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Abstract 
       We use the semigroup theory to study the homogeneus n-parameter ACP 
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        where X is a Banach space,     (  )                  is a densely – defined closed 

linear operator. We discuss the existence and uniqueness of solution of  n-ACP. In fact, we claim 

that if  (           ) is the generator of a   - n parameter semigroup  (           )    

(0, ]i it T   then n-ACP with some conditions has a unique solution. 

 

 الملخص
 هتغيرة الوجردة الوتجاًست -  nًستخذم ًظريت شبه السهر لبحث عي هسألت كوشي        
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(  )    فضاء باًاخ و  Xحيث يكوى       عاهل خطي هغلق ، هحذد و هكثف. ثن ًٌاقش                  

 (           ) هتغيرة الوجردة الوتجاًست . في الواقع ، ًحي ًذعي أًه إرا كاى  -  nوسألت كوشي وجود و تفرد الحل ل

(           )هتغيرة   – nالوولذ هي شبه زهر     (0, ]i it T هتغيرة  -  nوسألت كوشي ،يوجذ حل فريذ هي ًوعه  ل   

 الوجردة الوتجاًست هع بعض الشروط.
 

1.Introduction 

Defenition.1.1[1]: suppose that X is a Banach  space  and 
t

xxtT
Ax

t


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)(
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Where   
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( ) { : lim  exist}

t

T t x x
D A x X

t


   then XXADA )(:  is called  an infinitesimal 

generator of one parameter semigroup 0)}({ ttT  and D(A) is called the domain of A. 

Defenition.1.2[1]: Suppose that  X is a Banach space and XXADA )(:  is a  linear 

operator, then ( ) { : : ( ) }C I A D A X X invertable          is resolvent set and if 

)(  then we define the operator  ):( AR 
 
by 

1)():(  AIAR  .    
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Definition.1.3[1]: suppose that X  is a Banach space and XXADA )(: is a linear operator. 

The initial value problem (1) is called an one parameter Abstract Cauchy Problem (ACP) which 

depend with the ( , ( ))A D A
 
and x X  
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xu

ttAu
dt

tdu
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              (1) 

Definition.1.4[1]: Suppose that ( ) : 1,2,...,iD H X i n   and  
n

i
iHDXx

1
1 )(



 , then 
1

.  is 

called graph norm where  



n

i
i xHxx

1
1

. 

Theorem.1.5: suppose  that XXADA )(: is a closed operator, then the following 

statements  are equivalent: 

a. For each )(ADx  there exists a unique solution for (1). 

b. The part |
1

1
X

AA   is the infinitesimal generator of a 0
C -one-parameter semigroup of 

operators on the Banach space )),(( .1 A
ADX   where .

A  is the graph norm on D . 

Proof: see [2] 

Defenition.1.6[2]: Let X is a Banach space, B(X) is the Banach space of all bounded linear 

operators on X  and    
  * (          )                       + . By a n-parameter semigroup 

of operators, we mean a homomorphism            (  
   )   ( ) for which  W(0)=I  and denote 

it by (    
   ). 

Definition.1.7[1]: Let 1{ }n

i ie  be the standard basis of 
nR then the function )(: XBRui 

 

where niseWsu ii ,...,2,1:)()(    Rs,   is called the component of W. 

Proposition.1.8[7]:a.Let (    
   ) be a n-parameter semigroup then the component 

0{ ( )} : 1,2,...,i su s i n     of W is an one parameter semigroup of operators. 

b. If  for each 0{ ( )} : 1,2,...,i su s i n       be an one parameter semigroup of operators such that  

for each nji  ,1  : )()()()( susususu ijji  , then )(...)()(),...,,( 221121 nnn tutututttW   

   is a n-parameters semigroup. 

Definition.1.9[1]: The  n-parameter semigroup  (    
   ) is called strongly continuous(C0 –n 

parameter semigroup)if the component 0{ ( )} : 1,2,...,i su s i n       are strongly continuous. 

Definition.1.10[1]: The  n-parameter semigroup  (    
   ) is called uniformly continuous if the 

component 0{ ( )} : 1,2,...,i su s i n       are uniformly continuous. 

Theorem.1.11: The  n-parameter semigroup  (    
   ) is strongly continuous if and only if  

n

t
RtxxtW 


 :)(lim

0
 and it is  uniformly continuous if and only if   

n

t
RtItW 


 :)(lim

0
. 

Proof : see [7]. 

Definition.1.12[1]: Let (    
   ) be a n-parameter semigroup and H

i
 ‘s :  i=1,2,…,n be the 

infinitesimal generators of 0{ ( )}i su s    of W, then ),...,,( 21 nHHH  is called  an infinitesimal 

generator of (    
   ). 

If W be a C0-n parameter semigroup of linear operators, then by Hill–Yosida  theorem , H
i  

are 

closed linear operators and ( )iD H X . 
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Theorem.1.13: Let ),,( WRX n
  be a C0–n parameter semigroup and ),...,,( 21 nHHH  be an 

infinitesimal generator , then  

a. If )( iHDx , then for each      ( ) ( ) ,      n

iW t x D H t R  :

( ) ( ) : 1,2,...,i iH W t x W t H x i n   

b.  
n

i j

j

i
HD

1 1

)(






 is dense in X. 

c. For each nji  ,1   ,   )()()( ijjii HHDHHDHD    and for each   

 )()( jii HHDHDx
  :     )()( xHHxHH ijji  . 

Proof : see [1]. 

        

2.Basic results 

Definition.2.1[2]: Let X be a Banach space and  XXHDH ii )(:  be a closed linear operator 

and for each ni ,...,2,1 , 0iT , then XTTu n  ],0[...],0[: 1  is a solution of the initial value 

problem. 
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                (2) 

where 
n

n Rtt ),...,( 1 , 
n

i
in HDttu

1
1 )(),...,(



  and u is satisfies in n-parameters abstract Cauchy 

problem.  

Definition.2.2[2]: Let 
n

n RTTT  ),...,( 1  where  0iT  : ni ,...,2,1  , then 

1[0, ] ... [0, ]T nI T T   is called n-cell. 

Theorem.2.3: suppose that TI  be a n-cell and ),...,( 1 nHH  be the infinitesimal generator of 

0C -n-parameter semigroup ),,( WRX n
  then (2) has the unique solution  for each 


n

i
iHDx

1

)(


 . 

Proof: suppose that TI be an arbitrary, 
n
iie 1}{   be a standard basis and : 1,2,...iH i n  be the 

infinitesimal generator of one-parameter semigroup 0)}({ siseW  and Let 
n

i
iHDx

1

)(


 , then 

we define the function XIu T :  where xtWtu )()(  . First, )(tu is a solution of n-ACP 

because 1 1 1 1( ,..., ,..., ) ( ,..., ,..., ) ( ,..., ,..., ) ( ,..., ,..., )i n i n i i n i i n

i i

u t t t W t t t x H W t t t x H u t t t
t t

 
  

 
    

and   xxIxWu  )()0()0( . For proving the uniqueness of solution it is enough to show that 
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(2) has no proper (that is, nonzero) solution for the initial value x = 0. Theorem.1.4 shows that for 

each i = 1 , 2 , . . . , n , the initial value problem            










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xu
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ds
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i
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i

i
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                   (3) 

has a unique solution for each )( iHDx . By definition of solution, we know that for 

1

: ( ) ( )
n

T i

i

t I u t D H


  which is a solution of (2). So for initial value 

)(),...,,0,,...,( 111 inii HDttttux   , 

),...,,,,...,()( 111 nii
i ttsttusu  and 

1 1 1( ) ( ) ( ,..., ,0, ,..., )i

i i i nv s W se u t t t t    are two 

solutions of (3). Uniqueness of solution of (3) implies that for each 1,2,..., , 1,2,...,i n j n   

such that ji   and  0 ,       0j j it T s T    :  

1 1 1 1 1 1( ) ( ,..., ,0, ,..., ) ( ) ( ) ( ,..., , , ,..., )i i
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So, for each  : 0Tt I u t   . Hence, n-ACP can not have a proper solution for x=0 or for each 


n

i
iHDx

1

)(


  has a unique solution.          ■ 

In the next theorem, we try to close to the  reverse of the previous theorem. In fact, we are going to 

show that for positive n-cells  ,T TI I  where TT II   such that  if (2) has a unique solution for 

each 1Xx  then there exists a 0C -n-parameter semigroup ),,( 1 WRX n
  with the infinitesimal 

generator ),...,( 1 nKK for which ),()( xtuxtW   the unique solution of (2), also for  

( ) : ( ) ( )i i ix D K H x K x  . 

Theorem.2.4: Suppose : 1,2,...,iH i n  are closed linear operators and for positive n-cells ,T TI I   

where TT II   if n-ACP(2) has a unique solution for each 1Xx  then there exist a 0C -n-

parameter semigroup ),,( 1 WRX n
 of linear bounded operators with the infinitesimal generator 
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),...,( 1 nKK  such that for 1, : ( ) ( , )Tt I x X W t x u t x   where ( , )u t x is the unique solution 

of (2) for the initial value x. and for ( ) : ( ) ( )i i ix D K H x K x  . 

Proof: Let ( , )u t x  be the unique solution of (2) for 1Xx . For TIt , we define the operator 

XXtW 11 :)(  by ),()(1 xtuxtW  . It is clear that )(1 tW  is well-defined and a linear operator, 

we claim that )(1 tW  is bounded. Define the mapping ),(: 1
1

1 XICX T  by xtWtx )())(( 1 , 

where ),( 1
1 XIC T  is the Banach space of all continuous 1X -valued functions on TI with 

continuous partial derivative, equiped with the supremum norm,   is linear, we prove it is closed. 

Suppose in 1X  , xxm   and in ),( 1
1 XIC T , fxm )( . So by integrating (2) implies that 

for each ni ,...,2,1 , Nn  , Tn Itttt  ),...,,( 21  we have 

1 1 1 1 1 1
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       (5) 

But ),( 1
1 XICf T . So by (5), we have for each 1,2,...,i n  and ],0( iTt  : 






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Hence, f is a solution of (2) for the initial value x . But, the solution is unique so, 

TIttxxtWtf  :)()()( 1   . It means that   is closed operator. Thus,  
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
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Thus, for each TIt  , )(1 tW  is a bounded operator on 1X . Now, let ),...,( 1 nTTT   where 

},min{ iiii TTTT  . We are going to show that for each 1 1 1, : ( ) ( ) ( )Tt t I W t t W t W t
    

, First we notice that for TIt  and TIt  , iiiii TTtTt  ,  . so iii
Ttt  or 

TItt  . Let TIt   be fixed, for 1Xx  define 1:).( XIT  by xttWtv )()( 1  . 

Trivially v(t) is a solution of  
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and 1:).( XIu T   by xtWtWtu )()()( 11   is also a solution of above problem but the 

solution of the above problem is unique in TI  ,so xtWtWtutvxttW )()()()()( 111       (6) 

 Now, we can extend )(1 tW  to a n-parameter 0C -semigroup of operators. Let 

n
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And in other side, we have  

1 1 1 1
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So because  

2

, TIrr   and TT IIrr   . So, )()()( 111 rWrWrrW   and again from  

(6), we have   
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So because 1
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im  hence xsWsWssW )()()(   and ( , )u t x  is continuous so W is 

a 0C -n parameter semigroup and for TIs  , ))(()( 1 xsWxsW   because 
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Now if ),...,( 1 nKK is the generator of W and 
n

i
ii HDXKDx

1
1 )()(



 , then  

)(
)(

lim
0

xK
s

xxseW
i

i

s





, but )( iHDx   so  

0

( )
lim (0,0,...,0) (0)i

i i
s

i

W se x x
W x H W x H x

s t

 
  


 

So )()( xKxH ii           ■ 

In the previous Theorem, we could replace the assumption of  the existence of a unique solution for 

(2) in TI  and TI  , by the assumption that (2) has a unique solution in TI  and whole of 
nR , which 

appears this assumption is stronger than our hypothesis. As another application of 0C -n-parameter 

semigroups, we shall show that for a closed linear operator  XXADA )(:  , the next n-

parameter initial value problem does not have a unique solution in both TI  and TI   where 

TT II    for each )(ADx   


























)(:)0(

),...,(

),...,(),...,(

1

1
11

ADxxu

Ittt

ttuAttu
t

Tn

n

i
nn

i

                 (7) 

But this initial value problem  can have a solution, for example if ),...,( 1 nHH  is  a generator of a 

0C -n-parameter semigroup ),,( WRX n
  and nHHA  ...1  , then obviously for 

n

i
iHDx

1

)(


  

:  
xtWtu )()(   is a solution of (7) in any positive n-cell TI . We recall that the closure of  


n

i
iHD

1

)(


 in  
A

.  is ( )D A . 

Before proving our claim we need the following lemmas. 

Lemma.2.6: suppose that J be a real interval and )(:, XBJQP   be two strongly continuous 

operators on J, and suppose for each Dx , XJxP :).(  , XJxQ :).(  be differentiable 
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functions where D is a subspace of X and D is Invariant under Q(t), then  for each Dx , the 

function   XJxPQ :).(  by xtQtPxtPQ )()()(   differentiable and  

   

  )((.))(

)()((.))((.)(.)

00

000

txQ
dt

d
tP

txtQP
dt

d
txQP

dt

d













 

Proof : see [2].         ■ 

Lemma.2.7 : Suppose that 0)}({ ttT is a 0C -one parameter semigroup of operators with the 

infnitesimal generator A, and )(XBB , then A + B is the infinitesimal generator of a 0C -

semigroup 0t}{ S(t) on  X that for each 0t and Xx  we have  

dsxsSBstTxtTxtS
t

 
0

)()()()(  

Proof : suppose that )(, ADxBAC   , so the function (.) : ( ) ( )f x s T t s S s x X   

so  

( ) ( ) ( ) ( ) ( ) ( ) ( )
d

f s x T t s C S s x T t s AS s x T t s B S s x
ds

        . So, 

0 0

( ) ( ) ( ) (0) ( ) ( ) ( )

t t
d

S t x T t x f t x f x f s x ds T t s BS s x ds
ds

       But 

( )D A X  , so for each Xx , dsxsSBstTxtTxtS
t

 

0

)()()()(     ■ 

We recall that if H be a linear operator on Banach space X then )(H  is the resolvent set of H and 

if )(H  then ( : )R H  means 
1( )I H   

We observed that for  n-parameter semigroup ),,( WRX n
 the component  0}{ s

i(s)u are one 

parameter semigroups on a Banach space X. An important question that arises here is under which 

conditions the inverse of above statement is true, means if  0{ } : 1,2,...,i

su (s) i n  are one 

parameter semigroups, then when we can say )(...)()(),...,( 2
2

1
1

1 n
n

n tutututtW   is a n-parameter 

semigroup? We know that for each nji  ,1  and 
nRts ,  , we have 

)()()()( sututusu ijji   then ),,( WRX n
  is a n-parameter semigroup. 

Lemma.2.8: Suppose that 0}{ s
i(s)u be a 0C -one-parameter semigroup of operators on Banach 

space X with the infinitesimal generator : 1,2,...,iH i n , then 

)(...)()(),...,( 2
2

1
1

1 n
n

n tutututtW   is a 0C -n-parameter semigroup of operators if and only if 

there is an 0w   such that for each ni ,...,2,1 , )(),[
i

Hw  and for each integers 

1 , , ,i j n w    , we have 

 ):():():():( jiij HRHRHRHR   .  

Proof: )  suppose W is a 0C -n-parameter semigroup of operators. Since i
H  is the infinitesimal 

generator of 0}{ s
i(s)u  , by the Hille-Yosida Theorem, there is an 0iw  such that for each 
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, ( : )i iw R H   exist and are bounded operators. Let max{ : 1,2,..., }iw w i n  . If w , 

then   



0

)():( dsxsuexHR is
i

 . Also, we know that for each nji  ,1   

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )i j j i

i j i j j i j iu s u t W se W te W se te W te se W te W se u t u s        

so    




0

)()()():( xdstusuextuHR jisj
i

  

0

( ) ( )s j ie u t u s xds


   

0

( ) ( )

( ) ( : )

j s i

j

i

u t e u s xds

u t R H x












 

Now, suppose that w , so by boundedness of ):( iHR  , we have  

xHRHR

xdtHRtue

xdttueHRxHRHR

ij

i
jt

jt
iji

):():(

):()(

)():():():(

0

0



























 

)  : suppose that there is an 0w   such that for each 0,  , ):( iHR   and ):( jHR  exist 

and ):():():():( jiij HRHRHRHR   . Suppose IHRH i
i   ):(2

 and 

IHRH j
j 

 ):(2
 are the Yosida approximation of ,i jH H  respectively then we have 

ijji HHHH     so by  

By using [13, 1.3.5] we have xexsu
isHi 

 
 lim)(  and xextu

j
tHj 






 lim)(    thus  

xee

xee

xtuextusu

ij

ji

i

sHtH

tHsH

jsHji





























limlim

)lim(lim

)(lim)()(

 

xetu
isHj 


)(lim


  

( ) lim ( ) ( )
isHj j iu t e x u t u s x


   

Hence )(...)(),...,( 1
1

1 n
n

n tututtW   is a 0C -n-parameter semigroup of operators.    

                            ■ 
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Theorem.2.9:Suppose XXADA )(:  is a closed operator and ,T TI I  be two n-cells such 

that TT II   . Then for each )(ADx  in ,T TI I   the initial value problem (7) cannot have a 

unique solution.  

Proof : by contradiction, suppose for each )(ADx  the problem (7) has a unique solution in 

,T TI I  . As in Theorem2.4.  we are going to show that if for )(ADx   and TIt  , ),( xtu  is the 

unique solution of (7), then ),()(1 xtuxtW   can be extended to a 0C -n-parameter semigroup of 

operators on Banach space  
A

ADX .,)(1   then by using previous lemma we shall get a 

contradiction.It is clear, uniqueness of solution shows that ),()(1 xtuxtW   is a well-defined linear 

operator on Banach space  
A

ADX .,)(1   where
A

.  is the graph norm on )(AD . 

We notice that 





 

 .,),( 1XICY T , where 
 

 





n

i i

f
t

ff
1

is a Banach space. 

Next, we claim  that the mapping YX 1:  by xtWtx )())(( 1   is  closed linear operator, for 

this; suppose xxm   in 1X  and fxm )( in Y. By integrating of (7) for initial value mx ,for 

1t  from 0 to 1t , we have   

dsxttsW
t

xttWxttW

n

i

t

mn
i

mnmn

 
 






2 0

21

2111

1

),...,,(

),...,,0(),...,(

 

dsxttsAW

t

mn
1

0

21 ),...,,(  

and when m  by our choosing of the norm on Y and the closeness of A, we get 

nif
t

xW
t i

m
i

,...,2,1:0).().(1 











 

and   
Am

It
m tfxtWfxW

T

)()(sup).().( 11 



 

 1 1sup ( ) ( ) ( ) ( ) 0
T

m m
t I

W t x f t AW t x Af t


      

So when m  we have  

 

 

 

 

Hence,  

 






















xxWf

ttfAttf
t

m
m

n

i
nn
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)0(lim)0(

),...,(),...,(

1

1
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So f is a solution of (5) and by the uniqueness of solution we conclude xtWtf )()( 1  or equivalently 

  is closed . so, by closed graph theorem   is bounded, thus 


)(sup 1 tW

TIt

.so, by 

theorem.2.4, we can extend )(1 tW  to the 0C -n-parameter semigroup ),,( 1 WRX n
 . Now, suppose  

1 1

1 2 2 2

2 0 0

( ,..., ) (0, ,..., ) ( , ,..., ) ( , ,..., )

t tn

n n n n

i i

f t t f t t f s t t ds Af s t t ds
t


  


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),...,( 1 nHH be the infinitesimal generator of W, then  for )()(
1

ADHDx
n

i
i 



  we have

xtWHxtW
t

i
i

)()( 



. Thus, for TIt  and because xtWtW )()( 1  ,we have   

xtAWxtWHxtW
t

n

i
i

n

i i

)()()(
11



















. But, we know that W(t)x is strongly continuous 

and xtW
ti

)(



is continuous and A is closed and 




n

i
i

n

i
i xHtWxtWH

11

)()(  . so, we can say if t  

tends to 0 then for 
11

( ) :
n n

i i

ii

x D H H x Ax


  .                    (8) 

 Now, by applying Lemma 2.8 there is 0 such that for each   ,   we have   

):():():():( jiij HRHRHRHR   . 

Now, let IHH 


11  and IHH 


22 , if 1   and  , , then   1,1  

and   

):1():1():():( 2121 HRHRHRHR 
 

 

):():(

):1():1(

12

22






HRHR

HRHR




 

Similarly, for nji ,...,4,3,2,1   and  , . we have

):():():():(


ijji HRHRHRHR   

By Lemma 2.7, 


21 , HH are   infinitesimal generators of 0C -one parameter semigroup of 

operators . With the above equalities and Lemma 2.8, )...,,,( 321 nHHHH


 is the infinitesimal 

generator of a 0C -n-parameter semigroup that we call it ),,( 1 WRX n  . So for each  1Xx , 

 
t

xdeWetWxteWxteW

0

1111 )())(()()(    and  

 
t

xdeWetWxteWxteW

0

2222 )())(()()(    and also for each 2: ( ) ( )i ii W te W te  .  

Thus for 
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i
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   So by (8) 
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But the solution of (7) is unique, and so for ni ,...,2,1  and iTt 0  : )()( ii teWteW  . This 

implies that 
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 
t

xdeWetWxteWxteWxteW
0

11111 )())(()()()(   

1 1 1 1

0

( ) ( ) ( ) ( )

t

W te x W te xd W te x tW te x     

So, 0)( 1 xtetW  or 0)( 1 xteW  and This is a contradiction,because 

0)(lim0 1
0




xxteW
t

.Thus for each )(ADx , (7) cannot have a unique solution.o■ 
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