,𝑚𝑖𝑛⁡{𝑣𝐴 𝑥 , 𝑣𝐵 𝑥 }, 𝑥 ∈ 𝑋}. 

Definition(2.4) [1] Let  𝐴𝑖 , 𝑖 ∈ 𝐽  be an arbitrary family of IFSs in 𝑋, then 

1) 𝐴𝑖𝑖 =   𝑥,  𝜇𝐴𝑖
 𝑥  ,𝑖  𝑣𝐴𝑖

(𝑥)𝑖  , 𝑥 ∈ 𝑋  

2)  𝐴𝑖𝑖 =   𝑥 ,  𝜇𝐴𝑖
 𝑥 𝑖 ,  𝑣𝐴𝑖

(𝑥)𝑖  , 𝑥 ∈ 𝑋 . 

Definition(2.5)[2, 4]An intuitionistic fuzzy topology (IFT for short) on a nonempty set X 

is a family 𝜏 of an intuitionistic fuzzy sets in X satisfying the following conditions: 

1)0 , 1 ∈ 𝜏 

2) For any  𝐺1, 𝐺2 ∈ 𝜏, then 𝐺1 ∩ 𝐺2 ∈ 𝜏 

3) For any family  𝐺𝑖  , 𝑖 ∈ 𝐽 ⊆ 𝜏 ,then 𝐺𝑖 ∈ 𝜏. 

     The pair ( X, 𝜏 ) is called intuitionistic fuzzy topological space (IFTS for short),and 

any intuitionistic fuzzy set in 𝜏 is known as an intuitionistic fuzzy open set (IFOS for 

short) in X. 

Definition(2.6)[2] The complement 𝐴𝑐  of an intuitionistic fuzzy open set in( X, 𝜏 ) is 

called an intuitionistic fuzzy closed set (IFCS for short) in X. 

Definition(2.7)[2] Let ( X, 𝜏 ) is an intuitionistic fuzzy topological space and 

𝐴=  𝑥, 𝜇𝐴 𝑥 , 𝑣𝐴 𝑥  , 𝑥 ∈ 𝑋  be an intuitionistic fuzzy set in X. Then the intuitionistic 

fuzzy interior and intuitionistic fuzzy closure of A are defined as follows: 

𝑐𝑙 𝐴 = 𝐴 =∩  𝐾:𝐾 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐶𝑆 𝑖𝑛 𝑋 𝑎𝑛𝑑 𝐴 ⊆ 𝐾  

𝑖𝑛𝑡 𝐴 = 𝐴∘ =∩  𝐺:𝐺 𝑖𝑠 𝑎𝑛 𝐼𝐹𝑂𝑆 𝑖𝑛 𝑋 𝑎𝑛𝑑 𝐺 ⊆ 𝐴  
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Definition(2.8) [2]  Let X be a nonempty set, an intuitionistic fuzzy point denoted by 

𝜒(𝛼,𝛽) is an intuitionistic fuzzy set 𝐴=  𝑥, 𝜇𝐴 𝑥 , 𝑣𝐴 𝑥  , 𝑥 ∈ 𝑋  such that 

𝜇𝐴 𝑦 =  
𝛼         𝑖𝑓 𝑦 = 𝑥 
0          𝑒. 𝑤        

 and𝑣𝐴 𝑦 =  
𝛽         𝑖𝑓 𝑦 = 𝑥 
1          𝑒. 𝑤        

  

Where 𝑥 ∈ 𝑋 is a fixed point, and constant𝛼, 𝛽 ∈ 𝐼, satisfy 𝛼 + 𝛽 ≤ 1. 

Definition(2.9) [5] Let X be a nonempty set and L a nonempty family of intuitionistic 

fuzzy sets. We call L is an intuitionistic fuzzy ideal (IFL for short ) on X if: 

1)𝐴 ∈ 𝐼and𝐵 ≤ 𝐴 ⟹ 𝐵 ∈ 𝐿. 

2)𝐴,𝐵 ∈ 𝐿 ⟹ 𝐴 ∨ 𝐵 ∈ 𝐿. 

   Let ( X, 𝜏 ) is an intuitionistic fuzzy topological space and L is an intuitionistic fuzzy 

ideal, then ( X, 𝜏, 𝐼 ) is said to be an intuitionistic fuzzy ideal topological space. 

Definition(2.10)[5] Let ( X, 𝜏 ) is an intuitionistic fuzzy topological space and L be is an 

intuitionistic fuzzy ideal on X, then the intuitionistic fuzzy local function 𝐴∗ 𝐿, 𝜏  of A is 

the union of all intuitionistic fuzzy points (IFP for short) 𝜒(𝛼,𝛽 ) such that if 𝑈 ∈ 𝑁𝜒(𝛼 ,𝛽 )
 

and  

𝐴∗ 𝐿, 𝜏 =∨ {𝜒 𝛼,𝛽 ∈ IFP: A ∧ U ∉ L for any U ∈ 𝑁𝜒(𝛼 ,𝛽 )
 

𝐴∗ 𝐿, 𝜏 is called an intuitionistic fuzzy local function of A with respect to 𝜏 and L which 

it will be denoted by 𝐴∗ 𝐿, 𝜏  or simply 𝐴∗ 𝐿 . 

Theorem(2.11) [5] Let ( X, 𝜏 ) is an intuitionistic fuzzy topological space and L be an 

intuitionistic fuzzy ideal on X. Then for any intuitionistic fuzzy sets 𝐴, 𝐵 of X, the 

following statements are satisfied: 

1)𝐴 ⊆ 𝐵 ⟹ 𝐴∗ 𝐿, 𝜏 ⊆ 𝐵∗ 𝐿, 𝜏 . 

2)𝐴∗ = 𝑐𝑙 𝐴∗ ⊆ 𝑐𝑙 𝐴 . 

3)𝐴∗∗ ⊆ 𝐴∗. 

4)(𝐴 ∨ 𝐵)∗ = 𝐴∗ ∨ 𝐵∗. 

5)(𝐴 ∧ 𝐵)∗ ⊆ 𝐴∗ ∧ 𝐵∗. 

Lemma (2.12)Let ( X, 𝜏,I) is an intuitionistic fuzzy ideal topological space and 𝑈 ∈

𝜏, then 𝑈 ∧ 𝐴∗ ⊆ (𝑈 ∧ 𝐴)∗. 
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Definition(2.13)[6, 7] An intuitionistic fuzzy set 𝐴=  𝑥, 𝜇𝐴 𝑥 , 𝑣𝐴 𝑥  , 𝑥 ∈ 𝑋  in an 

intuitionistic fuzzy topological space ( X, 𝜏 ) is said to be an: 

1) Intuitionistic fuzzy semiopen set (IFSOS in short) if 𝐴 ⊆ 𝑐𝑙 𝑖𝑛𝑡 𝐴  . 

2) Intuitionistic fuzzy preopen set (IFPOS in short) if 𝐴 ⊆ 𝑖𝑛𝑡 𝑐𝑙 𝐴  . 

3) Intuitionistic fuzzy 𝛼 –open set (IF𝛼 OS in short) if 𝐴 ⊆ 𝑖𝑛𝑡  𝑐𝑙 𝑖𝑛𝑡 𝐴   . 

4) Intuitionistic fuzzy 𝛽 open set (IF𝛽OS in short) If  𝐴 ⊆ 𝑐𝑙  𝑖𝑛𝑡 𝑐𝑙 𝐴   . 

5) Intuitionistic fuzzy regular closed set (IFRCS in short) if  

𝐴 = 𝑐𝑙 𝑖𝑛𝑡 𝐴  . 

6) Intuitionistic fuzzy regular open set (IFROS in short) if 𝐴 = 𝑖𝑛𝑡 𝑐𝑙 𝐴  . 

Definition(2.14)An intuitionistic fuzzy set 𝐴=  𝑥, 𝜇𝐴 𝑥 , 𝑣𝐴 𝑥  , 𝑥 ∈ 𝑋  in an 

intuitionistic fuzzy topological space ( X, 𝜏 ) is said to be an: 

1) Intuitionistic fuzzy locally closed set if 𝐴 = 𝑈 ∧ 𝑉, where 𝑈 ∈ 𝜏 and V is an 

intuitionistic fuzzy closed set (IFLC(X)) . 

2) Intuitionistic fuzzy A-set  if𝐴 = 𝑈 ∧ 𝑉, where 𝑈 ∈ 𝜏 and V is an intuitionistic fuzzy 

regular closed set (IFA(X)) . 

Definition(2.15)An intuitionistic fuzzy set 𝐴=  𝑥, 𝜇𝐴 𝑥 , 𝑣𝐴 𝑥  , 𝑥 ∈ 𝑋  in an 

intuitionistic fuzzy ideal topological space ( X, 𝜏, I ) is said to be an:  

1) Intuitionistic fuzzy 𝐼 −open if 𝐴 ⊆ 𝑖𝑛𝑡(𝐴) (IFIO for short). 

2) Intuitionistic fuzzy ∗ −dense − in − itselfif 𝐴 ⊆ 𝐴∗. 

3) Intuitionistic fuzzy 𝜏
∗
− closedif 𝐴∗ ⊆ 𝐴. 

4) Intuitionistic fuzzy ∗ −perfectif 𝐴 = 𝐴∗. 

5) Intuitionistic fuzzy 𝛼 − 𝐼 − open if 𝐴 ⊆ 𝑖𝑛𝑡  𝑐𝑙∗ 𝑖𝑛𝑡 𝐴    (IFα IO in short). 

6) Intuitionistic fuzzy semi-I-open if 𝐴 ⊆ 𝑐𝑙∗ 𝑖𝑛𝑡 𝐴   (IFSIOS in short). 

7) Intuitionistic fuzzy pre-I-open if 𝐴 ⊆ 𝑖𝑛𝑡 𝑐𝑙∗ 𝐴   (IFPIOS in short). 

Definition(2.16)In an intuitionistic fuzzy ideal topological space( X, 𝜏, I), I is said to be 

𝜏 −codense if 𝐼 ∧ 𝜏 =  0  . 
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Lemma(2.17)For an intuitionistic fuzzy ideal topological space ( X, 𝜏, I ), I is said to be 

𝜏 −codense if and only if 1 = 1 ∗. 

Lemma(2.18)For an intuitionistic fuzzy ideal topological space ( X, 𝜏, I ), then the 

following are equivalent: 

1) I is 𝜏 −codense 

2)1 = 1 ∗. 

3) For every 𝐴 ∈ 𝜏, 𝐴 ⊆ 𝐴∗. 

4) For every 𝐴 ∈ 𝐼𝐹𝑆𝑂 𝑋 , 𝐴 ⊆ 𝐴∗. 

5) For every intuitionistic fuzzy regular closed set C, 𝐶 = 𝐶∗. 

Proof:1 ⟺ 2 follows from lemma(2.17) 

2 ⟹ 3 

Let 𝐴 ∈ 𝜏, since 1 = 1 ∗ by using lemma(2.17) 

⟹ I is 𝜏 −codense  

⟹ 𝐼 ∧ 𝜏 =  0   

⟹ 𝐴 ∉ 𝐼 

⟹ 𝐴 ∧ 𝑈 ∉ 𝐼       ∀𝑈 ∈ 𝑁𝜒 (𝛼 ,𝛽 )
 

⟹ 𝐴 ∈ 𝐴∗ 

Thus, 𝐴 ⊆ 𝐴∗. 

3 ⟹ 4 

Let 𝐴 ∈ IFSO(X) 

⟹there exists an intuitionistic fuzzy set H in X such that  

𝐻 ⊆ 𝐴 ⊆ 𝑐𝑙(𝐻). 

For any intuitionistic fuzzy subset H in X , by Theorem(2.11) 

We have 𝐻∗ = 𝑐𝑙(𝐻∗) ⊆ 𝑐𝑙(𝐻). 

Since H is intuitionistic fuzzy open, 𝐻 ⊆ 𝐻∗ ⟹ 𝑐𝑙(𝐻) ⊆ 𝑐𝑙(𝐻∗) 

and so 𝐻∗ = 𝑐𝑙 𝐻∗ = 𝑐𝑙(𝐻). 

Therefore, 𝐴 ⊆ 𝑐𝑙 𝐻 = 𝑐𝑙(𝐻∗) = 𝐻∗ ⊆ 𝐴∗. 

⟹  𝐴 ⊆ 𝐴∗. 
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4 ⟹ 5  Let C is an intuitionistic fuzzy regular closed, then C is an intuitionistic fuzzy 

semiopen and intuitionistic fuzzy closed. 

Since 𝐶 ∈ 𝐼𝐹𝑆𝑂(𝑋) ⟹ 𝐶 ⊆ 𝐶∗ 

Since C is an intuitionistic fuzzy closed  

𝐶 = 𝑐𝑙∗ 𝐶 = 𝐶 ∨ 𝐶∗ ⟹ 𝐶∗ ⊆ 𝐶. 

Hence,  𝐶∗ = 𝐶. 

5 ⟹ 1 

Since 1  is an intuitionistic fuzzy regular closed 

⟹by hypothesis 1 = 1 ∗ 

⟹by lemma(2.17) we get I is 𝜏 −codense. 

Lemma(2.19): Let ( X, 𝜏, I ) be an intuitionistic fuzzy ideal topological space. If an 

intuitionistic fuzzy subset A of X is an intuitionistic fuzzy ∗ −dense in itself, then 

𝐴∗ = 𝑐𝑙 𝐴 = 𝑐𝑙∗(𝐴). 

Proof: Since A is ∗ −dense in itself, 𝐴 ⊆ 𝐴∗. 

By Theorem(2.11)for any intuitionistic fuzzy subset A of X ,  

𝐴∗ = 𝑐𝑙 𝐴∗ ⊆ 𝑐𝑙(𝐴) (1) 

Since 𝐴 ⊆ 𝐴∗ ⟹ 𝑐𝑙(𝐴) ⊆ 𝑐𝑙(𝐴∗)(2) 

From (1) and (2) we get 𝑐𝑙 𝐴 = 𝑐𝑙(𝐴∗) 

⟹ 𝐴∗ = 𝑐𝑙 𝐴∗ = 𝑐𝑙(𝐴). 

Also, 𝑐𝑙 𝐴 = 𝑐𝑙∗(𝐴) 

Hence, 𝐴∗ = 𝑐𝑙 𝐴 = 𝑐𝑙∗(𝐴). 

Lemma(2.20): Let ( X, 𝜏, I ) be an intuitionistic fuzzy ideal topological space and let 

∆= {𝐴:𝐴 is an intuitionistic fuzzy subsetof 𝑋 and 𝐴 ⊆ 𝐴∗} . 

Then, ∆ ∧ 𝐼 =  0  . 

Proof: Let 𝐴 ∈ ∆ ∧ 𝐼 ⟹ 𝐴 ∈ ∆ and 𝐴 ∈ 𝐼  

𝐴 ∈ 𝐼 ⟹ 𝐴∗ = 0  

𝐴 ∈ ∆⟹  𝐴 ⊆ 𝐴∗ = 0  

Therefore, 𝐴 = 0  . 

Hence, ∆ ∧ 𝐼 =  0  . 
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3.Intuitionistic fuzzy regular I-closed set, intuitionistic fuzzy 𝑨𝑰-set, intuitionistic 

fuzzy I-locally closed set and intuitionistic fuzzy 𝒇𝑰-set. 

Definition(3.1): An intuitionistic fuzzy subset A of an intuitionistic fuzzy ideal 

topological space ( X, 𝜏, I ) is said to be intuitionistic fuzzy regular I-closed if 𝐴 =

(𝑖𝑛𝑡 𝐴 )∗. 

Definition(3.2): An intuitionistic fuzzy subset A of an intuitionistic fuzzy ideal 

topological space ( X, 𝜏, I ) is said to be 

1) Intuitionistic fuzzy 𝐴𝐼 −set if 𝐴 = 𝑈 ∧ 𝑉 where 𝑈 ∈ 𝜏 and V is an intuitionistic fuzzy 

regular I-closed set (IFAI(X)). 

2) Intuitionistic fuzzy I-locally closed set if 𝐴 = 𝑈 ∧ 𝑉 where 𝑈 ∈ 𝜏 and V is an 

intuitionistic fuzzy ∗ −perfect set (IFILC(X)). 

Lemma(3.3): Let ( X, 𝜏, I ) be an intuitionistic fuzzy ideal topological space. An 

intuitionistic fuzzy subset A of X is an intuitionistic fuzzy I-locally closed if and if 

𝐴 = 𝑈 ∧ 𝐴∗ for some 𝑈 ∈ 𝜏. 

Proof:  Let A is an IFILC set in ( X, 𝜏, L )  

⟹ 𝐴 = 𝑈 ∧ 𝑉, 𝑈 ∈ 𝜏  and V is an intuitionistic fuzzy ∗ −perfect set  

⟹ 𝑉 = 𝑉∗ 

Since 𝐴 ⊆ 𝑉 

ByTheorem(2.11)⟹ 𝐴∗ ⊆ 𝑉∗. 

Also, by lemma(2.12)𝐴∗ = (𝑈 ∧ 𝑉)∗ ⊇ 𝑈 ∧ 𝑉∗ = 𝑈 ∧ 𝑉 = 𝐴 

⟹ A ⊆ 𝐴∗ 

⟹ A = 𝐴 ∧ 𝐴∗ =  𝑈 ∧ 𝑉 ∧ 𝐴∗ = 𝑈 ∧  𝑉 ∧ 𝐴∗ = 𝑈 ∧ 𝐴∗ 

⟹ A = 𝑈 ∧ 𝐴∗. 

Theorem(3.4): Every intuitionistic fuzzy 𝐴𝐼 −set in ( X, 𝜏, I ) is an intuitionistic fuzzy I-

locally closed. 

Proof: Let A is an intuitionistic fuzzy 𝐴𝐼 −set in ( X, 𝜏, I ). 

⟹ A = 𝑈 ∧ 𝑉where  𝑈 ∈ 𝜏  and V is an intuitionistic fuzzy regular I-closed. 

⟹ 𝑉 = (𝑖𝑛𝑡 𝑉 )∗ 

Since 𝑖𝑛𝑡 𝑉 ⊆ 𝑉 ⟹ (𝑖𝑛𝑡 𝑉 )∗ ⊆ 𝑉∗ 
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⟹ 𝑉 =  𝑖𝑛𝑡 𝑉  
∗
⊆ 𝑉∗ ⟹ 𝑉 ⊆ 𝑉∗(1)  

Since 𝑉 =  𝑖𝑛𝑡 𝑉  
∗
⟹ 𝑉∗ =   𝑖𝑛𝑡 𝑉  

∗
 
∗
⊆  𝑖𝑛𝑡 𝑉  

∗
= 𝑉 

⟹ 𝑉∗ ⊆ 𝑉(2) 

From (1) and (2) we get 𝑉 = 𝑉∗ 

Therefore, V is an intuitionistic fuzzy ∗ −perfect set. 

Hence A is an intuitionistic fuzzy I-locally closed set. 

Theorem(3.5): Let A is an intuitionistic fuzzy open set in ( X, 𝜏, I ). A is an intuitionistic 

fuzzy 𝐴𝐼 −set if and only if A is an intuitionistic fuzzy I-locally closed set.  

Proof:  (⟹) Let A intuitionistic fuzzy 𝐴𝐼 −set in ( X, 𝜏, I ). 

⟹by Theorem(3.4) A is an intuitionistic fuzzy I-locally closed set. 

(⟸) Let A is an intuitionistic fuzzy I-locally closed set and fuzzy open set. 

⟹ A = 𝑈 ∧ 𝐴∗for some 𝑈 ∈ 𝜏   

⟹ A ⊆ 𝐴∗ 

Since  𝑖𝑛𝑡(𝐴∗) ⊆ 𝐴∗ 

⟹   𝑖𝑛𝑡 𝐴  
∗
 
∗
⊆ (𝐴∗)∗ ⊆ 𝐴∗ ⟹   𝑖𝑛𝑡 𝐴  

∗
 
∗
⊆ 𝐴∗(1) 

Since A ≤ 𝐴∗ and A is an intuitionistic fuzzy open set  

⟹ 𝐴∗ =  𝑖𝑛𝑡 𝐴  
∗
⊆   𝑖𝑛𝑡 𝐴  

∗
 
∗
 

⟹ 𝐴∗ ⊆   𝑖𝑛𝑡 𝐴  
∗
 
∗
(2) 

   From (1) and (2) we get 𝐴∗ =   𝑖𝑛𝑡 𝐴  
∗
 
∗
 

⟹ 𝐴∗is an intuitionistic fuzzy regular I-closed set. 

Hence A is an intuitionistic fuzzy 𝐴𝐼 −set. 

Theorem(3.6): Let ( X, 𝜏 ) is an intuitionistic fuzzy topological space and A is an 

intuitionistic fuzzy subset of X then A is an intuitionistic fuzzy A-set if and only if A is 

an intuitionistic fuzzy semiopen and intuitionistic fuzzy locally closed set. 

Proof: Let A is an intuitionistic fuzzy A-set in ( X, 𝜏 )  

⟹ 𝐴 = 𝑈 ∧ 𝐹where𝑈 ∈ 𝜏  and F is an intuitionistic fuzzy regular closed 

⟹F is an intuitionistic fuzzy closed. 

⟹F is an intuitionistic fuzzy locally closed. 
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Since 𝐴 = 𝑈 ∧ 𝐹 ⟹ 𝑖𝑛𝑡 𝐴 =  𝑖𝑛𝑡(𝑈 ∧ 𝐹) 

⟹ 𝑖𝑛𝑡 𝐴 = 𝑈 ∧ 𝑖𝑛𝑡(𝐹). 

So, 𝐴 = 𝑈 ∧ 𝑐𝑙 𝑖𝑛𝑡 𝐹  ⊆ 𝑐𝑙 𝑈 ∧ 𝑖𝑛𝑡 𝐹  = 𝑐𝑙 𝑖𝑛𝑡 𝐴   

𝐴 ⊆ 𝑐𝑙 𝑖𝑛𝑡 𝐴  . 

Therefore, A is an intuitionistic fuzzy semiopen. 

Conversely, let A is an intuitionistic fuzzy semiopen and intuitionistic fuzzy locally 

closed set. 

⟹ 𝐴 ⊆ 𝑐𝑙 𝑖𝑛𝑡 𝐴  and𝐴 = 𝑈 ∧ 𝑐𝑙 𝐴 , 𝑈 ∈ 𝜏   

⟹ 𝑐𝑙 𝐴 ⊆ 𝑐𝑙  𝑐𝑙 𝑖𝑛𝑡 𝐴   = 𝑐𝑙(𝐴) ⊆ 𝑐𝑙 𝑖𝑛𝑡 𝐴  (1) 

Since, 𝑖𝑛𝑡 𝐴 ⊆ 𝐴  ⟹ 𝑐𝑙 𝑖𝑛𝑡 𝐴  ⊆ 𝑐𝑙(𝐴)(2) 

From (1) and (2) we get 𝑐𝑙 𝐴 = 𝑐𝑙 𝑖𝑛𝑡 𝐴  . 

Therefore, 𝑐𝑙 𝐴  is an intuitionistic fuzzy regular closed. 

Hence, A is an intuitionistic fuzzy A-set. 

Definition(3.7): An intuitionistic fuzzy subset A of IFITS ( X, 𝜏, I ) is said to be 

intuitionistic fuzzy 𝑓𝐼-set if 𝐴 ⊆  𝑖𝑛𝑡 𝐴  
∗
. 

The family of all intuitionistic fuzzy 𝑓𝐼-set in X denoted by IF𝑓𝐼(X). 

Theorem(3.8): If A is an intuitionistic fuzzy 𝐴𝐼 −set in IFLTS ( X, 𝜏, I ) then the 

following holds: 

1)A and 𝑖𝑛𝑡(𝐴) are *-dense-in-itself. 

2)𝐴∗ = 𝑐𝑙 𝐴 = 𝑐𝑙∗(𝐴)and 𝑖𝑛𝑡 𝐴  
∗

= 𝑐𝑙 𝑖𝑛𝑡 𝐴  . 

3) A is an intuitionistic fuzzy 𝑓𝐼-set. 

4)𝐴∗ =  𝑖𝑛𝑡 𝐴  
∗ 

=   𝑖𝑛𝑡 𝐴  
∗
 
∗

= (𝐴∗)∗. 

5)𝐴∗and 𝑖𝑛𝑡 𝐴  
∗ 

 are intuitionistic fuzzy *-perfect and intuitionistic fuzzy I-locally 

closed sets. 

6)𝐴∗is an intuitionistic fuzzy regular-I-closed. 

Proof: 1)Let A is an intuitionistic fuzzy 𝐴𝐼 −set in IFLTS ( X, 𝜏, I )  

⟹ 𝐴 = 𝑈 ∧ 𝑉,where𝑈 ∈ 𝜏 and V is an intuitionistic fuzzy regular-I-closed set. 
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⟹ 𝑉 =  𝑖𝑛𝑡 𝑉  
∗
 

⟹ 𝐴 = 𝑈 ∧ 𝑉 = 𝑈 ∧  𝑖𝑛𝑡 𝑉  
∗
⊆  𝑈 ∧ 𝑖𝑛𝑡 𝑉  

∗
=  𝑖𝑛𝑡 𝐴  

∗
⊆ 𝐴∗ 

⟹ 𝐴 ⊆ 𝐴∗ 

Since 𝑖𝑛𝑡(𝐴) ⊆ 𝐴 ⊆  𝑖𝑛𝑡 𝐴  
∗
⊆ 𝐴∗ 

⟹ 𝑖𝑛𝑡(𝐴) ⊆  𝑖𝑛𝑡 𝐴  
∗
and𝐴 ⊆ 𝐴∗ 

Therefore, 𝐴 and 𝑖𝑛𝑡(𝐴) are intuitionistic fuzzy *-dense-in-itself. 

2)by lemma(2.4) , 𝐴∗ = 𝑐𝑙 𝐴 = 𝑐𝑙∗ 𝐴  

and   𝑖𝑛𝑡 𝐴  
∗

= 𝑐𝑙 𝑖𝑛𝑡 𝐴  . 

3)From(1), 𝐴 ⊆  𝑖𝑛𝑡 𝐴  
∗
 

So, A is an intuitionistic fuzzy 𝑓𝐼-set.  

4)From(1), 𝑖𝑛𝑡(𝐴) ⊆ 𝐴 ⊆  𝑖𝑛𝑡 𝐴  
∗
⊆ 𝐴∗ 

And so   𝑖𝑛𝑡 𝐴  
∗
⊆ 𝐴∗ ⊆   𝑖𝑛𝑡 𝐴  

∗
 
∗
⊆  𝑖𝑛𝑡 𝐴  

∗
⊆ 𝐴∗ 

Therefore, 𝐴∗ =  𝑖𝑛𝑡 𝐴  
∗

=   𝑖𝑛𝑡 𝐴  
∗
 
∗

= (𝐴∗)∗. 

5)From(4)  𝐴∗ = (𝐴∗)∗ and  𝑖𝑛𝑡 𝐴  
∗

=   𝑖𝑛𝑡 𝐴  
∗
 
∗
 

Then, 𝐴∗and  𝑖𝑛𝑡 𝐴  
∗
 are intuitionistic fuzzy *-perfect and hence are intuitionistic fuzzy 

I-locally closed sets. 

6)From(4), 𝐴∗ =  𝑖𝑛𝑡 𝐴  
∗
 

Let 𝐵 =  𝑖𝑛𝑡 𝐴  
∗
 

⟹  𝑖𝑛𝑡 𝐵  
∗

=  𝑖𝑛𝑡 𝑖𝑛𝑡 𝐴  
∗
 
∗

=  𝑖𝑛𝑡 𝐴∗  
∗
⊇  𝑖𝑛𝑡 𝐴  

∗
= 𝐵 

⟹ 𝐵 ⊆  𝑖𝑛𝑡 𝐵  
∗
(1) 

  Since 𝑖𝑛𝑡 𝐵 ⊆ 𝐵 ⟹ 𝑖𝑛𝑡 𝐵 ∗ ⊆ 𝐵∗ =   𝑖𝑛𝑡 𝐴  
∗
 
∗
⊆  𝑖𝑛𝑡 𝐴  

∗
⊆ 𝐵 

⟹  𝑖𝑛𝑡 𝐵  
∗
⊆ 𝐵(2) 

From(1) and (2), we obtain  𝑖𝑛𝑡 𝐵  
∗

= 𝐵 

Then B is an intuitionistic fuzzy regular I-locally closed set and so 𝐴∗ is an intuitionistic 

fuzzy regular I-locally closed set. 

Theorem(3.9)  In any IFLTS ( X, 𝜏, I ), 𝐼𝐹𝐴𝐼 𝑋 ∧ 𝐼 = {0 }. 
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Proof:Let 𝐴 ∈ 𝐼𝐹𝐴𝐼 𝑋 ∧ 𝐼 ⟹ 𝐴 ∈ 𝐼𝐹𝐴𝐼 𝑋 . 

By Theorem(3.8), A is an intuitionistic fuzzy *-dense-in-itsehf 

⟹ 𝐴 ⊆ 𝐴∗ 

By lemma(2.20), 𝐼𝐹𝐴𝐼 𝑋 ∧ 𝐼 = {0 }. 

Theorem(3.10)  An intuitionistic fuzzy subset A of an IFLTS ( X, 𝜏, I ) is an intuitionistic 

fuzzy 𝐴𝐼 −set if and if A is both intuitionistic fuzzy 𝑓𝐼−set and intuitionistic fuzzy I-

locally closed set. 

Proof: Let A is an IF𝐴𝐼 −set  

By Theorem(3.4), A is an intuitionistic fuzzy I-locally closed set. 

Also, 𝐴 = 𝑈 ∧ 𝑉 where 𝑈 ∈ 𝜏 and V is an intuitionistic fuzzy regular-I-closed set 

⟹ 𝑉 =  𝑖𝑛𝑡 𝑉  
∗
 

⇒ 𝑖𝑛𝑡 𝐴 = 𝑖𝑛𝑡 𝑈 ∧ 𝑉 = 𝑈 ∧  𝑖𝑛𝑡 𝑉  ⟹  𝑖𝑛𝑡 𝐴  
∗

= (𝑈 ∧ 𝑖𝑛𝑡 𝑉 )∗ 

Since 𝐴 = 𝑈 ∧ 𝑉 

⟹ 𝐴 = 𝑈 ∧  𝑖𝑛𝑡 𝑉  
∗
⊆  𝑈 ∧ 𝑖𝑛𝑡 𝑉  

∗
=  𝑖𝑛𝑡 𝐴  

∗
 

⟹ 𝐴 ⊆  𝑖𝑛𝑡 𝐴  
∗
 

Hence, A is an intuitionistic fuzzy 𝑓𝐼−set. 

Conversely, let A is both intuitionistic fuzzy 𝑓𝐼−set and intuitionistic fuzzy I-locally 

closed set. 

⟹ 𝐴 ⊆  𝑖𝑛𝑡 𝐴  
∗
⟹ 𝐴∗ ⊆   𝑖𝑛𝑡 𝐴  

∗
 
∗
⊆  𝑖𝑛𝑡 𝐴  

∗
⊆ 𝐴∗ 

⟹ 𝐴∗ =  𝑖𝑛𝑡 𝐴  
∗
 

By Theorem(3.8), 𝐴∗ is an intuitionistic fuzzy regular −𝐼 − closed set. 

Since A is an intuitionistic fuzzy I-locally closed set. 

By lemma(3.3), 𝐴 = 𝑈 ∧ 𝐴∗ for some 𝑈 ∈ 𝜏. 

Since 𝐴∗ is an intuitionistic fuzzy regular −𝐼 − closed set, 

Then A is an intuitionistic fuzzy 𝐴𝐼 −set. 

Theorem(3.11)  Let ( X, 𝜏, I ) be an intuitionistic fuzzy ideal topological space and let 

𝐴 ∈ 𝜏, then A is intuitionistic fuzzy 𝑓𝐼 −set if and only if A is an intuitionistic fuzzy 

𝐴𝐼 −set.  



Journal of College of Education for pure sciences(JCEPS) 
Web Site: http://eps.utq.edu.iq/              Email: com@eps.utq.edu.iq 

Volume 7, Number 1, January 2017 
 

153 
 

Proof: let 𝐴 ∈ 𝜏 and A is anintuitionistic fuzzy 𝑓𝐼 −set  

⟹ 𝐴 ⊆  𝑖𝑛𝑡 𝐴  
∗
⊆ 𝐴∗and𝐴∗ =  𝑖𝑛𝑡 𝐴  

∗
 

By Theorem(3.8), 𝐴∗ is an intuitionistic fuzzy regular −𝐼 − closed set. 

Since 𝐴 = 𝐴 ∧ 𝐴∗ 

⟹ 𝐴is an intuitionistic fuzzy 𝐴𝐼 −set.  

Conversely, let A is an intuitionistic fuzzy 𝐴𝐼 −set. 

By Theorem(3.10), A is an intuitionistic fuzzy 𝑓𝐼 −set. 

Theorem(3.12)  In any intuitionistic fuzzy ideal topological space ( X, 𝜏, I ), 𝐼𝐹𝑓𝐼 𝑋 ∧

𝐼 = {0 }. 

Proof: Let 𝐴 ∈ 𝐼𝐹𝑓𝐼 𝑋 ∧ 𝐼 

⟹ 𝐴 ∈ 𝐼𝐹𝑓𝐼 𝑋 and 𝐴 ∈ 𝐼. 

𝐴 ∈ 𝐼 ⟹ 𝐴∗ = 0 . 

𝐴 ∈ 𝐼𝐹𝑓𝐼 𝑋 ⟹ 𝐴 ⊆  𝑖𝑛𝑡 𝐴  
∗
⊆ 𝐴∗ = 0 ⟹ 𝐴 = 0  

⟹ 𝐼𝐹𝑓𝐼 𝑋 ∧ 𝐼 = {0 }. 

Theorem(3.13)  Let ( X, 𝜏, I ) be an intuitionistic fuzzy ideal topological space and A is 

an intuitionistic fuzzy subset of X. Then A is an intuitionistic fuzzy regular-I-closed set if 

and only if A is both intuitionistic fuzzy 𝑓𝐼 −set and intuitionistic fuzzy 𝜏
∗
−closed set. 

Proof: Let A is an intuitionistic fuzzy regular-I-closed in ( X, 𝜏, I ). 

⟹ 𝐴 =  𝑖𝑛𝑡 𝐴  
∗
⟹ 𝐴 ⊆  𝑖𝑛𝑡 𝐴  

∗
⟹ 𝐴is an intuitionistic fuzzy 𝑓𝐼 −set. 

Since 𝑖𝑛𝑡 𝐴 ⊆ 𝐴 ⟹  𝑖𝑛𝑡 𝐴  
∗
⊆ 𝐴∗ 

⟹ 𝐴 =  𝑖𝑛𝑡 𝐴  
∗
⊆ 𝐴∗ ⟹ 𝐴 ⊆ 𝐴∗ 

⟹ 𝐴∗ =   𝑖𝑛𝑡 𝐴  
∗
 
∗
⊆  𝑖𝑛𝑡 𝐴  

∗
= 𝐴 ⟹ 𝐴∗ ⊆ 𝐴 

⟹ 𝐴∗ = 𝐴 

Then A is an intuitionistic fuzzy 𝜏
∗
−closed set.  

Conversely, let A is both intuitionistic fuzzy 𝑓𝐼 −set and intuitionistic fuzzy 𝜏
∗
−closed 

set. 

⟹ 𝐴 ⊆  𝑖𝑛𝑡 𝐴  
∗
and  𝐴∗ ⊆ 𝐴. 
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Since 𝑖𝑛𝑡 𝐴 ⊆ 𝐴 ⟹  𝑖𝑛𝑡 𝐴  
∗
⊆ 𝐴∗ 

⟹  𝑖𝑛𝑡 𝐴  
∗
⊆ 𝐴∗ ⊆ 𝐴 ⊆  𝑖𝑛𝑡 𝐴  

∗
 

Therefore,  𝐴 =  𝑖𝑛𝑡 𝐴  
∗
 

Hence A is an intuitionistic fuzzy regular-I-closed set. 

Theorem(3.14)  Every intuitionistic fuzzy 𝑓𝐼 −set of an intuitionistic fuzzy ideal 

topological space ( X, 𝜏, I ) is an intuitionistic fuzzy semi-I-open set. 

Proof: Let A is an intuitionistic fuzzy 𝑓𝐼 −set. 

⟹ 𝐴 ⊆  𝑖𝑛𝑡 𝐴  
∗
⊆ 𝑐𝑙∗ 𝑖𝑛𝑡 𝐴   

⟹ 𝐴 ⊆ 𝑐𝑙∗ 𝑖𝑛𝑡 𝐴  . 

Then A is an intuitionistic fuzzy semi-I-open set. 

Theorem(3.15)  For an intuitionistic fuzzy ideal topological space ( X, 𝜏, I ), I is 

𝜏 −codense if and if 𝐴 ∈ 𝜏, then 𝐴 ∈ 𝐼𝐹𝐴𝐼(𝑋). 

Proof: Let I is 𝜏 −codense and  𝐴 ∈ 𝜏 

By lemma(2.18), for any 𝐴 ∈ 𝜏 , 𝐴 ⊆ 𝐴∗ ⟹ 𝐴 = 𝐴 ∧ 𝐴∗. 

Since 𝐴 ∈ 𝜏 ⟹  𝑖𝑛𝑡 𝐴  
∗

= 𝐴∗ 

By Theorem(3.8), 𝐴∗ is an intuitionistic fuzzy regular-I-closed set. 

⟹ 𝐴is an intuitionistic fuzzy 𝐴𝐼 −set. 

Conversely, if  we have 𝐴 ∈ 𝜏 ⟹ 𝐴 ∈ 𝐼𝐹𝐴𝐼(𝑋) 

By Theorem(3.9),  𝐼𝐹𝐴𝐼 𝑋 ∧ 𝐼 = {0 } ⟹ 𝐼 ∧ 𝜏 = {0 }. 

Therefore, I is𝜏 −codense. 

Corollary(3.16)  Let ( X, 𝜏, I ) be an intuitionistic fuzzy ideal topological space. Then the 

following statements are equivalent: 

1) I is𝜏 −codense. 

2) 𝜏 = IFPIO(X) ∧ IF𝐴𝐼(𝑋). 

3) 𝜏 = IF𝛼(X) ∧ IF𝐴𝐼(𝑋). 

4)  𝐴 ∈ 𝜏 ⟹ 𝐴 ∈ 𝐼𝐹𝐴𝐼(𝑋).  

Proof: obvious. 
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Theorem(3.17)  Let ( X, 𝜏, I ) be an intuitionistic fuzzy ideal topological space. Then I is 

𝜏 −codense if and only if IFRIC(X)=IFRC(X). 

Proof: Let I is𝜏 −codense. 

By lemma(2.18), 𝐴 ∈ 𝜏 , 𝐴 ⊆ 𝐴∗ ⟹ A is an intuitionistic fuzzy *-dense-in-itself . 

Let 𝐴 ∈ 𝐼𝐹𝑅𝐼𝐶 𝑋 ⟺ 𝐴 =  𝑖𝑛𝑡 𝐴  
∗
 

⟺  𝑖𝑛𝑡 𝐴  
∗

= 𝑐𝑙 𝑖𝑛𝑡 𝐴  by lemma(2.19) 

⟹ 𝐴 = 𝑐𝑙 𝑖𝑛𝑡 𝐴  ⟺ 𝐴 ∈ IFRC(X). 

Conversely, let IFRIC(X)=IFRC(X) 

Since 1  is an IFRC ⟹ 1  is an IFRIC 

1 =  𝑖𝑛𝑡 1   
∗

= 1 ∗ ⟹by lemma(2.18), I is 𝜏 −codense. 

Theorem(3.18)  Let ( X, 𝜏, I ) be an intuitionistic fuzzy ideal topological space. Then I is 

𝜏 −codense if and only if IF𝐴𝐼(X)=IFA(X).  

Proof: Let I is𝜏 −codense. 

Let 𝐴 ∈ IF𝐴𝐼 X ⟹ 𝐴 = 𝑈 ∧ 𝑉  where 𝐴 ∈ 𝜏 and V is an IFRIC set 

⟹  𝑉 =  𝑖𝑛𝑡 𝑉  
∗
 

⟹ 𝑐𝑙 𝑉 = 𝑐𝑙  𝑖𝑛𝑡 𝑉  
∗
 =  𝑖𝑛𝑡 𝑉  

∗
= 𝑉byTheorem(2.11). 

Also, by Theorem(2.11), 𝑖𝑛𝑡 𝑉  
∗
⊆ 𝑐𝑙 𝑖𝑛𝑡 𝑉   

⟹  𝑉 =  𝑖𝑛𝑡 𝑉  
∗
⊆ 𝑐𝑙 𝑖𝑛𝑡 𝑉  ⊆ 𝑐𝑙 𝑉 = 𝑉 

⟹  𝑉 = 𝑐𝑙 𝑖𝑛𝑡 𝑉   

⟹  𝑉is an IFRC(X). 

𝐴 ∈ IFA(X). 

Let 𝐵 ∈ IFA(X) 

⟹ 𝐵 = 𝑆 ∧ 𝑇where𝑆 ∈ 𝜏 and T ∈ IFRC(X) 

⟹by Theorem(3.17), 𝑇 ∈ 𝐼𝐹𝑅𝐼𝐶(𝑋) 

⟹ 𝐵 ∈ IF𝐴𝐼 X . 

Conversely, let IF𝐴𝐼(X)=IFA(X). 

Since 1  is an IFA-set ⟹ 1  is an IF𝐴𝐼 −set. 
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by Theorem(3.4) ⟹ 1 ⊆ 1 ∗ ⟹ 1  is *-dense-in-itself. 

Then by lemma(2.18), I is 𝜏 −codense. 

Theorem(3.19) For an intuitionistic fuzzy ideal topological space ( X, 𝜏, I ), 𝐼𝐹𝐼𝐿𝐶 𝑋 ∧

𝐼 =  0  . 

Proof: 𝐴 ∈ IFILC(X). 

⟹ 𝐴 = 𝑈 ∧ 𝑉where𝐴 ∈ 𝜏 and V is an IF *-perfect set  

⟹ 𝑉 = 𝑉∗. 

Since 𝐴 ⊆ 𝑉 ⟹ 𝐴∗ ⊆ 𝑉∗ 

⟹ 𝐴∗ =  𝑈 ∧ 𝑉 ∗ ⊇ 𝑈 ∧ 𝑉∗ = 𝑈 ∧ 𝑉 = 𝐴 

⟹ 𝐴 ⊆ 𝐴∗ 

⟹by lemma(2.20),  𝐼𝐹𝐼𝐿𝐶 𝑋 ∧ 𝐼 =  0  . 

Theorem(3.20)  Let ( X, 𝜏, I ) be an intuitionistic fuzzy ideal topological space. Then the 

following statements are equivalent: 

1) I is𝜏 −codense. 

2)𝜏 = IFPIO(X) ∧ IFILC(X). 

3)𝜏 = IF𝛼 IO(X) ∧ IFILC(𝑋). 

4)𝐴 ∈ 𝜏 ⟹ 𝐴 ∈ IFILC(X). 

Proof:1 ⟹ 2, Let I is 𝜏 −codense.  

 From corollary(3.16), 𝜏 = IFPIO(X) ∧ IF𝐴𝐼(𝑋). 

By Theorem(3.5), 𝜏 = IFPIO(X) ∧ IFILC(X). 

2 ⟹ 3, 𝜏 = IFPIO(X) ∧ IFILC(X).  

Let 𝐴 ∈ 𝜏 ⟹ 𝐴 ∈ IFPIC X ⟹ 𝐴 ⊆ 𝑖𝑛𝑡 𝑐𝑙∗ 𝐴  . 

 Since 𝐴 ∈ 𝜏 ⟹ 𝐴 = 𝑖𝑛𝑡(𝐴) 

⟹ 𝐴 ⊆ 𝑖𝑛𝑡  𝑐𝑙∗ 𝑖𝑛𝑡 𝐴    

⟹ 𝐴 ∈  IF𝛼 IO(X) 

⟹ τ = IF𝛼 IO(X) ∧ IFILC(𝑋) 

3 ⟹ 4and2 ⟹ 4 are obvious. 
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4 ⟹ 1let𝐴 ∈ 𝜏 ⟹ 𝐴 ∈ IFILC(X). 

By Theorem(3.19), 𝐼𝐹𝐼𝐿𝐶 𝑋 ∧ 𝐼 =  0  ⟹  𝜏 ∧ 𝐼 =  0  . 

Therefore, I is𝜏 −codense. 

1 ⟹ 3letI is 𝜏 −codense and 𝐴 ∈ 𝜏 

By lemma(2.18), 𝐴 ∈ 𝜏 ⟹ 𝐴 ⊆ 𝐴∗ 

Since 𝑖𝑛𝑡 𝐴 = 𝐴 ⟹ 𝑐𝑙 𝑖𝑛𝑡 𝐴  = 𝑐𝑙(𝐴) 

⟹ 𝑐𝑙∗ 𝑖𝑛𝑡 𝐴  = 𝑐𝑙∗(𝐴) 

⟹ 𝑖𝑛𝑡  𝑐𝑙∗ 𝑖𝑛𝑡 𝐴   = 𝑖𝑛𝑡(𝑐𝑙∗(𝐴))  

Since 𝐴 ⊆ 𝑐𝑙 𝐴 ⟹ 𝐴∗ ⊆ 𝑐𝑙∗ 𝐴 ⟹ 𝐴 ⊆ 𝐴∗ ⊆ 𝑐𝑙∗ 𝐴  

⟹ 𝑖𝑛𝑡 𝐴 ⊆ 𝑖𝑛𝑡 𝐴∗ ⊆ 𝑖𝑛𝑡 𝑐𝑙∗ 𝐴  = 𝑖𝑛𝑡  𝑐𝑙∗ 𝑖𝑛𝑡 𝐴   . 

⟹ 𝐴 ⊆ 𝑖𝑛𝑡  𝑐𝑙∗ 𝑖𝑛𝑡 𝐴    

Hence 𝐴 ∈  IF𝛼 IO(X). 

Since 𝐴 ⊆ 𝐴∗ ⟹ 𝐴 = 𝐴 ∧ 𝐴∗ 

𝐴 ⊆ 𝐴∗ ⟹ 𝐴∗ ⊆ (𝐴∗)∗ ⊆ 𝐴∗ ⟹ (𝐴∗)∗ = 𝐴∗ 

⟹ 𝐴∗is an IF *-perfect set. 

⟹ 𝐴 ∈  IFILC(X). 

Conversely, let 𝐴 ∈ IFILC(X)and 𝐴 ∈  IF𝛼 IO(X). 

𝐴 ∈ IFILC X ⟹ 𝐴 = 𝑈 ∧ 𝐴∗for some 𝑈 ∈ 𝜏. 

𝐴 ∈  IF𝛼 IO X ⟹ 𝐴 ⊆ 𝑖𝑛𝑡  𝑐𝑙∗ 𝑖𝑛𝑡 𝐴   ⊆ 𝑖𝑛𝑡 𝑐𝑙∗ 𝐴  = 𝑖𝑛𝑡 𝑐𝑙∗ 𝑈 ∧ 𝐴∗  ⊆

𝑖𝑛𝑡 𝑐𝑙∗ 𝐴∗  . 

⟹ 𝐴 ⊆ 𝑖𝑛𝑡 𝑐𝑙∗ 𝐴∗  = 𝑖𝑛𝑡(𝐴∗) 

⟹ 𝐴 ⊆ 𝑖𝑛𝑡(𝐴∗) 

Since 𝐴 ⊆ 𝑈 ⟹ 𝐴 ⊆ 𝑈 ∧ 𝑖𝑛𝑡 𝐴∗ = 𝑖𝑛𝑡 𝑈 ∧ 𝐴∗ = 𝑖𝑛𝑡(𝐴) 

⟹ 𝐴 ⊆ 𝑖𝑛𝑡(𝐴) 

Since 𝑖𝑛𝑡(𝐴) ⊆ 𝐴 

Then 𝑖𝑛𝑡 𝐴 = 𝐴 and therefore 𝐴 ∈ 𝜏. 
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