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Homogenuous n-parameters Abstract Cauchy Problem
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Abstract
We use the semigroup theory to study the homogeneus n-parameter ACP

d
a—tiu(tl,...,ti,...,tn) = Hu(t,...t,...t)

i=1,2,..,n , te(0T]

u(0)=x : XEﬁD(Hi)

where X is a Banach space, H;: D(H;) € X - X,i = 1,2,...,n is a densely — defined closed
linear operator. We discuss the existence and uniqueness of solution of n-ACP. In fact, we claim
that if (Hy,H,,...,H,) is the generator of a Cy,- n parameter semigroup W(tq,t,, ... ,ty) :

t. €(0,T,] then n-ACP with some conditions has a unique solution.
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1.Introduction

Defenition.1.1[1]: suppose that X is a Banach space and Ax = lim Where

t—>0"

T(@)x—x
t

T({)x—x

D(A) ={xe X : lim exist} then A:D(A)c X — X is called an infinitesimal
t—0"

generator of one parameter semigroup {T (t) },., and D(A) is called the domain of A.
Defenition.1.2[1]: Suppose that X is a Banach space and A:D(A) < X — X is a linear
operator, then p(A)={1€C :Al-A:D(A)c X — X invertable} is resolvent set and if

A e p(A) then we define the operator R(A: A) by R(A: A) = (Al — A,
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Definition.1.3[1]: suppose that X is a Banach space and A: D(A) < X — X is a linear operator.
The initial value problem (1) is called an one parameter Abstract Cauchy Problem (ACP) which
depend with the (A, D(A)) and x e X
du(t)
dt
u(0) =x

n
Definition.1.4[1]: Suppose that D(H,) = X :i=12,..,n and xe X, =(1D(H;), then ||.|, is
i=1

called graph norm where ||, = x| + 3| H x|
i=1

Theorem.1.5: suppose that A:D(A) < X — Xis a closed operator, then the following
statements are equivalent:
a. Foreach X € D(A) there exists a unique solution for (1).

b. The part A :Al is the infinitesimal generator of a CO -one-parameter semigroup of
Xy

operators on the Banach space X1 = (D(A),|. HA) where ||- |4 is the graph norm on D(A).

Proof: see [2]
Defenition.1.6[2]: Let X is a Banach space, B(X) is the Banach space of all bounded linear
operatorson X and R} = { (t;,t,, ...,t,) * t; =0 ,i=12,..,n}.Byan-parameter semigroup
of operators, we mean a homomorphism W:(R%,+) = B(X) for which W(0)=I and denote
it by (X, R%, W).

n

Definition.1.7[1]: Let {&,};", be the standard basis of R" then the function u; : R* — B(X)

where U;(S) =W(se;) : i=12..,n, ¥YseR™ iscalled the component of W.

Proposition.1.8[7]:a.Let (X,R%, W) be a n-parameter semigroup then the component

{u.(S)}0 : VI=12,...,n of W is an one parameter semigroup of operators.

b. If for each {U;(S)}.,:Vi=L12,...,n be an one parameter semigroup of operators such that

foreach 1<1, J<n . u;(s)u;(s") =u;(s) uj(s), then W (t;,ty,..., t;) = Uy (t) Up (t) - Up (tn)
IS & n-parameters semigroup.

Definition.1.9[1]: The n-parameter semigroup (X, R}, W) is called strongly continuous(Co —n

parameter semigroup)if the component {u, (S)}.., : Vi=12,...,n are strongly continuous.

Definition.1.10[1]: The n-parameter semigroup (X, R%, W) is called uniformly continuous if the

component {U; ()}, : Vi=12,...,n are uniformly continuous.

Theorem.1.11: The n-parameter semigroup (X, R%, W) is strongly continuous if and only if

Iirr(l)W(t)x=X : teR] and it is  uniformly continuous if and only if
t—

limwW(t)=1 : teR!.

t—0

Proof : see [7].
Definition.1.12[1]: Let (X, R}, W) be a n-parameter semigroup and H. ‘s : i=1,2,...,n be the

infinitesimal generators of {U,(S)}.., of W, then (H;,H,,.., H,) is called an infinitesimal

generator of (X, R}, W).
If W be a Co-n parameter semigroup of linear operators, then by Hill-Yosida theorem , H. are

closed linear operators and D(H,) =X .
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Theorem.1.13: Let(X,R,W) be a Co—n parameter semigroup and (H;,H,,..,H,) be an
infinitesimal generator , then

a.lf xeD(H,), then for each W(t)xeD(H;) , teR!:
HW(U)x=W(@{)Hx : i=12..n
n oo .
b. N D(H ) isdensein X.
i=1j=1 '
c. For each 1<i,j<n , D(H;) | D(HiH;) =D(H;H;)  and for each

XED(Hi) ﬂ D(HIHJ) : HlHJ(X)=HJH|(X)
Proof : see [1].

2.Basic results
Definition.2.1[2]: Let X be a Banach space and H;:D(H; )< X — X be a closed linear operator

and for eachi =12,..,n T; >0 then u:[0,T;]x...x[0,T,]— X is a solution of the initial value

problem.

0

a—tiu(tl,...,ti,...,tn)zHiu(tl,...,ti,...,tn)

i=12,..,n , te(0T] )

u(=x : XEﬁD(Hi),

n

where (t,....t,) € R}, ufty,...t,) e ﬂD(Hi) and u is satisfies in n-parameters abstract Cauchy
i=1

problem.

Definition.2.2[2]: Let T =(Ty,..., Tp) €R] where T; >0 : i=12..n , then
I, =[O0, T,]x...x[0, T, ]is called n-cell.
Theorem.2.3: suppose that |-|- be a n-cell and (Hl,..., Hn) be the infinitesimal generator of

Co-n-parameter semigroup (X,RE,W) then (2) has the unique solution  for each

X e ﬁD(Hl)
i=1

Proof: suppose that | be an arbitrary, {e; }in=1 be a standard basis and H,:i1=12,..n be the

n
infinitesimal generator of one-parameter semigroup {W (S€j)}s>o and Let X € [(|D(H;), then
i=1
we define the function U:ly —X where u(t) =W (t)x. First, U(t)is a solution of n-ACP
because aitu(tl,...,ti,...,tn) zéitW(tl,...,ti,...,tn)x =HW({,...t,...t ) x=H.u(,..t,..t,)

and U(0) =W (0)x = 1(x) = X. For proving the uniqueness of solution it is enough to show that
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(2) has no proper (that is, nonzero) solution for the initial value x = 0. Theorem.1.4 shows that for
du'’(s)

eachi=1,2,...,n,theinitial value problem ds
u' (0)=x

has a unique solution for each X € D(H;). By definition of solution, we know that for

=H;u'(s)

(3)

tEIT:u(t)eﬂD(Hi)WhiCh is a solution of (2). So for initial value
i=1

X:u(tl""’ti—17o’ti+17""tn) (S D(HI),

u'(s) =u(ty,.. t;_1,S,ti g, ty)and  vi(s)=W(se)u(t,...t ,,0,t ...t )  are two
solutions of (3). Uniqueness of solution of (3) implies that for each 1=21,2,...,n, j=1,2,...,n
suchthat 1 # j and 0<t; <T, , 0<s<T,:

W (se)u(t,...t_,,0,t ...t )=V'(s) =u'(s) =u(t,...,t,_,s,t t)

iz by

n
Hence, for = Ztiei € |1, we have

i=1
u(t) =u(ty,....t,)
:W(tlel) U(O,tz,...,tn) | :1, S = tl
=W (t;e;) (W (t,€5) u(0,0,tg,..., t,)) i=2,s=t,

- W (tlel) W (tzez) W (tnen) U(0,0,..., O)
n
=W (2 tiej) u(0)
i=1
=W (1)(0)
=0
So, foreach tel; iU (t) =0 . Hence, n-ACP can not have a proper solution for x=0 or for each
n
X € [ )D(H;) has a unique solution.
i=1

In the next theorem, we try to close to the reverse of the previous theorem. In fact, we are going to
show that for positive n-cells |, I where |-|-r C |-|- such that if (2) has a unique solution for

each X € X4 then there exists a Co-n-parameter semigroup (Xy, R_E W) with the infinitesimal
generator (Ky,..., K,,)for which W (t)Xx=u(t,X) the unique solution of (2), also for
xeD(K,):H,(x) =K,(x).

Theorem.2.4: Suppose H.:i=12,..,n are closed linear operators and for positive n-cells I, ;.

where It < |7 if n-ACP(2) has a unique solution for each X € X; then there exist a Cq-n-

parameter semigroup (Xq,R},W)of linear bounded operators with the infinitesimal generator
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(Ky,e, K}y) such that for te I, x e X, W (t)X =u(t, X) where u(t, x) is the unique solution
of (2) for the initial value x. and for x e D(K,) : H;(x) = K,(x) .

Proof: Let u(t,x) be the unique solution of (2) for X € X;. For te |-|- , we define the operator
Wi (t): Xy = X by Wy (t)x=u(t,X). It is clear that Wy (t) is well-defined and a linear operator,
we claim that W, (t) is bounded. Define the mapping ¢: X, —)Cl(IT , X1) by @(X)(t) =W, (t)x,
where Cl(IT,Xl) is the Banach space of all continuous X1-valued functions on |+ with
continuous partial derivative, equiped with the supremum norm, ¢ is linear, we prove it is closed.
Suppose in X1, Xm — X and in CY(I1,X4), é(Xy) —> . So by integrating (2) implies that
foreach 1=12,.,N,neN , t= ('[1,'[2, .« In) € IT we have

W (...t )x, =W (t,....t, ;,0,t ...t )X,

+.[HW(t1 " Il’ S |+1’ )X dS (4)

Let m— o , s0 Sup|| @(x,)t—f ()], >0, so by (4) and the closedness of H,, we have for each
tely

i=12,..n

f (tl""’ tn) - f (tl,..., ti_l,O,ti+1,..., tn)
t

5
+J.H f(tl, | 1,St|+1, tn)dS ©)

But f ECl('T’ X1). So by (5), we have foreach i=1,2,...n and t € (0,T;] :

0

— f(ty,..., S =Hi fty,...,

o, (g, n)=H; (... 1)

£(0)= lim #(x;)(0) = lim W (0)x,, = lim X, = x

m—oo m-—oo m-—o0

Hence, fis a solution of (2) for the initial value X. But, the solution is unique so,
f(t) =W (t)x=¢(X)t : telr .ltmeansthat @ is closed operator. Thus,

sup  |Wy(.)x|_ = sup [sud|W1(t)x||lJ_ M < oo
I =1 b=t tely
Thus, for each t € I , Wy(t) is a bounded operator on X7. Now, let T" =(T;\..., T) where
T"=min{T{, T; —T{ }. We are going to show that for eacht,t’ € I, :W, (t +1") =W, (t)W,(t")
, First we notice that for te lyrand t' € l4», §; <T{ , t{<T; -T; .so t +t <T or

t+t' elr. Let ' € l17 be fixed, for X X define v(.): 11 — Xqby v(t) =W (t +1)x.
Trivially v(t) is a solution of
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0
gV(tl,..., tl yurey tn) = HiV(tl,..., tl yoray tn)
i

i=12,...n , te(0,T]

v(0) =W, (t)x XE(n]D(Hi)
i=1

and Uu(.):l+- — Xq by u(t) =W (t)W(t")x is also a solution of above problem but the
solution of the above problem is unique in I+ ,s0W; (t +t")x = v(t) = u(t) =W, ()W, (t)x  (6)
Now, we can extend W(t) to a n-parameter Cg-semigroup of operators. Let

14

$=(S1,52, Sp) € R} and choose M, eN and 1 e(O,?i] such  that

14

S =m, Ei—l_ri :i=12,...,n Suppose r=(r,r..rnelm, S0, define

n ” m;
W (s)x —Wl(r){H[Wl(T?' ei)j }(x). By the previous parts of proof the operators in the
i=1

right hand side of the last equality commute and are bounded linear operators on X;. Now, if

N ! rT_" '
s,s’eR],s;, =m, ——+r, then
2

" Iz
r T, " "

’ ’ " Ti " ’ ’ .
S+s =(m +m; +m; )7+ri and r; +r; =m; '7+ri where m; is one or zero. So,

" mi+mi'+mi"
’ " " n T:
W(s+s )x=Wy(r ,...r ) H[Wl('?ei)J (X)
i=1

i=1 2

=1

" m; " mi+mi,
" " n Ti n Ti
=Wi(r o 1y ) T1 Wl(7ei) [T Wi(—¢&) (x)
And in other side, we have

W(s)W(s')x=w1(r>{ﬁ(w1(%e.)J ]wl(r'){f[(wl(lze.)] }(x)

Wl(r)w1<r'){f[{wl(%e.>J }x)

So because r,r'elqs and r+r'elyr < I, So, Wy(r+r") =W, (r)W;(r’) and again from

2
(6), we have
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, n " T." "
Wl(r+r):W1(Z(mi '7+ri )ei]

i=1

" m;
" " " n T:
=Wi(rp .12 i1 ) H(Wl(I?ei)J
i=1

So because m; =1or m; =0 hence W(s+5s’) =W(S)W(S’)X and u(t,x) is continuous so W is
a Cq-n parameter semigroup and for s € I+ , W(s)x =W, (s)(X) because

iW(s)x=a%WAr){f[[WA%eJH(x) _ HiWl(r)[ﬁ(wl(g'eajml(x) — H W (s)x

0S; i-1 i-1

n
Now if (Kj,.,Kp)is the generator of W and xeD(K;)c X;=[)D(H;), then
i=1

im W (sej)x — X

li =K;(x),but xe D(H;) so

s—0
Iirrg Wi(se)x—x :atiW(0,0,...,O)x =HW (0)x = H,x
S—> S )

i
So H;(x)=K;(x)

In the previous Theorem, we could replace the assumption of the existence of a unique solution for
(2) in l; and I, by the assumption that (2) has a unique solution in I+ and whole of Rﬂ , Which
appears this assumption is stronger than our hypothesis. As another application of C-n-parameter
semigroups, we shall show that for a closed linear operator A:D(A)c X — X , the next n-
parameter initial value problem does not have a unique solution in both |y and I+ where
I+ < I+ foreach xe D(A)

n o
igla—tiU(tl,...,tn) = AU(tl,...,tn)
t=(tl,...,tn)e IT (7)

u(0=x : xeD(A)

But this initial value problem can have a solution, for example if (Hq,..., H,) is a generator of a

n
Cy,-n-parameter semigroup (X,R],W) and A=H, +..+H, , then obviously for x e ND(H;)
i=1
ut)=W()x is a solution of (7) in any positive n-cell 1. We recall that the closure of
n
ND(H;) in || 5 is D(A).
i=1
Before proving our claim we need the following lemmas.
Lemma.2.6: suppose that J be a real interval and P,Q:J — B(X) be two strongly continuous

operators on J, and suppose for each xe D, P(.)x:J — X , Q(.)X:J — X be differentiable
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functions where D is a subspace of X and D is Invariant under Q(t), then for each xeD, the
function (PQ)(.)X :J — X by PQ(t)x =P(t) Q(t)x differentiable and

% (P() QU)x)tp) = % (P() Q(to)x)(to)

+P(to) Q00 (to)
Proof : see [2].
Lemma.2.7 : Suppose that {T (t)},.ois a Cg-one parameter semigroup of operators with the
infnitesimal generator A, and B € B(X), then A + B is the infinitesimal generator of a Cj-
semigroup  {S(t}i>gon X that for each t>0and XeX we have

S(t)x :T(t)x+}T(t —s)BS(s)xds
0

Proof : suppose that C=A+B , XeD(A), sothe function f(.)x :s>T(t—s)S(s)xe X
S0

% f(S)x=T({t—-s)CS(s)x—T(t—s)AS(s)x =T(t—s)BS(s)x . So,

SWXx-TM®x= f(t)x—fO)x =

Oty

t
if(s)xds =IT(t—s)BS(s)xds But
ds 5

R t
D(A)=X ,soforeach X€ X, S(t)x =T (t)x + [T (t —s) BS(s)xds
0

We recall that if H be a linear operator on Banach space X then p(H) is the resolvent set of H and
if 2 p(H) then R(A:H) means (11 —H)™

We observed that for n-parameter semigroup (X,R},W)the component {ui(s)}szo are one

parameter semigroups on a Banach space X. An important question that arises here is under which
conditions the inverse of above statement is true, means if {U'(S)}.,:1=12,...,nare one

parameter semigroups, then when we can say W (t;,...,t,,) = ul(tl) u2(t2) ..u"(t,) is a n-parameter
semigroup? We know that for each 1<I,j<n and S,te R_? , Wwe have
u' (s)uj(t) = uj(t)ui (s) then (X,R]',W) is a n-parameter semigroup.

LLemma.2.8: Suppose that {u i(s)}szo be a C -one-parameter semigroup of operators on Banach

space X with the infinitesimal generator H, :i=12,..,n, then
W(t,....t,) =u1(t1) u2(t2) ..u"(t,) is a Cy-n-parameter semigroup of operators if and only if
there is an w>0 such that for each i=12,.,n, [w0)c p(H,)and for each integers
1<i,j<n , A, A>w, we have

R(A: Hj)R(i: H;)=R(1:H;)R(1": Hj).
Proof: =) suppose W is a C,,-n-parameter semigroup of operators. Since Hi is the infinitesimal

generator of {ui(S)}SZO , by the Hille-Yosida Theorem, there is an wW; >0 such that for each

29



Journal University of Kerbala, VVol. 14 No.4 Scientific . 2016

AW , R(A:H,) exist and are bounded operators. Let w=max{w, :i=212,...n}. If A>w,

then R(A:H;)x= je_ﬂsui (s)xds. Also, we know that for each 1<1i, j <n
0
u'(s)u’ (t) =W (se )W (te;) =W (se, +te;) =W (te; +se,) =W (te;)W(se;) =u’(t)u'(s)

so0 R(A: Hi)(u i (t)x): Te—ﬂsu‘ (s)u’ (t)xds
0

e *ul (t)u' (s)xds

O =y 8

=u’ (t)ojze‘*sui (s)xds

=u!(t)R(A:H,))x
Now, suppose that A" > w, so by boundedness of R(4: H;), we have

R(A:H)R(A :Hj)x=R(4: Hi)ofe_“u I (t)xdt
0

o0
= [e" " Ul (®)R(A: H;)xdt
0
=R(A":H;{;)R(A:H;)x
<=) : suppose that there is an w>0 such that for each 1,4’ >0, R(1:H;) and R(1': H ;) exist
and  R(A":Hj)R(A:H;)=R(A:H;)R(A":Hj). Suppose HL =/12R(],: H;)-Al and
H/Jl', :i'ZR(ﬂ,’: H;)—A'l are the Yosida approximation of H; , H; respectively then we have
HY H) =HJHY soby

i . sH! : . )
By using [13, 1.3.5] we have U' (s)X = lim e” 4 X and u’(t)x = lim e x  thus
A—0 A'—>o

. . i .
u s)ul®x = lim e 2ul(b)x
A—0

. sHT tH 1,
=lime  A(lim e #Xx)

A—>o0 A’ >

i ) tH1 sHI
=1lim Ilim e #e” 4x

A—>0 A >0

0 (yeSH
= lim u’(t)e” 4x

A—>o0

=u’(t) lim efix  =ul (t)u'(s)x

Hence W (t;,...,t,) = ul(tl) ..u"(t,) isa C,-n-parameter semigroup of operators.
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Theorem.2.9:Suppose A:D(A) = X — X is a closed operator and I+, l;. be two n-cells such

that 11+ < Iy . Then for each xe D(A) in I, I the initial value problem (7) cannot have a

unique solution.
Proof : by contradiction, suppose for each x € D(A) the problem (7) has a unique solution in

I+, l;.. Asin Theorem2.4. we are going to show that if for xe D(A) and t € I, u(t,x) is the
unique solution of (7), then W, (t)x =u(t,x) can be extended to a C,-n-parameter semigroup of
operators on Banach space Xlz(D(A),||.||A) then by using previous lemma we shall get a
contradiction.It is clear, uniqueness of solution shows that W; (t)x = u(t, x) is a well-defined linear
operator on Banach space X, :(D(A), .HA)where” || , is the graph norm on D(A).

9

We notice that Y = (C(IT X)L |- ||') where || f ||’ =f] + Zn: is a Banach space.
i=1

(oo

Next, we claim that the mapping ¢: X; =Y by #(x)(t) =W, (t)x is closed linear operator, for
this; suppose X, —> X in X; and #(Xy,) — fin Y. By integrating of (7) for initial value x,, for
t1 from0to tq, we have

Wi (e t) X =W1 (0,5, 1 ) Xy

n b o

-3 jgwl(s,tz,...,tn)xm ds
i=2 o “ti
tl

+ [ AW, (5, tp, .., by ) Xy dS
0

and when m—o by our choosing of the norm on Y and the closeness of A, we get
0 0

—W; ()X —— (.
o, 1(:)Xm ot ()Oo
and [Wy()xm — T, = sup ([Wa()xem — F(1)] )

tGlT

=?ulp( |W(t)x, — f(t)]+] AW,(t)x, - Af(t)]) —0

—>0 : 1=12,..,n

So when m — oo we have
tl

f(t,..t)= f(o,tz,...,tn)—ijif(s,tz,...,tn)ds+jAf (s,t,,....t )ds

i=2 ¢ 8ti
Hence,
N o
> — (g ty)=Af(t,. 1)
i=1 Ol
f(0)= lim W;(0)x,, =X

m-—o0
So f is a solution of (5) and by the uniqueness of solution we conclude f (t) =W (t)x or equivalently

¢ is closed . so, by closed graph theorem ¢ is bounded, thus sup|Wy(t)| <o so, by

tGIT

theorem.2.4, we can extend W (t) to the C,-n-parameter semigroup (X1,R},W). Now, suppose
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(H4,..., H,) be the infinitesimal generator of W, then for x < ﬁD(Hi) — D(A) we have
i=1

&iW(t)x=HiW(t)x. Thus, for tely and because W(t)=W;(t)x ,we have

iiw t)x = (i H‘}N(t)x = AW (t)x. But, we know that W(t)x is strongly continuous
i=1% i=1

n n
and %W (t)xis continuous and A is closed and > H;W (t)x =W (t)>_H;x . so, we can say if t
i i=1 i=1

tends to O then for XEﬂD(Hi)ZiHiX=AX. (8)
i=1

i=1
Now, by applying Lemma 2.8 there is @>Osuch that for each A,A'>@ we have
R(/I':HJ)R(/I:Hi):R(/IZHi)R(/l':Hj).

Now, let H; =H,+1 and H, =H, -1, if ® =0+l and 4,2’ then A+1, A’ —1> @
and

R(A": Hy )R(Z:Hy ) = R(A'—1: H))R(A+1: H,)

=R(A+1:H,)R(A'-1:H))

=R(Z:H, )R(X':Hy )
Similarly, for =12 , j=34,.,n and A A > . we have
R(A:H;)R(A':H[)=R(A':H)R(A:H;)
By Lemma 2.7, Hl',HZ'are infinitesimal generators of C,-one parameter semigroup of
operators . With the above equalities and Lemma 2.8, (Hll, HZ,, Hs..., Hy) is the infinitesimal

generator of a C,-n-parameter semigroup that we call it (X1,R,W'). So foreach x e X1,

t
W (te;)x =W (tey)x + W ((t — z2)ey )W '(uee;)xd and
0
t
W'(te,)x :W(tez)x—jw ((t—v)e,)W'(ve,)xdv and also for each i>2:W'(te) =W (te,) .
0

n
Thus for XemD(Hi)

i=1
HW'(t,t5,..., t,)  i=12

HW'(t,ty,ty) © i>2

So by (8)

atiW’(t)z(Hi+H’2+H3+ ..... +Hn)W’(t)=iHiW'(t)
i i=1

= AW ' (1) X
W'(0)x = x

But the solution of (7) is unique, and so for i =1,2,...,n and 0<t<T; : W'(tg;) =W((te;). This
implies that
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t
W (te;)x =W '(te;)x =W (te)x + [W ((t — z2)e )W '(uep ) xdu
0

=W (te,)x +jW (te,)xd 1z =W (te, ) x +tW (te,) X

So, tW(te)x=0 or W(te;)x=0 and This is a contradictionbecause
0= IimOW (te;)x = X # 0.Thus for each x « D(A), (7) cannot have a unique solution.
t—
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