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Abstract

Making use the Ruscheweyh derivative operator, we introduce and study a certain
A, (8, A) of univalent analytic function with negative coefficient .In this paper, we obtain

coefficient estimates, distortion theorem, radii of starlikness, convexity and modified Hadamard
product of functions belonging to the class <AH,, (8, a,n) .
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Introduction

Let <A(n) denotes the class of functions normalized by
f@=2+) a2 (kew), @
k=2

which are analytic and univalent in the unit disk U= {Z£C: |z|<1}.
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Let A () be subclass of-A(n]}, consisting of function of the form

fz) =5+ Z 0, 7% (k€ N,a, = 0). @)
k=2
For functions f(=) €A (n) given by (1) and g(=)=A(n) given by
g(z) = z+ Z bs* (ke N),
The convolution or Hadmard product of () and g(Z) is defined by
(f = g)(Z) =Z—|—Z B2, [ ENE U (3)

A function f(z) A (n) is said to be univalent starlike of order « if satisfies the inequality:

F(@)\ . YAI
Re(f(zj)_rx (Z EU;0<a <1).

denotes the class of all univalent starlike functions of order . Also f(z)&<A (n) is S*(e)
said to be univalent convex of order o if satisfies the inequality:

MG .
Re(l—i— f(Zj)_a (Z €U ;0<a<l).

denotes the class of all univalent convex functions of order a[see for example Duren [1] C(e)
and Goodman [3]].

The classes $*(a) and C(a) are studied Owa [6].

D* : A(n) = A(n) represent the Ruscheweyh derivative of order A defined by [7]:

Dﬂf(aﬁj:#*f[fﬂ: A=-1
(321 f(5 *
2N ) e
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=3—|—Z EK(‘;[’ja’k sk '
k=2

(A+1)(A+2) 0 (A+k—1)
(k —1)!

where 4 = —1 , Bg(d) = also see [4],[5].

We aim to study the class -4, (8, &, 4) which consists of functions f € §  and satisfy

|z(Dﬂf[zj)f + 6352 (Df(=))"

a L 2T o (®
G- @+ 0@y F © )
For|z|<1,0<d<1,0<a<l,Ad =-—1.
The investigation here is motivated by M. Darus [2].
Remark:
1) when & = 0, then form (=) we get
) F (D ‘if(z:]) > cu
g &~ Vv = 1 :5 R
e D if[,a:] e =
which is the class of starlike of order «:.
2) when & =0, 4 =1, we have the class
sf (z)’}
Re a0 =Za =<1,
{ f(=)

which is the class of starlike of order @ studied by Owa [6] and Yamakawa [8]
3) when & = 1, we have

Z(D‘lftzj) "

BN ETE)]

a;0=<a=<1

which is the class of convex of order a.

4)when § =1, A =1 we have
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zf(=)"
{14— Fz) }} ;0= <1

which is the class of convex of order « studied by Owa [6] and Yamakawa [8].
Next we characterize the class «4H,, (8, &, A) by proving the coefficient inequality.

2. Coefficient Inequality

Let the function f(z)be of the from (2).Then f € A% (8,&,4) ifandonly Theorem 2.1:
if

Z(k—a] [14+ 8(k— 1)]By(Da, < 1—a, (4)

where 0<o0<l,0<d<l,4A=—1, keRo,

(A+DA+2)....(A+k=1)
Ek—lj'

By (4) =
Proof: Assume inequality (4) is true then

|2(p?f(2))" +52%(D*f(2))"| - a|(1 - 8)D*f(2) + 62(DF (=) |

14 Z [1+ 8(k — D]k Bx(Dagz*

k=

[= =)

—alt+ Z[i — 5+ 5KIBx(Dayz* (5)

k=

=

b3
(o]

< Z(k @) [146(k—1D]ByDa, +(1—a)

<0 by maximum modules principle.

Therefore f € AH (5,a,1).

Conversly ,let f € AH _(5,a,4) .Then

|z(D‘1f(z])" + 652 (Dﬂf(z])”
(1= 8D () + 6a(D?f(2))

>a ZF U
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that is

-]

1+ [1+8(k — 1Dk B(A) a,z"

k=l

- >a , (6)

1+ [1-6+8k]Bg(Da,=F

k-l

using the fact that |Re f ()| < |f (3)|

1+ [146(k —1)]kBg(4) a, 5"
Re = = a

m

1+ 3> [1-8+6klBg(Da,z"

fml

Choose = on real axis and allowing s —1-

o

143 [1468(k— 1)]kBe(d) ay

k=1

=

m

1+ [1-64 6klB(Day

fml

Z(k @) [L4+68(k—1)]B(Aa, +(1—a) >0 .

Thus the proof is complete.

Of the form of (2] be in the class  «AH,,(8,a, A) Corolary 2.2 : Let the function f(=z)
.Then

(1—a)
(k—a)[1+4 8(k—1)]Bx(4)

ay = fork=23, ..

with equality for

(1 - ﬂf} zi't’
(k—a) [1+ 6(k — 1)] Bx(A)

flz) =z+ Z=23, ... .
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3. Growth And Distortion Theorem

Let the function f(=) of the form of (2) be in the class Theorem 3.1 :
A, (5, a, L) . Then

(1—a) (1—a)
o n+olBm " =@+ s .0

|52 .

|z] —

The result is sharp for

(1—a) .
2— @) [11 618D -

flz) = zz+( =23, ...
Proof: we have

(P

flz) =3+ Z ay, 5%

k=2

e

F@I=lsl+ ) alal*

k=2
(1—a)
If(=)] = |5l + CEPSITEY IR =12 . (7)
Similarly
DI z15l- ) alal*
k=2
> |z - 1) 2 . (8

2-a)[1+51B,D "~
Combining (7) and (8) we get the result.
Theorem 3.2 : Letthe function f(z)ofthe form of (2)be in the class AH, (5, a, 1) .
Then

2{(1—a) 2(1—a)

G ontsEm B @IS LY e s .

|=] .

The result is sharp for
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(1—a)

@) =24 G i+ 618,

| 2

4. Radii Of Starlikness And Convexity

Theorem 4.1 : Let the function f(z)ofthe form of (2)be in the class AH, (5, a,4) .

Then f(z)is starlike in |Z| < R where

1
_ [(k—a) [1+ 60k — 1] Bx(D))&1
Rsz{ (k+3—2}(1—ﬁr}H } k=23.. .

The estimate is sharp for the function

(1-a)
(k—a) [1+68(k —1)] B (4

=¥ forsomek.

fla) ==+

Proof: f is starlike of order S, 0<S <1 if

f'(=)
Re ( f{zj) e ()

zm—i

that is if )

<1-5  (10)

which simplifies to

z{k+s—2]ak|z|k 1:::

<1 (11)
by (4) we have
(1—a)
St y ey L G

Using (11) and (12} we get

o, (k—a)[14+8(k—1)] Bx(4)
l2*7 = k+s—2)(1—a)

(k — &) [1+ 60k — D] Bx(D) }ﬁ
(k+s5—-2)1—-a) '

thus |z] <R = iﬁf{
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Theorem 4.2 : Let the function f(z)ofthe form of (2)be in the class AH, (5, a, 1) .

then f(=z)is convex of order C,0 = C < 1 in |z| < R where

1
R= inf{(i —9[1+6k—1)] Bf"u}}k_lj k=23 ..

(k+c—2)1—a)

estimate is sharp for

(1-a)
fl=) =z+{k—a} 1+ 60— D1BD =* forsomek .

Proof: feAH (8,a, 1) is convex of orderC,0 = C <1 if
i

'@\, ,
Re(1+ F(2) )_
of"(2)

@

which is equivalent to o s

Z k(k — 1]akzk_1

that is = =1—c .
1+ > kazs*?

Eml

Using the arguments similar to Theorem (3.2), we get

(1—¢) [1+ 8k —1)] BH(A}}ﬁ

=l ‘ﬂR:i‘E{ ktc—20-

5. Extreme Points

Let f;(s) = 5, Theorem 6:

(1-a) L
(k—a) [14+8(k—1)]Bg(1)

filz) =5+ k=23, ..

then feAH, (8,a 1) If f it can be expressed in the form
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flz) = Zﬂ,k f(s) where A, =0and Zﬂ,k =1.
k=1 =
Proof: suppose

fl=) = i;{’k fie(2)

= (1—a) e
1@ =Y w =+ s ™)

k=1

% = (1-a)
ﬂzj_zJ“kak G—anrea-ninm- - ©

Now fe AH, (5, a i) since

(k—a) [1+ 6(k — 1)] B () (1—a) =a
Z (1—-a) (k—a)[1+06(k—1)] BH{A] ;’1" =1-4
= 1.

Conversely, suppose  fe AH,(5.a,4) then by (5)

= il k=123
W2 —a)[L+8(k—DIBA) ~
Setting
A, = (ka1 ;rléj:i]_ DIBe@W s (10)

and A4, =1 —Z A, we notice that f(z) = Z Ay f.(8) . Hence the result.
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6. Hadmard Production

Theorem 6.1:Let f,ge A, (5,y,4), then

Fr@=25+) ahz*  AH, (8,0
k=2

for f{z}=z+2akzk ,g{zj=z+2bkzk
k=2 k=2

where

(k—1)(1—a)?
Be(D)(k—a)?[1+ 6(k —1)]— (1 — a)?

y=1-

Proof: f,gg AH,(5,a,l) and so

(k— a) [1+ 8(k — 1)] Bx(4)
(1-a)

a, =1 (11)

(k—a) [1+00k— V1B,
(1-a)

b, <1 (12)

We need to find largest number ¥ such that

(k=) [1+ (k= 1)]B(4)

a-p a.b, =1.
By Cauchy schwas z inequality we have
kgl J(rf_(ka}_ D1 Bx4) apby < 1 (13).
Thus it enough to show that
%akbk < % a, b, (14).

Or equivalently, that

(k=) -7)
Yab ST ga—y 19
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From (13)

(1-a)

S ) L+ 60k — DIBL (D) (16).

Therefor in view of (15) and (16) it is enough to show that

(1-a) _k—a)1-p)
(= a) [1+6(k— DB ~ A-a) (k=)

Which simplifies to

< (k—1)(1— a)?
Be(D(k — a)?[1+ 6(k— D] — (1 - a)?

7. Closuer Theorem
Theorem 7.1: Let f; € AH,(8,a,d) j=12, ...

£
9@) = ) 6 f; €A, (B0

=
_&" = =)
_ = k
where Z C;,=1 and iz =3+ Z Zri <y -
i=1 k=2

Proof: suppose

oo £
=z+z Za,w- Cjzk (17)

k=2 k=2
=35+ Z e, 7" (18)
k=2
where g, = Z ay,; C;
i=1
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Since f; € AH, (5 a i) by(5)

(k—a) [1+ 8(k — 1)] Bx(A)
- a, =1. (19)

In view of (18) g(z) € AH,(5,a, 1) if

(k—a)[1+6(k—1)] BK{A]E -
(1—a) ke

Now

(k—a)[1+0(k-1]B(D) _(k=a) [1+5(f‘—1]]3ﬁ(‘1]ia <
i-a X - o

_i i( — ) [1+ 8(k — DIBL(A)
/ 1-a) +

£
= Z C; using (19)

=1
Thus g(z) € AH,(5,a ).

Theorem 7.2:Let f,g € AH,(5,a ) , then

hiz) =z +Z(ak2 + bkz)zk is in AH, (5 a, A) and where

k=2

20k — 1)(1— a)?
(k—ea)? L+6(k—1]— 2(1—a)?

{=p-—

Proof: f,g € AH,(5 a, 1) and hence

(1—a) (1—-a) @
=1 (20)

i [(k —a) [1+8(k —1)] B‘g(ﬂ,}} o [z (k—a) [1+ 8%k — DB ()
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- (k —a) [146(k — 1)] BEUJ
(1-a) B

i [(k —a) [1+6(k —1)] gﬁ,u}]
(1—a)

=1 . (21)

k=2

Adding (20) and (21) we get

1 [(k—a) [1+ 6(k — 1] B (D] )
;E[ 1:']_—5!} :| {cl;l-2+b;t- )El [:22:]

We must show that h € AH, (5, a, A) .

Therefore, we have fined largest such that

(k—2) _ Bg(A)(k — a)?[1+ 8(k —1)]
(= 2(1—-a)?

That is, that

o b 2(k — (1 — a)?
5P I+ ok—Dl— 2(1—a)2

8. Integral Operator

Let function defined by (2) in the class AH,, (4, a, 4), and let ¢ be a real Theorem 8.1:
number such that ¢ = —1 then the function F(z) defined by

+1 =
F(z) = — f el (6)dt .
o
Also belongs the class A, (8, a, 4).
Proof. For the representation of F(=),it follows that
F(z) == + Z d,
k=12
c+1
where d, = (c y k) @,

Therefor

1
+k)””*

Y (- [1+ 80k — D)]Be D, = Y (e —a) [1+ 8k — 1)]B D=
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< Z(k @) [148(k — 1)]By(Da, <1— a.

Sincef (=) € «AH, (&, a, 4). Hence by Theorem (2.1) F(=) € AH,, (6, a,4).
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