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 الخلاصة

 في هذا البحث تمكنا من ايجاد تعريف جديد للانغلاق الحدسي الضبابي والانفتاح الحدسي الضبابي بواسطةالتدرج  

-ثم اوجدنا تعريف الداله الحدسيه الضبابيه شبه,قبل المفتوحة -الانفتاحي الحدسي و المجموعة الحدسية الضبابية شبه

.قبل المفتوحة الضعيفة وناقشنا عدة علاقات معا للانغلاق الحدسي الضبابي والانفتاح الحدسي الضبابي  
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1. Introduction 

 In 1965, L.Zadeh[11] introduced the concept of fuzzy set . In 1968, Change[4] 

introduced the concept of fuzzy topology on set 𝑋 by axiomatizing, a collection T of 

fuzzy subsets of X.  In [5], Chattopadyay et al. introduced the concept of fuzzy topology 

redefined by a gradation of openness and investigated some fundamental properties. 

M.Demirci[7] introduced the concepts of fuzzy closure and fuzzy interior in the fuzzy 

topological space, and obtained some properties of them. Atanassov  introduced the 

concept of intuitionistic fuzzy set which is a generalization of fuzzy set in Zadeh’s sense 

[3]. D¸ coker introduced the concept of intuitionistic fuzzy topological spaces [6] by 

using the intuitionistic fuzzy sets, which is an extended concept of fuzzy topological 

spaces  in Chang’s sense. In 2002, Mondal and Samanta introduced the concept of 

intuitionistic gradations of openness [9] which is a generalization of the concept of 

gradation of openness defined by Chattopadyay. In this paper, we introduce the concepts 

of closure and interior defined by intuitionistic gradation of openness and intuitionistic  

fuzzy semi-peropen set, We also introduce the concepts of weakly gp.semi-premaps 

2.Preliminaries 

Let X be a set and I = [0, 1] be the unit interval of the real line. 𝐼𝑋  will denote the set of 

all fuzzy sets of X. 0 and 1 will denote the characteristic functions of φ and X, 

respectively. 

Definition 2.1 [9]: 

 An intuitionistic gradation of openness (IGO for short) on set X  an order pair 

 𝑇,𝑇∗ of mapping from 𝐼𝑋 to 𝐼 such that: 

(IGO1)  𝑇(𝐴) + 𝑇∗(𝐴) ≤ 1,∀𝐴 ∈ 𝐼𝑋  , 

(IGO2)  𝑇 0 = 𝑇 1 = 1,𝑇∗ 0 = 𝑇∗ 1 = 0 ,       
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(IGO3)𝑇(𝐴1 ∧ 𝐴2) ≥ 𝑇(𝐴1) ∧ 𝑇(𝐴2) 𝑎𝑛𝑑𝑇∗(𝐴1) ∧ (𝐴2) ≤ 𝑇∗(𝐴1) ∨ 𝑇∗(𝐴2) for each 

𝐴𝑖 ∈ 𝐼𝑋 , 𝑖 = 1 

(IGO4) 𝑇 ∨𝑖∈Γ 𝐴𝑖 ≥∧𝑖∈Γ 𝑇 𝐴𝑖 𝑎𝑛𝑑𝑇
∗ ∨𝑖∈Γ 𝐴𝑖 ≤∨𝑖∈Γ 𝑇

∗ 𝐴𝑖  

for each 𝐴𝑖 ∈ 𝐼𝑋 , 𝑖 ∈ Γ .   

The triple(𝑋,𝑇,𝑇∗) is called an intuitionistic fuzzy topological space (IFTS for short). 

𝑇and 𝑇∗may be interpreted as gradation of openness and gradation of non-openness, 

respectively.  

Definition 2.2 [9]: 

 Let X be a nonempty set and be an order pair  𝐹,𝐹∗ of mapping from 𝐼𝑋 to 𝐼 such 

that: 

(IGC1)  𝐹(𝐴) + 𝐹∗(𝐴) ≤ 1,∀𝐴 ∈ 𝐼𝑋  , 

(IGC2)  𝐹 0 = 𝐹 1 = 1,𝐹∗ 0 = 𝐹∗ 1 = 0 ,       

(IGC3)𝐹(𝐴1⋁𝐴2) ≥ 𝐹(𝐴1) ∧ 𝐹(𝐴2) 𝑎𝑛𝑑𝐹∗(𝐴1)⋁(𝐴2) ≤ 𝐹∗(𝐴1) ∨ 𝐹∗(𝐴2) 

           for each 𝐴𝑖 ∈ 𝐼𝑋 , 𝑖 = 1,2, 

(IGC4) 𝐹 ⋀𝑖∈Γ𝐴𝑖 ≥∧𝑖∈Γ 𝐹 𝐴𝑖 𝑎𝑛𝑑𝐹
∗ ⋀𝑖∈Γ𝐴𝑖 ≤∨𝑖∈Γ 𝐹

∗ 𝐴𝑖 for each 𝐴𝑖 ∈ 𝐼𝑋 , 𝑖 ∈ Γ .   

The triple(𝑋,𝐹,𝐹∗) is called an intuitionistic fuzzy topological space (IFTS for short). 

𝐹and 𝐹∗may be interpreted as gradation of closeness and gradation of non-closeness, 

respectively. 

Example: 2.3: 

 LetX={a, b}, define subsets 𝜇1 ,𝜇2 ∈ 𝐼𝑋as follows: 

𝜇1 𝑎 = 0.2𝜇1 𝑏 = 0.5 

𝜇2 𝑎 = 0.7𝜇2 𝑏 = 0.3 

 

F(𝛽) =  

0                 𝑖𝑓𝛽 = 0, 1

1
2 𝑖𝑓𝛽 = 𝜇1

1               𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 𝐹∗(𝛽) =  

1                      𝑖𝑓𝛽 = 0, 1

1
2 𝑖𝑓𝛽 = 𝜇1

0                     𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

Then(F,𝐹∗ )is IGC onX 

Definition 2.4 [9]: 



Journal of College of Education for pure sciences(JCEPS) 
Web Site: http://eps.utq.edu.iq/              Email: com@eps.utq.edu.iq 

Volume 7, Number 1, January 2017 
 

261 
 

 Let X be a nonempty set , if  𝑇,𝑇∗ is an IGO on X, then the pair(𝐹𝑇  ,𝐹𝑇∗
∗ ) defined 

by 

𝐹𝑇 𝐴 = 𝑇(𝐴𝑐) , 𝐹𝑇∗
∗  𝐴 = 𝑇∗(𝐴𝑐)   where𝐴𝑐  denotes the complement of A, is an IGC on 

X and if   𝐹,𝐹∗  is an IGC on X , then the pair (𝑇𝐹  ,𝑇𝐹∗
∗ ) defined by     𝑇𝐹 𝐴 = 𝐹(𝐴𝑐) , 

𝑇𝐹∗
∗  𝐴 = 𝐹∗(𝐴𝑐)  is IGO on X 

Definition 2.5 [2]: 

 Let(𝑋,𝑇,𝑇∗)  be an intuitionistic fuzzy topological space, define an 

operator𝐶𝑇,𝑇∗: 𝐼
𝑋 × 𝐼0 × 𝐼1 → 𝐼𝑋   by: 

𝐶𝑇,𝑇∗ 𝜆, 𝑟, 𝑠 =∧ {𝜇 ∈ 𝐼𝑋 : 𝜆 ≤ 𝜇,𝑇(1 − 𝜇) ≥ 𝑟,𝑇∗(1 − 𝜇) ≤ 𝑠}. 

Theorem 2.6[2]: 

Let(𝑋,𝑇,𝑇∗)  be an intuitionistic fuzzy topological space. 

for 𝜆,𝜇 ∈ 𝐼𝑋 ,𝑟, 𝑟1 ∈ 𝐼0s,𝑠1 ∈ 𝐼1 the operator𝐶𝑇 ,𝑇∗ satisfies the following conditions: 

(C1)  𝐶𝑇,𝑇∗ 0, 𝑟, 𝑠 = 0. 

(C2)𝜆 ≤ 𝐶𝑇,𝑇∗ 𝜆, 𝑟, 𝑠 . 

(C3) 𝐶𝑇 ,𝑇∗ 𝜆, 𝑟, 𝑠 ∨ 𝐶𝑇,𝑇∗ 𝜇, 𝑟, 𝑠 = 𝐶𝑇 ,𝑇∗ 𝜆 ∨ 𝜇, 𝑟, 𝑠  . 

(C4)𝐶𝑇,𝑇∗ 𝜆, 𝑟, 𝑠 ≤ 𝐶𝑇,𝑇∗ 𝜆, 𝑟1, 𝑠1   if 𝑟 ≤ 𝑟1 and𝑠 ≥ 𝑠1. 

(C5)𝐶𝑇,𝑇∗ 𝐶𝑇,𝑇∗ 𝜆, 𝑟, 𝑠 , 𝑟, 𝑠 = 𝐶𝑇,𝑇∗ 𝜆, 𝑟, 𝑠  

The pair (𝑋,𝐶) is called an intuitionistic fuzzy closure space. 

 

Definition 2.7[1]: 

 Let (𝑋,𝑇,𝑇∗) be an intuitionistic fuzzy topology. Define an operator  𝐼𝑇 ,𝑇∗: 𝐼
𝑋 ×

𝐼0 × 𝐼1 → 𝐼𝑋  by: 

𝐼𝑇,𝑇∗ 𝜆, 𝑟, 𝑠 =∨ {𝜇 ∈ 𝐼𝑋 : 𝜆 ≥ 𝜇,𝑇(𝜇) ≥ 𝑟,𝑇∗(𝜇) ≤ 𝑠} 

Theorem 2.8[1]: 

Let(𝑋,𝑇,𝑇∗)  be an intuitionistic fuzzy topological space. 

for 𝜆,𝜇 ∈ 𝐼𝑋 ,𝑟, 𝑟1 ∈ 𝐼0,s,𝑠1 ∈ 𝐼1, the operator 𝐼𝑇,𝑇∗ 𝜆, 𝑟, 𝑠 satisfies the following 

conditions: 

(I1)𝐼𝑇 ,𝑇∗ 1 − 𝜆, 𝑟, 𝑠 = 1 − 𝐶𝑇 ,𝑇∗ 𝜆, 𝑟, 𝑠 , 

(2) For𝜆, 𝜇 ∈ 𝐼𝑋 , 𝑟, 𝑟1 ∈ 𝐼0𝑎𝑛𝑑𝑠, 𝑠1 ∈ 𝐼1, then : 
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(i1),𝐼𝑇,𝑇∗ 1, 𝑟, 𝑠 = 1; 

(i2) 𝜆 ≥ 𝐼𝑇,𝑇∗ 𝜆, 𝑟, 𝑠 ; 

(i3) 𝐼𝑇,𝑇∗ 𝜆, 𝑟, 𝑠 ∧ 𝐼𝑇,𝑇∗ 𝜇, 𝑟, 𝑠 = 𝐼𝑇 ,𝑇∗ 𝜆 ∧ 𝜇, 𝑟, 𝑠 ; 

(i4)𝐼𝑇 ,𝑇∗ 𝜆, 𝑟, 𝑠 ≥ 𝐼𝑇,𝑇∗ 𝜆, 𝑟1, 𝑠1 𝑖𝑓𝑟 ≤ 𝑟1 and𝑠 ≥ 𝑠1; 

(i5)𝐼𝑇 ,𝑇∗ 𝐼𝑇 ,𝑇∗ 𝜆, 𝑟, 𝑠 , 𝑟, 𝑠 = 𝐼𝑇 ,𝑇∗ . 

Example 2.9: 

 Let 𝑋 = {𝑎, 𝑏, 𝑐} and𝜇1 ,𝜇2 , 𝜇3 ∈ 𝐼𝑋   defined as follows:    

𝜇1 𝑎 = 0.3𝜇1 𝑏 = 0.3 𝜇1 𝑐 = 0.3𝜇2 𝑎 = 0.4𝜇2 𝑏 = 0.3𝜇2 𝑐 = 0.3 

𝜇3 𝑎 = 0.6𝜇3 𝑏 = 0.4𝜇3 𝑐 = 0.3 

We define 𝑇,𝑇∗: 𝐼𝑋 → 𝐼 as follows: 

                  1𝑖𝑓𝜆 = 0, 1                                     0        𝑖𝑓𝜆 = 0, 1 

𝑇 𝜆 =  0.6𝑖𝑓𝜆 = 𝜇1𝑇
∗ 𝜆 =     0.3𝑖𝑓𝜆 = 𝜇1 

                  0     otherwise    1otherwise 

Then(𝑇,𝑇∗)  is an intuitionistic gradation of openness (IGO) 

𝐼𝑇 ,𝑇∗ 𝜆, 𝑟, 𝑠 = 1 , where  𝑟 =  0.6  𝑎𝑛𝑑𝑠 =  0.3 . 

Definition 2.10: 

 Let(𝑋,𝑇,𝑇∗) be an intuitionistic fuzzy topological space,  

1) A fuzzy set𝜆 ∈ 𝐼𝑋  is said to be an intuitionistic fuzzy semi- preopen set(IFspos for 

short) if and only if there exist𝑟 ∈ 𝐼0 , 𝑠 ∈ 𝐼1 

Such that:   𝜆 ≤ 𝐶𝑇,𝑇∗(𝐼𝑇,𝑇∗ 𝐶𝑇,𝑇∗ 𝜆, 𝑟, 𝑠 , 𝑟, 𝑠 , 𝑟, 𝑠) 

2) A fuzzy set𝜆 ∈ 𝐼𝑋  is said to be an intuitionistic fuzzy semi-preclosed set(IFspcs for 

short) if and only if there exist𝑟 ∈ 𝐼0 , 𝑠 ∈ 𝐼1 

Such that: 𝐼𝑇,𝑇∗(𝐶𝑇,𝑇∗ 𝐼𝑇,𝑇∗ 𝜆, 𝑟, 𝑠 , 𝑟, 𝑠 , 𝑟, 𝑠) ≤ 𝜆. 

Example 2.11: 

         Let 𝑋 = {𝑎,𝑏, 𝑐} and𝜇1, 𝜇2 , 𝜇3 ∈ 𝐼𝑋   defined as follows:    

𝜇1 𝑎 = 0.3𝜇1 𝑏 = 0.3 𝜇1 𝑐 = 0.3 

𝜇2 𝑎 = 0.4𝜇2 𝑏 = 0.3𝜇2 𝑐 = 0.3 

𝜇3 𝑎 = 0.6 𝜇3 𝑏 = 0.4𝜇3 𝑐 = 0.3 

We define 𝑇,𝑇∗: 𝐼𝑋 → 𝐼 as follows: 
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                 1   𝑖𝑓𝜆 = 0, 1       0      𝑖𝑓𝜆 = 0, 1 

𝑇 𝜆 =      1
2 𝑖𝑓𝜆 = 𝜇1𝑇

∗ 𝜆 =     1
2 𝑖𝑓𝜆 = 𝜇1 

                   0      otherwise                                         1      otherwise 

 

 Then (𝑋,𝑇,𝑇∗) is an intuitionistic fuzzy topology , let 𝑟 = 1
2  and 𝑠 = 1

3  then 𝜇3 is an 

intuitionistic fuzzy semi-preopen 

 

Definition 2.12 : 

     Let (X,T,𝑇∗) be an IFTS and A∈ 𝐼𝑋  then the closure(resp. interior) of A denoted by 

𝐴𝑠𝑝      (resp.𝐴𝑠𝑝
∘ ) and is defined by 

𝐴𝑠𝑝     =∧ {𝐾 ∈ 𝐼𝑋 ,𝐹𝑇 𝐾 > 0𝑎𝑛𝑑𝐹𝑇∗
∗  𝐾 ≤ 𝐹𝑇∗

∗  𝐴 ,𝐴 ≤ 𝐾,𝐾 ∈ 𝐼𝐹𝑠𝑝𝑐𝑠} 

𝐴𝑠𝑝
∘ =∨ {𝐾 ∈ 𝐼𝑋 ,𝑇 𝐾 > 0𝑎𝑛𝑑𝑇∗ 𝐾 ≤ 𝑇∗ 𝐴 , K ≤ A, A ∈ IFspos }      

Theorem 2.13 

     Let  (X,T,𝑇∗) be an IFTS and A,B ∈ 𝐼𝑋 ,then: 

1. 𝐹𝑇∗
∗ (𝐴𝑠𝑝     ) ≤ 𝐹𝑇∗

∗  𝐴  

2. 𝑇∗ 𝐴𝑠𝑝
∘  ≤ 𝑇∗ 𝐴  

3. A≤B and 𝐹𝑇∗
∗  𝐵 ≤ 𝐹𝑇∗

∗  𝐴 ⇒ 𝐴𝑠𝑝     ≤ 𝐵𝑠𝑝     

             A≤B and 𝑇∗ 𝐵 ≤ 𝑇∗ 𝐴 ⇒ 𝐴𝑠𝑝
∘ ≤ 𝐵𝑠𝑝

∘  . 

Proof: 1- from definition 2.4 and 2.12 , we have  

𝐹𝑇∗
∗  𝐴𝑠𝑝      = 𝐹𝑇∗

∗ (∧ {𝐾 ∈ 𝐼𝑋 ,𝐹𝑇 𝐾 > 0𝑎𝑛𝑑𝐹𝑇∗
∗  𝐾 ≤ 𝐹𝑇∗

∗  𝐴 ,𝐴 ≤ 𝐾,𝐾 ∈ 𝐼𝐹𝑠𝑝𝑐𝑠}) 

≤∨ {𝐹𝑇∗
∗  𝐾 :𝐹𝑇 𝐾 > 0𝑎𝑛𝑑𝐹𝑇∗

∗  𝐾 ≤ 𝐹𝑇∗
∗  𝐴 , K ≤ A, K ∈ IFspos } ≤ 𝐹𝑇∗

∗  𝐴  

2- It similar to (1) 

3- Since 𝐴 ≤ 𝐵 and 𝐹𝑇∗
∗  𝐵 ≤ 𝐹𝑇∗

∗  𝐴  

Let  L be any element of 

{𝐾 ∈ 𝐼𝑋 ,𝐹𝑇 𝐾 > 0𝑎𝑛𝑑𝐹𝑇∗
∗  𝐾 ≤ 𝐹𝑇∗

∗  𝐵 ,𝐵 ≤ 𝐾,𝐾 ∈ 𝐼𝐹𝑠𝑝𝑐𝑠} 

Then it is also in 

{𝐾 ∈ 𝐼𝑋 ,𝐹𝑇 𝐾 > 0𝑎𝑛𝑑𝐹𝑇∗
∗  𝐾 ≤ 𝐹𝑇∗

∗  𝐴 ,𝐴 ≤ 𝐾,𝐾 ∈ 𝐼𝐹𝑠𝑝𝑐𝑠} 
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Hence   𝐴𝑠𝑝     ≤ 𝐵𝑠𝑝     

4- the proof is similar to that of  (3). 

Theorem 2.14: 

     Let (X,T,𝑇∗) be an IFTS and A∈ 𝐼𝑋  then 

1. (𝐴𝑠𝑝     )𝑐  =(𝐴𝑐)𝑠𝑝
°  

2. 𝐴𝑠𝑝     = ((𝐴𝑐)𝑠𝑝
° )𝑐  

3. (𝐴𝑠𝑝
° )𝑐=(𝐴𝑐   )𝑠𝑝  

4. 𝐴𝑠𝑝
° = ((𝐴𝑐   )𝑠𝑝)𝑐 . 

Proof: 

1- From definition 2.4,we have 

(𝐴𝑠𝑝     )𝑐 = (∧ {𝐾 ∈ 𝐼𝑋 ,𝐹𝑇 𝐾 > 0𝑎𝑛𝑑𝐹𝑇∗
∗  𝐾 ≤ 𝐹𝑇∗

∗  𝐴 ,𝐴 ≤ 𝐾,𝐾 ∈ 𝐼𝐹𝑠𝑝𝑐𝑠})𝑐  

=∨ {𝐾𝐶 :𝐾 ∈ 𝐼𝑋 ,𝑇 𝐾𝐶 > 0𝑎𝑛𝑑𝑇∗ 𝐾𝐶 ≤ 𝑇∗ 𝐴𝑐 , KC ≤ AC , KC ∈ IFspos }   

=∨  𝑉 ∈ 𝐼𝑋 ,𝑇 𝑉 > 0𝑎𝑛𝑑𝑇∗ 𝑉 ≤ 𝑇∗ 𝐴𝐶 , V ≤ AC , V ∈ IFspos   = (𝐴𝑐)𝑠𝑝
°  

The statement 2,3,4 are easily obtain from (1) 

Theorem 2.15: 

    Let (X,T,𝑇∗) be an IFTS and A,B ∈ 𝐼𝑋 ,then: 

1. 0𝑠𝑝    = 0 

2. A⊆ 𝐴𝑆𝑃      

3. 𝐴𝑆𝑃     ⊆ (𝐴𝑆𝑃     )𝑆𝑃
           

4. 𝐴𝑆𝑃     ∩ 𝐵𝑆𝑃     ⊆ (𝐴 ∪ 𝐵)𝑆𝑃              

 Proof: 

1 and 2are easily obtain from definition 2.12 

With respect to 3) we have  A⊆ 𝐴𝑆𝑃         from 2)⟹𝐴𝑆𝑃     ⊆ (𝐴𝑆𝑃     )𝑆𝑃
           

4) for every A, B ∈ 𝐼𝑋 ,by the definition 2.4 and definition 2.12 

(𝐴 ∪ 𝐵)𝑆𝑃             =∧ {𝐾 ∈ 𝐼𝑋 ,𝐹𝑇 𝐾 > 0𝑎𝑛𝑑𝐹𝑇∗
∗  𝐾 ≤ 𝐹𝑇∗

∗  𝐴 ∪ 𝐵 ,𝐴 ∪ 𝐵 ≤ 𝐾,𝐾 ∈ 𝐼𝐹𝑠𝑝𝑐𝑠} 

⊇∧ {𝐾 ∈ 𝐼𝑋 ,𝐹𝑇 𝐾 > 0𝑎𝑛𝑑𝐹𝑇∗
∗  𝐾 ≤ 𝐹𝑇∗

∗  𝐴 ∨ 𝐹𝑇∗
∗  𝐵 ,𝐴 ∪ 𝐵 ≤ 𝐾,𝐾 ∈ 𝐼𝐹𝑠𝑝𝑐𝑠} 
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⊇∧ [ 𝐾 ∈ 𝐼𝑋 ,𝐹𝑇 𝐾 > 0𝑎𝑛𝑑𝐹𝑇∗
∗  𝐾 ≤ 𝐹𝑇∗

∗  𝐴 ,𝐴 ≤ 𝐾,𝐾 ∈ 𝐼𝐹𝑠𝑝𝑐𝑠 ]

∪  𝐾 ∈ 𝐼𝑋 ,𝐹𝑇 𝐾 > 0𝑎𝑛𝑑𝐹𝑇∗
∗  𝐾 ≤ 𝐹𝑇∗

∗  𝐵 ,𝐵 ≤ 𝐾,𝐾 ∈ 𝐼𝐹𝑠𝑝𝑐𝑠  

⊇∧ [ 𝐾 ∈ 𝐼𝑋 ,𝐹𝑇 𝐾 > 0𝑎𝑛𝑑𝐹𝑇∗
∗  𝐾 ≤ 𝐹𝑇∗

∗  𝐴 ,𝐴 ≤ 𝐾,𝐾 ∈ 𝐼𝐹𝑠𝑝𝑐𝑠 ]

∩  𝐾 ∈ 𝐼𝑋 ,𝐹𝑇 𝐾 > 0𝑎𝑛𝑑𝐹𝑇∗
∗  𝐾 ≤ 𝐹𝑇∗

∗  𝐵 ,𝐵 ≤ 𝐾,𝐾 ∈ 𝐼𝐹𝑠𝑝𝑐𝑠  

⊇ 𝐴𝑆𝑃     ∩ 𝐵𝑆𝑃      

Theorem 2.16:    Let (X,T,𝑇∗) be an IFTS and A , B ∈ 𝐼𝑋 ,then: 

1. (1)𝑠𝑝
∘ = 1 

2. 𝐴𝑠𝑝
∘ ⊆ 𝐴 

3. (𝐴𝑠𝑝
∘ )𝑠𝑝

∘ ⊆ 𝐴𝑠𝑝
∘  

4. (𝐴 ∩ 𝐵)𝑠𝑝
∘ ⊆ 𝐴𝑠𝑝

∘ ∩ 𝐵𝑠𝑝
∘  

Proof : it similar to the proof of theorem 2.15 

Theorem 2.17: 

    Let (X,T,𝑇∗) be an IFTS and A,B ∈ 𝐼𝑋 ,then: 

1. T(A)> 0       ⟹ 𝐴𝑠𝑝
∘  = 𝐴 

5. A⊆ 𝐴𝑆𝑃      

6. 𝐴𝑆𝑃     ⊆ (𝐴𝑆𝑃     )𝑆𝑃
           

7. 𝐴𝑆𝑃     ∩ 𝐵𝑆𝑃     ⊆ (𝐴 ∪ 𝐵)𝑆𝑃              

Proof: 1 and 2are easily obtain from definition 2.4 

3) A⊆ 𝐴𝑆𝑃         from 2)⟹𝐴𝑆𝑃     ⊆ (𝐴𝑆𝑃     )𝑆𝑃
           

4) for every A, B ∈ 𝐼𝑋 , by definition1.1and 1.5 

(𝐴 ∪ 𝐵)𝑆𝑃             =∧ {𝐾 ∈ 𝐼𝑋 ,𝐹𝑇 𝐾 > 0𝑎𝑛𝑑𝐹𝑇∗
∗  𝐾 ≤ 𝐹𝑇∗

∗  𝐴 ∪ 𝐵 ,𝐴 ∪ 𝐵 ≤ 𝐾,𝐾 ∈ 𝐼𝐹𝑠𝑝𝑐𝑠} 

⊇∧ {𝐾 ∈ 𝐼𝑋 ,𝐹𝑇 𝐾 > 0𝑎𝑛𝑑𝐹𝑇∗
∗  𝐾 ≤ 𝐹𝑇∗

∗  𝐴 ∨ 𝐹𝑇∗
∗  𝐵 ,𝐴 ∪ 𝐵 ≤ 𝐾,𝐾 ∈ 𝐼𝐹𝑠𝑝𝑐𝑠} 

 

⊇∧ [ 𝐾 ∈ 𝐼𝑋 ,𝐹𝑇 𝐾 > 0𝑎𝑛𝑑𝐹𝑇∗
∗  𝐾 ≤ 𝐹𝑇∗

∗  𝐴 ,𝐴 ≤ 𝐾,𝐾 ∈ 𝐼𝐹𝑠𝑝𝑐𝑠 ]

∪  𝐾 ∈ 𝐼𝑋 ,𝐹𝑇 𝐾 > 0𝑎𝑛𝑑𝐹𝑇∗
∗  𝐾 ≤ 𝐹𝑇∗

∗  𝐵 ,𝐵 ≤ 𝐾,𝐾 ∈ 𝐼𝐹𝑠𝑝𝑐𝑠  

⊇∧ [ 𝐾 ∈ 𝐼𝑋 ,𝐹𝑇 𝐾 > 0𝑎𝑛𝑑𝐹𝑇∗
∗  𝐾 ≤ 𝐹𝑇∗

∗  𝐴 ,𝐴 ≤ 𝐾,𝐾 ∈ 𝐼𝐹𝑠𝑝𝑐𝑠 ]

∩  𝐾 ∈ 𝐼𝑋 ,𝐹𝑇 𝐾 > 0𝑎𝑛𝑑𝐹𝑇∗
∗  𝐾 ≤ 𝐹𝑇∗

∗  𝐵 ,𝐵 ≤ 𝐾,𝐾 ∈ 𝐼𝐹𝑠𝑝𝑐𝑠  

⊇ 𝐴𝑆𝑃     ∩ 𝐵𝑆𝑃      
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Theorem 2.18:    Let (X,T,𝑇∗) be an IFTS and A , B ∈ 𝐼𝑋 ,then: 

5. (1)𝑠𝑝
∘ = 1 

6. 𝐴𝑠𝑝
∘ ⊆ 𝐴 

7.(𝐴𝑠𝑝
∘ )𝑠𝑝

∘ ⊆ 𝐴𝑠𝑝
∘  

8.(𝐴 ∩ 𝐵)𝑠𝑝
∘ ⊆ 𝐴𝑠𝑝

∘ ∩ 𝐵𝑠𝑝
∘  

Proof : it similar to proof  theorem 2.17 

Theorem 2.19: 

    Let (X,T,𝑇∗) be an IFTS and A,B ∈ 𝐼𝑋 ,then: 

1.T(A)> 0       ⟹ 𝐴𝑠𝑝
∘  = 𝐴 

2.𝐹𝑇 𝐴 > 0 ⟹ 𝐴𝑠𝑝     = 𝐴 

Proof: 1) let  T(A)> 0  ,then 

𝐴 ∈  𝐾 ∈ 𝐼𝑋 ,𝐹𝑇 𝐾 > 0𝑎𝑛𝑑𝐹𝑇∗
∗  𝐾 ≤ 𝐹𝑇∗

∗  𝐴 ,𝐴 ≤ 𝐾,𝐾 ∈ 𝐼𝐹𝑠𝑝𝑐𝑠  

So  A⊆ 𝐴𝑠𝑝
∘ ,thus we get 

   A=𝐴𝑠𝑝
∘  (by theorem 2.17) 

2) it is similar to (1)  

 

3.weakly gp.semi-premap. 

In this section, we introduce the concept ofweakly gp.semi-pre mappingand investigate 

some properties of them. 

Definition3.1[10]: 

             Let (X,T,𝑇∗) and  (Y,𝜎,𝜎∗) be two IFTS amapping f : X→ 𝑌  is weakly gp.map if  

for every𝐴 ∈ 𝐼𝑌𝜎(𝐴) ≥ 0,𝑇 𝑓−1 𝐴  ≥ 0 and 𝑇∗(𝑓−1 𝐴 ) ≤ 𝜎∗(𝐴) 

 It is obvious that every gp.map is weakly gp.map from the above definition but we can 

show that the converse is not always true from the following  example. 

Example3.2: 

  Let x=I  and  N be the set of all natural numbers for each n∈ 𝑁.We consider 𝜇𝑛 ∈

𝐼𝑋such that 

𝜇𝑛 = 0.5   

Define  T,𝑇∗: 𝐼𝑋 → 𝐼 by 
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T(𝜆) =  

1                   𝑖𝑓𝜆 = 0, 1
1

𝑛+2
𝑖𝑓𝜆 =  𝜇𝑛

0                 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 𝑇∗ 𝜆 =  

0                 𝑖𝑓𝜆 = 0, 1
1

𝑛+2
𝑖𝑓𝜆 =  𝜇𝑛

1                  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

Define  𝜎,𝜎∗: 𝐼𝑋 → 𝐼 by 

𝜎 𝜆 =  

1                   𝑖𝑓𝜆 = 0, 1
1

𝑛+2
𝑖𝑓𝜆 =  𝜇𝑛

0                 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 𝜎∗= 

0                   𝑖𝑓𝜆 = 0, 1
1

𝑛+2
𝑖𝑓𝜆 =  𝜇𝑛

1                 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

(X,T,𝑇∗) , (𝑌,𝜎,𝜎∗) are IGO 

Let f: (X,T,𝑇∗)→ (𝑌,𝜎,𝜎∗) 

Then f is weakly gp-map but not a gp-map 

Since for each fuzzy set 𝜇𝑛  

We get 𝑇∗ 𝑓−1 𝜇𝑛  ≤ 𝜎∗ 𝜇𝑛 ,but 𝜎 𝜇𝑛  is not less than T(𝑓−1 𝜇𝑛 ) 

Definition3.3: 

      Let (X,T,𝑇∗) and (𝑌,𝜎,𝜎∗) be two IFTSs then a mapping f : X→ 𝑌 is                                                                                      

weakly gp.semi-pre mapping if   for each A∈ 𝐼𝑌 ,𝜎(𝐴) ≥ 0,𝑇 𝑓−1 𝐴  ≥ 0 and 

𝑇∗(𝑓−1 𝐴 ) ≤ 𝜎∗(𝐴)such that 𝑓−1 𝐴 ∈ 𝐼𝐹𝑆𝑃𝑂𝑆 

Theorem3.4: 

         Let (X,T,𝑇∗) and (𝑌,𝜎,𝜎∗) be two IFTSs then amapping f : X→ 𝑌 is                                                                                      

weakly gp.semi-pre mapping iff for every  A∈ 𝐼𝑌 ,𝐹𝜎(𝐴) > 0 ⇒ 𝐹𝑇(𝑓−1 𝐴 ) >

0𝑎𝑛𝑑𝐹𝑇∗
∗ (𝑓−1 𝐴 ) ≤ 𝐹𝜎∗

∗ (𝐴)such that 𝑓−1 𝐴 ∈ 𝐼𝐹𝑠𝑝𝑜𝑠𝑐 

Proof: 

  Suppose 𝑓 is weakly semi-pre mapping and  let 𝐹𝜎(𝐴) > 0for A∈ 𝐼𝑌  then 𝐹𝜎 𝐴
𝑐𝑐  =

𝜎(𝐴𝑐) > 0, it follows,𝑇 𝑓−1 𝐴𝑐  > 0and   𝑇∗ 𝑓−1 𝐴𝑐  ≤ 𝜎∗ 𝐴𝑐 ,thus we get 

𝐹𝑇 𝑓
−1 𝐴  > 0𝑎𝑛𝑑𝐹𝑇∗

∗ (𝑓−1 𝐴 ) ≤ 𝐹𝜎∗
∗ (𝐴),the converse is obvious. 

Theorem 3.5: 

      Let (X,T,𝑇∗) and (𝑌,𝜎,𝜎∗) be two IFTSs then amapping f : X→ 𝑌 is weakly gp.semi-

pre mapping iff for every  A∈ 𝐼𝑌 ,𝐹𝜎 (𝐴) ≤ 𝐹𝑇 𝑓
−1 𝐴   

and𝐹𝑇∗
∗  𝑓−1 𝐴  ≤ 𝐹𝜎∗

∗  𝐴  such that𝑓−1 𝐴 ∈ 𝐼𝑓𝑠𝑝𝑜𝑠𝑐 

proof: the proof is similar to that theorem3.4. 
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Theorem 3.7: 

 Let (X,T,𝑇∗) and (𝑌,𝜎,𝜎∗) be two IFTSs.Then amapping f : X→ 𝑌 is weakly gp.semi-pre 

mapping,then we have:  

1. 𝑓(𝐴𝑠𝑝     ) ≤ 𝑓(𝐴𝑠𝑝        ), for every A∈ 𝐼𝑋  

2. (𝑓−1 𝐴 )𝑠𝑝              ≤ 𝑓−1 𝐴𝑠𝑝      , for every A∈ 𝐼𝑌  

3. 𝑓−1 𝐴𝑠𝑝
°  ≤ (𝑓−1 𝐴 )°, for every A∈ 𝐼𝑌  

Proof: 

1) Let A∈ 𝐼𝑋, then by definition 2.12and theorem 3.4,we have  

𝑓−1 𝑓(𝐴𝑠𝑝)          = 

𝑓−1[∩ {u∈ 𝐼𝑌:𝐹𝜎 𝐴 > 0𝑎𝑛𝑑𝐹𝜎∗
∗  𝑢 ≤ 𝐹𝜎∗

∗  𝑓 𝐴  ,𝑓 𝐴 < 𝑢: 𝑢 ∈ 𝐼𝑓𝑠𝑝𝑠𝑐}] 

≥∩ {𝑓−1(𝑢) ∈ 𝐼𝑋 :𝐹𝑇 𝑓
−1 𝑢  > 0 𝑎𝑛𝑑𝐹𝑇∗

∗  𝑓−1 𝑢  ≤ 𝐹𝜎∗
∗  𝑢 ,𝐴 < 𝑓−1(𝑢):𝑓−1(𝑢)

∈ 𝐼𝑓𝑠𝑝𝑠𝑐} 

Since 𝐹𝑇 𝑓
−1 𝑢  > 0, it follows 𝐴𝑠𝑝     ≤ (𝑓−1 𝑢 )𝑠𝑝              (from theorem 1.6) 

 =𝑓−1 𝑢     and so 

∩ {𝑓−1(𝑢) ∈ 𝐼𝑋 :𝐹𝑇 𝑓
−1 𝑢  > 0𝑎𝑛𝑑𝐹𝑇∗

∗  𝑓−1 𝑢  ≤ 𝐹𝜎∗
∗  𝑢 ,𝐴 < 𝑓−1(𝑢):𝑓−1(𝑢)

∈ 𝐼𝑓𝑠𝑝𝑠𝑐} ≥ 𝐴𝑠𝑝      

Consequently , we get 𝑓(𝐴𝑠𝑝     ) ≤ 𝑓(𝐴𝑠𝑝        ) 

2) It follows from(1) 𝑓(𝑓−1(𝐴𝑠𝑝 )
           ) ≤ 𝑓(𝑓−1(𝐴𝑠𝑝)               ) 

𝑓(𝑓−1(𝐴𝑠𝑝)
           ) ≤ 𝐴𝑠𝑝      

𝑓−1(𝐴𝑠𝑝)
           ≤ 𝑓−1( 𝐴𝑠𝑝)       

3) It is obtained by (2)and theorem(2.19) 

Corollary 3.7: 

    Let (X,T,𝑇∗) and (𝑌,𝜎,𝜎∗) be two IFTSs , then a mapping f : X→ 𝑌 is                                                                                      

weakly gp.semi-pre mapping, then we have:  

1. 𝑓(𝐴𝑠𝑝     ) ≤ 𝑓(𝐴     )𝑠𝑝 , for every A∈ 𝐼𝑋 . 

2. (𝑓−1 𝐴 )𝑠𝑝              ≤ 𝑓−1 𝐴𝑠𝑝      , for every A∈ 𝐼𝑌 . 

3. 𝑓−1 𝐴𝑠𝑝
°  ≤ (𝑓−1 𝐴 )𝑠𝑝

° , for every A∈ 𝐼𝑌 . 
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