Journal University of Kerbala , Vol. 15 No.1 Scientific . 2017

Fuzzy Translation and fuzzy multiplication of Cl-algebras
Cl- s () el qpall g dplpdal) cilaa Al

Areej Tawfeeq Hameed * Narjes Zuhair Mohammed?
Department of Mathematics, Faculty of Education for Girls, University of Kufa
Lareej.tawfeeq@uokufa.edu.ig ? nergeszuher@gmail.com

Abstract:

In this paper, we give definition of fuzzy translation of Cl-algebra, fuzzy extension ,fuzzy
multiplication of Cl-algebra and homomorphism of fuzzy translation and fuzzy multiplication
of fuzzy

Cl-ideal of Cl-algebras and proved certain results based on the fuzzy Cl-ideal of CI- algebra.
Keywords: fuzzy Cl-ideal ,fuzzy translation, fuzzy extension, fuzzy multiplication,
homomorphism of Cl-algebras.

2000 Mathematics Subject Classification: 06F35, 03G25, 08A72.

- gdlal)

ol ) Gl o pall Aball Glaw gl C g sill (o suadl () Abiall daa il oy ot aad Sl aa 3
e Ame gl Ll 5 Cl g sl o ) ) laal) Gl 5 Aol daa i) (e IS ) JSLEl 5 CT g sl G
Clg sl o pall I Cl g 53l (e dplaall AU b

1- Introduction

The introduction of a lot of concepts as types of algebra in year 1966 and study fuzzy him in
1965 and then the studies on these concepts have evolved it has been Some of which circulating to
other types for reach to new algebra types of which Cl-algebra in 2009 which is the subject of our
study, where be generalization of BE-algebra, the introduction of the concept of fuzzy translation
and fuzzy multiplication on this kind of your new idea for Cl-algebras as[1],[2] , the concepts ideal
and filter of Cl-algebra , and discussed the some of the properties of Cl-algebras by [3]. Meng B.L,
show the concept of an Cl-algebra as a generation of a BE-algebra by[4]. Sithar Selvam P.M., and
others introduce the notion of anti fuzzy subalgebra of Cl-algebras and studied some of its
properties under homomorphism and cartesian products by [5].

In this paper we define a fuzzy translation and fuzzy multiplication of Cl-algebras and look for
some of their properties accurately by using the concepts of fuzzy Cl-ideal and fuzzy subalgebra.
We prove to, that if homomorphism of fuzzy translation or fuzzy multiplication of fuzzy Cl-ideal
of Cl-algebras is fuzzy translation or fuzzy multiplication of Cl-algebras.

2- Preliminaries
In this section, we mention basic definitions that we need in this paper.
Definition 2.1 [4]:
Let(X;*, 0) be a set with a binary operation () and a constant (0).Then (X;x, Q)is called a
Cl-algebra if it satisfies the following axioms: for all X, y ,z €X,
Q) x*x =0,
(2) 0xx =x,
@) xx(y*z) =y (x*2).
For brevity we also call X a Cl-algebra, We can define a binary relation (<) by putting x < y
if and only if y x x = 0.
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Proposition 2.2 [3]:

Let (X;*, 0) be a Cl-algebra, then the following hold :for any x, y € X,
(Ch) y* ((y*x) xx) = 0,
(Clz) (xx0) * (y x 0) = (x * y) * 0.

Definition 2.3 [5]:
Let (X;*, 0) be a Cl-algebra and S be a nonempty subset of X .Then S is called a subalgebra of
Xif, x = y €S, forany x, y €S.

Definition 2.4[6] :
Let (X;*, 0) be a Cl-algebra and | be a nonempty subset of X. I is called a Cl-ideal of X if it
satisfies:

. Oe€l,
ii. x*x(y xz) €elandy €limplyxxz€l,forall x,y,zeX.

Definition 2.5[7] :
Let X be a nonempty set, a fuzzy subset p of X is a function u: X —[0,1].

Definition 2.6[7] :

Let p and v be a fuzzy subsets on X. Define the fuzzy subset u N v as follows:
(u N v)(x) = min{u(x), v(x)}, for all xeX.

In general, if {u;: ieA} is a family of fuzzy subsets in X, then :
Niea ti (x) = inf{y; (x): ieA}, for all xeX.

Definition 2.7[7] :

Let p and v be a fuzzy subsets on X. Define the fuzzy subset u U v as follows:
(U v)(x) = max{u(x),v(x)}, for all xeX.

In general, if {u;: ieA} is a family of fuzzy subsets in X, then :
Ujea 1i(x) = sup{u;(x): ieA}, for all xeX.

Definition 2.8 [5]:
Let X be a Cl-algebra. A fuzzy subset p of X is said to be a fuzzy subalgebra of X if it satisfies:
ux*y) = min{u (x),u(y) pforall x,ye X
Definition 2.9[6]:
Let X be a Cl-algebra. A fuzzy subset p of X is said to be a fuzzy Cl-ideal of X if it satisfies:
1. u(0) = u(x), for all xe X,

2. u(x*z) =min{u(x * (y * z)),u(y) }, forall x, y, ze X.

Proposition 2.10[6] :
Let (X;*, 0) by a Cl-algebra , then every fuzzy Cl-ideal of X is a fuzzy subalgebra of X.

3- Fuzzy Translations of fuzzy Cl-ideals.

We study the relations among fuzzy translation, fuzzy extension of Cl-ideal of Cl-algebra X as
[1], [8].

In what follows let (X; * ,0) denote a Cl-algebra, and for any fuzzy subset p of X, we denote
T=1-sup{ux)|x € X}.

Definition 3.1 [1], [8]:
Let X be a nonempty set and p be a fuzzy subset of X and let a.e [0,T]. A mapping
uk X —[0,1] is called a fuzzy translation of p if it satisfies: pk(x) = u(x) + a , forall x € X.
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Theorem3.2 :
Let p be a fuzzy subset of Cl-algebra X and ul is fuzzy translation of p for a € [0,T]. nis a
fuzzy Cl-ideal of X if and only if ul is a fuzzy Cl-ideal of X.

proof:

(=) Assume p be a fuzzy Cl-ideal of X and let a € [0,T]. For all X, y, z € X we have
1. since p(0) = p(x) Then ul (0) = u(0) + a = u(x) + a = pk(x).

2. ugBx* z) = u(x * z) + a = minfu(x * (y * 2)), u(Y)} + @

= min{ u(x * (y * 2)) + @, u(y) + a} = min{ug(x * (v * 2)), g (y)} . Hence g is a fuzzy
Cl-ideal of X.

(<) Assume the fuzzy translation u is a fuzzy Cl-ideal of X for some a < [0,T].
Let x,y, z € X, we have

1- w(0) + a = pg (0) = pg(x) = p(x) +a = p(0) = u(x).

2- pu(x *z) + a = pl(x * 2) = min{pl(x * (v * 2)), k2 (»)}

= min{ u(x * (v * 2)) + @, u(y) + @} = minfu(x * (v * 2)), 4} +

= pu(x *z) = min{u(x * (y * z)),u(y)}. Hence p is a fuzzy Cl-ideal of X .0

Proposition 3.3:
Let the fuzzy translation ul of p be a fuzzy Cl-ideal of X for o € [0,T]. If z < y then

e (2) > pa(y) .

Proof:
Let X,y ,z € X be such that z < y. Then y * z = 0 and hence ul(z) = puX(0 * 2)

> min{ug (0 * (¥ * 2), ug ()} = min{ug(0), 1e (M} = Ha(¥)- 0

Definition 3.4 [1],[8]:
Let uyand p, be fuzzy subsets of a set X. If u,(x) < u, (x) for all x € X, then we say that y, is
a fuzzy extension of y; .

Definition 3.5:
Let u, and u,be fuzzy subsets of X. Then u, is called a fuzzy extension Cl-ideal of pu, if the
following assertions are valid:
(11) u, is a fuzzy extension of ;.
(I2) If uq is afuzzy Cl-ideal of X, then u, is a fuzzy Cl-ideal of X.

Proposition 3.6 :
Let u be a fuzzy Cl-ideal of X and let a, y € [0,T]. If a > v, then the fuzzy translation pk of p
is a fuzzy extension Cl-ideal of the fuzzy translation u$ of pu.

Proof:

Let p be a fuzzy Cl-ideal of X then by Theorem (3.2), the fuzzy translation M\T( of u and the
fuzzy translation pk of p are fuzzy Cl-ideals of X, for all a, y € [0,T] since a > ¥,
n(x) + a = p(x) +y, forall x e X. Therefore uj (x) = pj(x). Hence pg is a fuzzy extension

Cl-ideal of p;. 0
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Proposition 3.7 :
For every fuzzy Cl-ideal p of X and y e [0,T], the fuzzy translation M)T of u is a fuzzy

Cl-ideal of X. If v is a fuzzy extension CI-ideal of ,u?,", then there exists o € [0,T] suchthat a« >y
and v(x) = ul (x)forall x e X.

Proof:

Let u beafuzzy Cl-ideal of X and y € [0,T], then by Theorem (3.2), pT, is a fuzzy Cl-ideal of
X . Let v be a fuzzy extension Cl-ideal of /[yf, therefore v(x) > M]T (x) V¥ x € X. Then choose
a =y + min{v(x) — uy (x)}. Clearly a € [0,T] such that @ >y . Then yg is a fuzzy translation
pand v(x) = uX(x).Hence v is also a fuzzy extension Cl-ideal of the fuzzy translation u}.0

The following example illstrates proposition (3.7)

Example 3.8 :
Let X ={0, a, b} be a set with a binary operation () defined by the following table:

*x |0 [a |b

0 [a |b
a |0 |0 |b
b [b |[b |0

Then (X ;*,0) is a Cl-algebra by[6]. Define a fuzzy subset p of X by:
X |0 a b

H |08 |07 |06

Then pis a fuzzy Cl-ideal of X and T =1- 0.8= 0.2. If we take y = 0.11, then the fuzzy Cl-ideal
translation p; of p is given by :

X |0 a b
puy | 0911081 0.71
Let v be a fuzzy subset of X defined by:
X |0 a b
v |0.98]0.83|0.72

then v is clearly a fuzzy extension Cl-ideal of the fuzzy Cl-ideal translation y,, of p . But

v is not a fuzzy Cl-ideal translation pl of p forall o €[0,T], since ain 0 # ain 1. Take
0=0.12, then o = 0.12 > 0.11 =y and the fuzzy Cl-ideal translation plof p is given as follows:

X |0 a b
ul (092082072

Note that v(x) = u (x) forall x € X, and hence v is a fuzzy extension Cl-ideal of the fuzzy
Cl-ideal translation uZ of p.
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Proposition 3.9 :
Let u be a fuzzy Cl-ideal of a Cl-algebra X and ae [0,T]. Then the fuzzy translation ul of p
is a fuzzy extension Cl-ideal of p.

Proof :

If u is a fuzzy Cl-ideal of X, then by Theorem (3.2), the fuzzy translation u} of p is also a
fuzzy Cl-ideal of X, for all ae [0,T]. Now uX(x) = u(x) + a = u(x),for all x € X. Hence , the
fuzzy translation u is a fuzzy extension Cl-ideal of p. &

A fuzzy extension Cl-ideal of a fuzzy Cl-ideal p may not be represented as a fuzzy
Cl-ideal translation u} of p , that is , the converse of Proposition (3.9) is not true in general , as
shown by the following example.

Example 3.10 :
Let X = {0,a,b} be a set with a binary operation (*) defined by the following table:

0Ola|b

D O| %

0Ola|b
0(0|b
b|0ja |0

Then (X;*,0) is a Cl-algebra by [6]. Define a fuzzy subset p of X by:

X |0 a b
u |08 (06 |07

Then pis a fuzzy Cl-ideal of X . Let v be a fuzzy subset of X defined by:

X |0 a b
v |0.97]0.76|0.72

Then v is a fuzzy extension Cl-ideal of p . But it is not the fuzzy translation pl of p for all
a € [0,T],sinceain 0 # o in 1.

Proposition 3.11 :

The intersection of any set of fuzzy Cl-ideals translation of Cl-algebra X is also fuzzy
Cl-ideal translation of X.
Proof:

Let {(ul); : i e A} be a family of fuzzy Cl-ideals translation of Cl-algebra X, then for any x,
y,Z e X, i €A,
1- (Niea(ta))(0) = inf((ug); (0)) = inf(y; (0) + @) = inf(y; (x) + @)

= inf((ua): (¥)) = ((Niea(ta)) ().

2- (Niea(a) ) (x * 2) = inf((ug); (x * 2)) = inf(p;(x * 2) + @)
inf(min{,ul- (x * (y * z)),,ul-(y)}) +a
inf(min{y; (x * (¥ * 2)) + a, 1 (y) + a})
min{inf(y; (x * (¥ * 2)) + @) , inf(y; (y) + )}
= min{( Nicp 1) (x * (¥ * 2)) + @, (Njep w) (¥) + a}
= min {(Niea(ue) ) (x * (v * 2)) , ((Niea(ta) D )} 0

v Il
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Proposition 3.12 :
The intersection of any set of fuzzy extension Cl-ideals of a fuzzy Cl-ideal p of X is a fuzzy
extension Cl-ideal of p.

Proof:

Let {u; : i € A} be a family of fuzzy extension Cl-ideals of a fuzzy Cl-ideal p of X ,Then
Ui(x) = p(x) Vie A x e Xsince pis afuzzy Cl-ideal of X. y; are fuzzy Cl-ideals of X
Vie A . Thenn;.4 y; is also a fuzzy Cl-ideal of X, by Theorem(5.15) of [6].

Now (N;cq pi)(X)= infie4(ui(x)) = inf (u(x)) = u(x). Hence N; .4 ; is a fuzzy extension
Cl-ideal of p. o

Clearly, the union of fuzzy extension Cl-ideal of a fuzzy subset p of X is not a fuzzy extension
Cl-ideal of n as seen in the following example.

Example 3.13:

Let X = {0,a,b,c,d} be a set with binary operation () defined by the following table:
x 0la|bjc|d
0O|0|la|lb|c|d
a|0/0(b|b|d
b|0ja|0O|a|d
c|0/0(0|0]|d
d|d|{d{d|d]|O

Then (X; *,0) is a Cl-algebra by[3].

Let pu, v and 6 be fuzzy subsets of X defined by :

X 0 a b C d

i 0.7 0.6 0.5 0.6 0.5
\ 0.9 0.8 0.7 0.7 0.6
3 0.9 0.8 0.6 0.8 0.6

Respectively. Then v and & are fuzzy extension Cl-ideals of p obviously, the union
v U O is a fuzzy extension of , but it is not a fuzzy extension Cl-ideals of u since
(v d) (axc) =(v L d)(b) = 0.7 < 0.8 = min{(v L d)(a*(cxC)), (v L d)(c)}=min{(v L 3)(0), (v L
d)(c)}= min{0.9, 0.8}.

Definition 3.14 [9]:
For a fuzzy subset u of X, ae [0,T] and t e [0,1] with t>a ,Let
U 1) = {x eX s u(x) 2t — al.

Theorem 3.15 :
Let p be a fuzzy subset of a Cl-algebra X and a.€[0,T]. Then u? is a fuzzy Cl-ideal translation of
Xifandonly if U,(u; t)isa Cl-ideal of X V telm (p) with t > a.

Proof :

(=) Assume p is a fuzzy Cl-ideal of X, then by Theorem (3.2) ul is a fuzzy Cl-ideal translation of
X. Let teIm(p) be such that t > a.

1- Now pu(0) + a = uL (0) = ul (x) = u(x) + @ >tV x € U, (u; t) this establishes that
0eUy(u; 1)

2- Let (x * (y*z)),y eU,(u; )= ,u(x * (y*z)) >t—aandu(y)>t—a =
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pux*(y*z)+a >t and u(y)+a =2t=ur(x*x(y*z)=>t and ul(y)>t.Now
ur(x « (y * z)) = min{ul (x = (y * z)),ur (y)} =t which implies u(x+*2)+ a > t=
ulx*z)=2t—a=xxz € U,(u; t) .Hence U, (u; t) isa Cl-ideal of X .

(<) suppose that U, (u; t) is Cl-ideal of X. for every t € Im(p) with t > a.

1- If there exists x e X such that uY (0) <t < ul(x), then u(x) =t - a but
u(0) <t —a. This shows that xe U, (u; t) and 0 ¢ U, (u; t). This is a contradiction, and so
Uy (0) = ul (x) forall x e X.

2- Now assume that there exist X, y, z € X such that
pi (xx2z) <y < min{ pg (x**2)),p4g @} Then u(x*(y*z)) = y—a and u(y) =
y— a,butu(x*z) <y—a. Hence (xx(y*2z)) € Uy(u; y)andy € U, (i; v), but (x *2) ¢
U, (u; y), this is a contradiction. Therefore,
ul (x * z) = min{uk (x * (y * 2)), u&(y)}, for all x y, z € X. Hence u} is a fuzzy Cl-ideal
translation of X. 0

Corollary 3.16 :
Let u be a fuzzy subset of a Cl-algebra X and a€[0,T]. Then u is a fuzzy Cl-ideal of X if and
only if U,(w; t)isa Cl-ideal of X V telm(p) with t> a.

Proof :
By Theorem (3.2) and Theorem (3.15) .o

Proposition 3.17 :
Let p be a fuzzy Cl-ideal of a Cl-algebra X and let o e [0,T], then the fuzzy translation
ur of p is a fuzzy subalgebra of X.

Proof:
Since p be a fuzzy Cl-ideal of a Cl-algebra X , then by Proposition (2.10), u be a fuzzy
subalgebra of a Cl-algebra X and let o € [0,T] and x, ye X. Then,
ueB(x *y) = u(x * y) + a = min{u(x), u(y)} + a = minf{u(x) + a, u(y) + a}
= min{ul (x), uk (y)}. Hence u} is a fuzzy subalgebra translation of X. o
In general, the converse of Proposition (3.17) is not true. As the following example shows;

Example 3.18 :
Let X = {0,a,b,c} be a set with binary operation (x) defined by the following table:

x|0la|blc
O|0fa|b]c
al|0|0jala
b|0|0|0]a
c|0(0jal|0

Then (X; *,0) is a Cl-algebra by[3]. Define a fuzzy subset pu of X by:

X 0 a b c
u 0.8 0.7 0.6 0.5

Then p is not fuzzy CI-ideal of X, since p(0*c)= p(c)=0.5<0.7=min {p(0*(axc),w(a)}
=min {u (a),u (@)}, and T=0.2 But if we take 0=0.1 the fuzzy translation u} of  is given as

follows: X 0 a b c
ur 0.9 0.8 0.7 0.6

Then p} is a fuzzy subalgera of Cl-algebra X.
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Proposition 3.19 :

If the fuzzy translation ul of p is a fuzzy Cl-ideal of X, o €[0,T] then p is a fuzzy
subalgebra.

Proof:
Since ul be a fuzzy Cl-ideal of a Cl-algebra X, then by Proposition (2.10) ul be a fuzzy
subalgebra of a Cl-algebra X and let o € [0, T] and X,y € X. Then u(x *y) + a
= pa(x *y) = minfug (x), ke ()} = min{u(x) + a, u(y) + a} = min{u(x), p(»} + a.
Hence p is a fuzzy subalgebra of X. 0
In general, the converse of Proposition (3.19) is not true. As the following example shows;

Example 3.20:
Let X = {0,a,b,c} be a set with binary operation () defined by the following table:
x [0la|b|c
0|0jla|b]c
a|0/0|0]|c
b|0|b|0O]|cC
c|0/0]0|0

Then (X; *,0) is a Cl-algebra. Define a fuzzy subset p of X by:
X 0 a b C

u 07 |06 |05 |04

Then p is a fuzzy subalgera of X, and T=0.2 .But if we take 0=0.02 the fuzzy translation p_of n
is given as follows:

X 0 a b c
ur 1072 1062 |0.52 |0.42

Then ul is not a fuzzy Cl-ideal of X. since u} (bxa) =ul (b)=0.52< 0.62=min{ur (bx(a*a)), ux
@3}=min{ug (0), ug (a)}=min{0.72,0.62 }.

Proposition 3.21 :
If the fuzzy translation ul (x) of u is a fuzzy Cl-ideal then it satisfies the condition
o (7 *x)*x) = pg ().
Proof :
Letx,y € X, then
T ; T T — ; T T
g (v *x) *x) = minf pg ((v * x) * (v * %)), ug ()} = minf ug (0), pg ()}
- T
= Ug (¥). O
Definition 3.22[5]:
Let (X; *, 0) and (Y; #,0) be Cl-algebras. A mapping f : (X;*,0) — (Y;%,0) is said to be a
homomorphism if f(x *y) = f(x) * f(y) forall X,y € X.

Definition 3.23 [10]:
If B is a fuzzy subset of Y, then the fuzzy subset =3 o f in X (i.e the fuzzy subset defined by p
(x) =B (f (x)) for all x € X) is called the pre-image of  under f .
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Proposition 3.24:

Let £:X — Y be a homorphism of Cl-algebra X in to a Cl-algebra Y and u}, be a fuzzy translation
of , then the pre-image of ul denoted byf =t (u})is defined as { £~ (uD)}=ul (f (x)) V xeX.

If uis a fuzzy Cl-ideal of Y, then £~ (uY) is a fuzzy Cl-ideal of X.

Proof :

Let u be a fuzzy Cl-ideal of Y. Let x,y ,z eX.
@ F(eE ) = (F (0) = u(f @) + @ = u(f () +a = (f ()
="M () = Mz (0) = f(ug (0)).
@ (@) =uE (f x2) = p(f @*2) +a
= min{ u(f (x * (y * 2))), u(f O} + a = min{u(f (x = (y * 2))) + a, u(f (¥) + a}
= min{ug (f (x * (y * 2)), uq (f @)} = min{f~" (ug (x * (v *2)), £~ (ug )}

= 1 (ug (x*2)) = min{f~! (ug (x* (y *2))), f~* (g () }.Hencef ~* (ug) is a fuzzy
Cl-ideal of X. n

4- Fuzzy multiplications of fuzzy Cl-ideals
We study the notion of fuzzy multiplication of Cl-ideal on Cl-algebra X and we give some
properties of it.

Definition 4.1 [9]:
Let u be a fuzzy subset of X and Be [0, 1]. A fuzzy multiplication of p, denoted by ,uBM is
defined to be a mapping uﬁM: X—[0,1] define by uﬁM(x) = [ .u(x),forall x e X.

Theorem 4.2 :
Let u be a fuzzy subset of a Cl-algebra X and € (0,1].Then p is a fuzzy Cl-ideal of X if and
only if the fuzzy multiplication u}}" is fuzzy Cl-ideal of X .

Proof: (=)
Assume p is a fuzzy Cl-ideal of X and let € (0, 1] .Then

(D) ug (0) = B.p(0) = B.pu(x) = pj (%),
() up Ccx2) = B.pu(x * 2) 2 pomin{ u(x = (v * 2)), 14 ()}

= min{ B.u(x * (y * 2)), B.u ()} = min {uf' (x * (y * 2)), ug’ (y)} for all x, y, z € X. Hence pj
is a fuzzy Cl-ideal of X. &
(=) Let B € (0, 1] be such that pg" is a fuzzy Cl-ideal multiplication of X. Then forall x,y,z e

X
1) B.1(0) = py'(0) = pp'(x) = B . pu(x) = u(0) = pu(x)
(D B.ulerz) = pGrz) = minfull Cox (v = 2), 1w 0))

= min{f.u(x * (y * 2)), . u(y)} = B.min{u(x * (y * 2)), u(y)}
= u(x *z) = min{u(x * (y *2)),u(y)}. Hence p is a fuzzy Cl-ideal of X. o
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Proposition 4.3 :
Let u be a fuzzy subset of a Cl-algebra X, a € [0,T] and B € (0, 1]. Then every fuzzy
Cl-ideal translation p of p is a fuzzy extension Cl-ideal of the fuzzy Cl-ideal multiplication u}}’l
of .
Proof:
For every x € X ,we have
(1) Assume that u}‘;" is a fuzzy Cl-ideal of X. Then p is a fuzzy Cl-ideal of X by Theorem (4.2). It
follows from Theorem (3.2) that u} is a fuzzy Cl-ideal of X for all a  [0,T] .
(2) ug (¥) = p(x) + a = p(x) = B.pu(x) = py'(x) = ug is a fuzzy extension of ug'. Hence every
fuzzy translation u is a fuzzy extension Cl-ideal of the fuzzy Cl-ideal
multiplication uj'. o
The following example illustrates Proposition (4.3).
Example 4.4 :

Let X = {0,a,b,c,d} be a Cl-algebra which is given in example (3.13). Define a fuzzy subset p of
X by :

X 0 a b c d
i 0.8 0.7 0.6 0.7 0.6

Then p is a fuzzy CI-ideal of X. If we take = 0.3 then the fuzzy multiplication u% of p is given
by :

X 0 a b C d
ud, 1024 1021 [0.18 |0.21 |0.18

Clearly ubd, is a fuzzy Cl-ideal multiplication of X. Also, for any o e [0, 0.2], the fuzzy
translation pl of p is given by:

X 0 a b c d

ur 1 0.8+a |0.7+a |0.6+a | 0.7+a | 0.6 +a

Then pl is a fuzzy extension of ud; and ulis always a fuzzy Cl-ideal translation of X for all o €
[0, 0.2]. Hence uY is a fuzzy extension Cl-ideal of ud; for all a € [0, 0.2].

Proposition 4.5 :

Let ye [0, 1] and p be a fuzzy Cl-ideal of X. Then The fuzzy multiplication ,u]lylof u is a fuzzy
subalgebra of X.
Proof:

Since p fuzzy Cl-ideal of a Cl-algebra X, then by Proposition (2.10) u is a fuzzy
subalgebra of Cl-algebra. Let ye (0, 1] and X, y €X. Then u})"(x xy)=y.ulx*y)
>y.min{p (x),u )} = min{y.u (0),y.1 ()} = min{w)' (x), )" (¥)}. Hence lof p is a
fuzzy subalgebra multiplication of X. &

In general, the converse of the Proposition (4.5) is not true. As the following example shows;
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Example 4.6 :
Let X={0,a,b,c}be a Cl-algebra which is given in Example (3.18). Define a fuzzy subset p
of X by

X 0 a b c
v 0.8 0.7 0.5 0.6

Then p is not fuzzy Cl-ideal of X. Since p(0*C)= (c)=0.6 < 0.7=min{ p (0*(axc), u (a)}
=min{ p (a),u (@)}= min{0.7, 0.7} ,and T=0.2. But if we take y=0.1 the fuzzy multiplication /1})" of
uis given as follows:

X 0 a b c
u;}" 0.08 0.07 0.05 0.06

Then u})"is a fuzzy subalgebra of X.

Proposition 4.7 :

If the fuzzy multiplication ,u)l)’[ of p is a fuzzy Cl-ideal of X, ye (0,1] then p is a fuzzy
subalgebra.
proof:

Since u})" be a fuzzy Cl-ideal of a Cl-algebra X, then by Proposition (2.10) uf," be a fuzzy
subalgebra of a Cl-algebra X. Letye (0,1] and X,y € X. Then y. u(x * y) = M\Df[(x *y)
> min{u{‘,’[(x), u{\,’[(y)} =min{y .u(x),y .u(y)} =y .min{u(x), u(y)}since y # 0 it follows that
ulx *y) = min{u(x),u(y)}. Hence p is a fuzzy subalgebra of X. o

In general, the converse of the Proposition (4.7) is not true. As the following example shows;

Example 4.8 :
Let X={0,a,b,c}be a Cl-algebra which is given in Example(3.20). Define a fuzzy subset pu of X

by :

X 0 a b c
v 0.7 0.6 0.4 0.5

Then p is a fuzzy subalgera of X. But if we take y=0.02 the fuzzy multiplication ,u)l)’[ of w is given
as follows:

X 0 a b c
y})ﬂ 0.014 | 0.012 | 0.008 | 0.01

Then wy! is not a fuzzy Cl-ideal multiplication of X. sincep)! (02)= p}' (2) = 0.008 < 0.012
=min{uM (0+(1+2)), uM (1)}=min{u (0), uM (1)}=min{0.014, 0.012} .
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Proposition 4.9 :
Let f:X—Y be a homomorphism of Cl-algebra X in to a Cl-algebra Y andu be a fuzzy
multiplication of p then the pre-image of p)denoted by f~* (uM) is defined as {f = (uM)}
= (f (x)) V xeX. If wis a fuzzy Cl-ideal of Y, then f~* (u}!) is a fuzzy Cl-ideal of X.
Proof :
Let u be a fuzzy Cl-ideal of Y. Let x,y ,z eX.

@) £ O (F () = v.u(f ) 2 you(f (0) =@ (f @) = £ (1! ()
= (' (0)) = fF~1 (! (0)).
@ (W @x2) = (f (cx2) = y.u(f G+ 2))
> y.min{ u(f (¢ * (v * 2))), 1(f @)} = min{ y.u(f (x * (v * 2))), v-£(F O}
= min{u! (f (x * (v * 2))), 1! (F 3} = min{f @ G+ (v + 2)), (F (! 0}

= (' (x*2)) 2 min{f (W) (x* (¥ *2),f (' ()} Hence f~'(w) is a fuzzy
Cl-ideal of X .0

5- Homomorphism of fuzzy translation and fuzzy multiplication of Cl-algebra:
We define of a homeomorphic of fuzzy translation and fuzzy multiplication of Cl-algebra and
we study some properties about it.

Definition 5.1 :
Let f: (X;*,0) — (Y;%,0) be an endomorphism and uX be a fuzzy translation of p in Cl-algebra
X. We define a new fuzzy set in Cl-algebra X by f in X as (Ma)f in X as

WD) = WH(f() = u(f(x)) + a for all xeX.

Proposition 5.2 :

Let f:(X;*,0) — (Y;¥ 0) be an endomorphism of Cl-algebra X. If p is a fuzzy Cl-ideal of X
then (Hg)f is also fuzzy Cl-ideal of X.
Proof :

Let u be a fuzzy Cl-ideal of X and let X, y ,z eX.
Q) @0 = wDf(x) =y1(f(0) =u(f(0) +a=u(f(x)+a= (up)rx)
= (1e)r(0) = (ug)s(x).
2  wDrxxz)= WH(f(x*2) =u(f(x*2)+azmin{u(f(x*y*2),u()}+a

= min{u(f(x * (v *2)) + &, u(f () + a} = min{(uD) s (x * (v * 2)), W) ()}

= (ur )r(x xz) = mln{(u )f(x * (y * z)) (Ug )f(y)} Hence (ul )r is a fuzzy Cl-ideal of X. o

Proposition 5.3 :
Let f: (X;*,0) - (Y;% 0) be an epimorphism of Cl-algebra X. If (ug); is a fuzzy
Cl-ideal of X then p is also fuzzy Cl-ideal of Y.
Proof :
Let (ug)f be a fuzzy Cl-ideal of X and yi, ¥, ,y3 €Y. Then there exists X1, X2, X3 € X such that
f(x1) =y1, f(x2) =y and f(x3) =y3
@®  w0)+a=puz(0) = ui(f(0) = (Dr(0) = (uR)r(x1) = uz(f(x)
=u(f(x))+ta=uly) +ta= .U(O) > u(yq)
(2) nyi ¥y3) +a = .U(f(x1) % f(xs)) t+a= .“(f(x1 * x3)) t+ta= #E(f(x1 * x3))
= (U0 *x3) 2 min{ (D), ((x1 * (2 % %3)), (U (02}
= min{ () (f Cey * (X2 * x3))), (k) (f (x2))
= min{ (U )(f(x) * (f(xz) f(x3)) (/J )(f (x2))}
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min{u(f (x1) # (f(xz) * £ (x3)) + @, u(f () + a}
min{u(f(xl) * (f(xz) * f(xs)),ll(f(xz))} +a

= min{u(y; * (v2 * y3), u(y2)} +
= u(yy #y3) = min{u(y; * (y, * y3), u(y,)}. Hence u is a fuzzy Cl-ideal of Y. o

Proposition 5.4 :
Let £: (X;+,0) = (Y;% 0) be a homomorphism of Cl-algebra. If u is a fuzzy Cl-ideal of Y then
(ﬂa)f is also fuzzy Cl-ideal of X.

Proof :
Let x,y,z € X and let p be a fuzzy Cl-ideal of Y ,we get

O @D = KFO) = w(FO) + a2 u(F®) +a = uI(F()) = WD)

2) D xz) = uD(fxx2))=pu(f(x*2))+a
= minf{u(f(x * (y * 2)), u(f YN} + a = minfu(f (x * (v * 2)) + &, u(f ) + a}
= min {u (f(x* (o +2)), 1k ()} = min{ WD (x * & * 2)), W)}

= (ua)r(x * 2) = min{ (ud)(x * (v * 2)), (D) )}.
Hence (uz)y is a fuzzy Cl-ideal of X. o

Definition 5.5 :
Let f:(X;*,0) - (Y;>»?, ()) be an endomorphism and u})" be a fuzzy multiplication of p in
Cl-algebra X. We define a new fuzzy set in Cl-algebra X by fin X as( uy') s in X as

(D) = () (f D) = y.u(f (x)) for all xeX.

Proposition 5.6 :
Let £:(X;x,0) — (Y;%,0) be an endomorphism of Cl-algebra X. If p is a fuzzy CI-ideal of X
then ( u)") is also fuzzy Cl-ideal of X.

Proof :
Let u be a fuzzy Cl-ideal of X and let x, y ,z e X.

1) (0 = (hHf () = (f(O)) Y- u(F(0) = y.u(f(0) = (1) (x)

= () (0) = () ().

2 (WHaxz)=(WH(Fxx2) =y.u(f(x *2)) = y.min{u(f (x = (v * 2)), u(y)}
= min{u(f(x * (v * 2)),y.u(f(»))} = min{(ul) s (x * (v * 2)), WD)}

= (K )f(x*Z)>mm{(u ) * O+ 2), (i}
Hence (M )5 is a fuzzy Cl-ideal of X. o

Proposition 5.7 :

Let £:(X;*,0) — (Y;%,0) be an epimorphism of Cl-algebra X. If (# )r is a fuzzy Cl-ideal of
X then p is also fuzzy Cl-ideal of Y.
Proof :

Let (yy)f be a fuzzy Cl-ideal of X and ys, Y- ,y3 €Y. Then there exists X1, X, X3 € X such that

flx)) =y, f(x2) =y and f(x3) = y3
@) y.u(0) = wh(0) = W) = (Hr0) = (D) = W' (f(x1)) = y.u(f (x1))
=y.u(y) = #(O) > u(yq)
(2) Y-u(y1 £y3) =v. .“(f(x1) f(xs)) Y. .U(f(x1 * x3)) = Uy (f(x1 * x3))
= (W) (xy * x3) 2 min { () (o * (e *x3)), () ()}
= min{( ) (f (x1 * (23 * x3))), ") (f (x2))
= min{ (W) (F (x1) * (f(x2) * £ (x3)), () (f (x2))}
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= min{y.u(f(xl) * (f(xz) * f(xg)),]/.,u(f(xz))}
=Y. min{li(f(xl) * (f(xz) * f(%))u“(f(xz))}
=y.min{u(y; * (y2 *y3), u(y2)}
= u(y; # y3) = min{u(y, * (y, * y3), u(y,)}. Hence u is a fuzzy Cl-ideal of Y. o

Proposition 5.8 :

Let f:X = Y be a homomorphism of Cl-algebra. If p is a fuzzy Cl-ideal of Y then (u})")f is also
fuzzy Cl-ideal of X.
Proof :

Let x,y,z € X and let p be a fuzzy Cl-ideal of Y ,we get

Q) @WHr0) = @(F(0) =y.u(f(0) =y.u(f) = (fx) = WH;x)
) WHrlx*z) = WH(flx*2) =y.u(f(x*2)
> y.min{u(f (x * (y * 2)), u(f ()} = min{y. u(f(x * (v * 2)),v. u(f )}
= min{ @ (f(x * (v * 2))), W(F )} = minf @, (x * (v *2)), WH; )}

= () (e 2) 2 min{ (W (x = (v = 2)), (H M}
Hence (u)") is a fuzzy Cl-ideal of X. o

Conclusion:

In this paper we have introduced the notion of fuzzy translation and fuzzy multiplication on
Cl-algebras. Interestingly fuzzy extension Cl-ideal of Cl-algebras has been studied which adds an
another dimension to the definition of Cl-algebras, has been studying the a new fuzzy set to fuzzy
translation and fuzzy multiplication to Cl-algebra. It has been observed that the Cl-algebra it's a
generalization of BE-algebra by B.L. Meng [5].
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