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Data Dependence of Modified § — Iteration for
Asymptotically Quasi pseudocontractive operator.
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Abstract:

In this paper, we prove a convergence result and a data dependence result of modified
§ —lteration for uniformly L —lipschitzion and Quasi asymptotically pseudocontractive
mapping in Banach space .
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pseudocontractive operator , Data dependence.

s galdliuall
M\M Gubill § Lo e ) Sl 3adieadl cllall dagbiy lall dagmh oa g_x;_d\\&@
CL\.\ ;L.aﬂ‘zg ‘é.JlA.AS\ QAN s gukaill

1. Introduction
Chang [1] introduced one step iterative sequence (Mann iteration) of self mapping in
uniformly smooth Banach space E as follows, for anyx; € E

Xps1 =1 — w)x, +H'x,, ,¥n =1 (1)

Where {w,,} is a sequence in [0,1] and then ,he established the convergence result of modified
iteration (i) for asymptotically pseudocontractive self mapping . Zhiqun and Guiwen [2]
introduced two step iterative sequences (Ishikawa iteration) with error of self mapping in
Banach space E as follows, for any x; € E

Xn+1 = (1 - Wy — bn) Xn + wanyn +bn7~9n
yn:(l_ fn_gn)xn-l'Eanxn-l'gnO-n ,Vn=1 (ii)

Where {@,}, {¢,}, {b,.}, {,}, {9, }and {o,} under some conditions and then ,they proved the
convergence result of modified iteration (ii) for asymptotically pseudocontractive self mapping .

On the other hand, some authors had studied data dependence for several iterative sequences
and diffrent mappings . In [3] Solutz established the data dependence result of Ishikawa method
for contraction mappings. In[4] Soltuz and Grosan proved data dependence result for the same
iteration when dealing with contractive like operators.

2. Preliminaries

Definition(2.1): [5]

Let G isanonempty subset of Banach space E . A mapping H: G — G is said to be
()Uniformly L — Lipschitzian if 3 L > 0 suchthat |H"x — H"y|| < L]l x —yl| (1)
Vx,y €EG and VYn € N.
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Definition(2. 2): [2]

Let E is areal Banach space with the dula space E* and the mapping J:E — 2 is defined
by

J) = {f € E: {x,f) =IfIxll,IIfl =Ix]l}, vx € G is said to be normalized duality
mapping.

Definition(2.3):[1]
Let G isanonempty subset of Banach space E.A mapping H: G — G is said to be
(i) Asymptotically pseudocontractive if 3 asequence {h,} < [1,[ and A, > 1 as n - o
Such that
( H'x — H"y,j(x =) <hy llx —yl? (2)
Vx,y €EG andVne€N.
(ii) Asymptotically quasi pseudocontractive if F(H) = {x:x € G; Hx = x} # @ and sequence
{h,} < [1,00] with A, > 1 as n — oo such that
(H"x = p,j(x = p)) < Ry llx = pll? (3)
Vx EG,pEFandVneN.

Definition(2.4):[6]
Let G is a nonempty and convex subset of Banach space E and H:G — G is a mapping
forany x, € E, the sequence {x,} define by
Xns1 = (1 — @)H" %y + @ H"yy
Wn=0- &) X+ & H'xy V021 (4)
Is said to be § —iteration sequence ,where {w,},{¢,} are sequencesin [0,1].

Definition(2.5):[7]
Let G is a nonempty subset of Banach space E and H,H:G — G are two mappings. A
mapping H is an approximate mapping of E,if Vx € G and for ¥ > 0 ,then

|Hx — Hx|| < Y (5)

Lemma (2.6) : [8]
Let Eis a real Banach space and J:E — 2F is the normalized duality mapping , then
(x,j) < lixllllyll vx,y €Gand Vj(x) € ](x).
Lemma (2.7):[9]

Let {r,} is a bounded sequence in [0, , p:[0,00[ = [0,00[ continuous strictly
increasing map with ¢(0) = 0and 3 ny € N such that

Y
Y Cnir) +w B, , Vn =n,
Tn+1

Where w € (0,1), 3, =0, foralln € N and lim,_, 3, =0.Then lim,_ . 7, =0.

Lemma(2.8) : [4]
Let {n,} isa bounded sequence in [0, ,3n, € N,forall n> ny,, we have
M1 = (1 B dn) M+ dn €n
Whered, € (0,1),VneN, Yy, d, =oc and €, >0. Then
0 <lim, o sup n, <lim, ., sup-e,.

TS (1 —0)T 0Ty —w

3. Main Theorem

Theorem (3.1):

Let G is a nonempty convex and bounded subset of Banach space E and H:G — G is
uniformly L —lipschitzian with L > 1 and asymptotically quasi pseudocontractive mapping with
a sequence h, c [1,0] and A, > 1 as n - o. Let {x,}is a sequence in (4) satisfying
(i) w, >0 asn—»>oand & »0asn—->oo (i) w,+ &, =1, VREN.

(iii) Ypoq @, = and forafixed w € (0,1) suchthat (1 -w,) <w, VREN .
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If F(H) # @, 3 continuous strictly increasing map p : [0,00[ — [0,00[ with u(0) =0
such that

(H'x— p,jx=p)) < hpllx=yll> —pllx—pl
Vj(x—p) € J(x—p),p € F.Then |x, —p| =0
Proof:
Let p € F(H), from condition (4) and condition (1), we get
IH"y, — pll < L |y, — pll
= L{A=Elxy —pll + &ll(H 3, — p)II}
=L{(1-&)+ &G LHIG, — )l
<{A =&)L+ &L 1(xn — o)l (6)
By using condition (4), Lemma(2.6), Lemma (2.7) condition (3) and condition (1), we obtain
Ixn+1 — Pl = (Xpi1 —p 1 J(Xns1 — P))
=((1 -, (H"x, —p) + @, H"yp, — p, j(Xp11 — p))
= (1 - wn) (ann - ann+1 + ann+1 - p'j(xn+1 _p)>
t@, (H"yn — p,j(x —p) )
< (1 - ZD'n)<ann - ann+1 'j(xn+1 - P))
+(1 - wn)(anrHl - p'j(xn+1 - P))
@, (H" Y — p,j(Xns1 — P))
< (1= @) [[H" %, — H" x4l %041 — pll
+(1 = @) {fn lIxper — pll = #llxnes — pll
+@, L llyn — p Il lIxp41 — pll (7)
Putting (6) into (7), imply that
I%n41 — plI> < (1= @) IH" %, — H™" i1l || X110 — pll
+(1 - ZD-n)hn ”xn+1 - p”2 - (1 - wn) H ”xn+1 - p”
+@, {(1 =&, ) L+ by L3lxy — pll ll X1 — 2l
X041 = PII* < 1xn4r — oIl {(1 = @) IH x5 — H™ x4l
+(1 = @) Aallages — pll — (1 — @) el

lxne1—pll
+w, {(1 - En) L+ fnLZ} ”xn - p”

Since w, > 0asn—-oand & -0 as n — oo,then
o {(1—b )L+ b,L*} = @, L— @, &L+ 0,5 <(1—w),w €(0,1)and (1 — @) < w,
we get

”xn+1 - p” < (1 - a)) ”xn - p” + w hn”xn+1 - p” —w
+ o ||H"xp — H"xp 4 |
Since G is bounded set in E and ||H™x,|| , ||[H"y,|l and ||x,|| in G ,then ||[H™x,]||, ||[H™y,| and
||x,|| are bounded sequences.
From condition (4) , (w, + &,) =1, w, > 0as n » wand &, - 0 as n — oo, then
IXn+1 — xnll = (1 — @) |H" %0 |l + @pllH  yll + (1 — @) llxnll +@pllxnll

= &allH xnll + @ l[H yull+ Sullxall + wpllxnll — 0 as n— oo (8)
Since H is uniformly L —lipschitzian ,then it is uniformly equi—continuous [10] and condition
(8) lead to
lim,ol|[H x, — H"xp 1| =0 9
Weset  7,= |lx, — pl|

Bn = ”ann - ann+1”
Since w € (0,1) and A, - 1 as n—> o , then In, € N such that wh, € (0,1) and use
lemma (2.7) we obtain lim,,_,., 7,=0
By using theorem (1), we establish the data dependence theorem.

tllxni1—pll
lxn+1—pll
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Theorem (3.2) :

Let E,G and H as in the theorem (1) and H is an approximate operator of H satisfying
|Hx —Hx||< Y, forallx€ G and for ¥ >0 . Let {x,}is a sequence in (4) and define an
iteration sequence {x,} as follows, forany %, € E

Xnp1 = (1 — @)%, + quﬁnyn
yn = (1 - En) fn + fn ann (10)
where {@, },{&,} be sequencesin (0,1) satisfying: (i)w, + &, =1 ,VneN.
(i)w, >0 as n—> o and &, >0 as n—> o,  (iii) Yyoqy @y, = O .
If Hp=p and H p=p suchthat X, — p as n—>oo. Then [p—p| < L:J_riy
where Y > 0 is a fixed number and k € (0,1).
Proof:
From condition (10), lemma(2.6) and condition (3), we get
|41 — £n+1”2 = (Xp41 — f1‘L+1:j(xnil — Xp41)) _
= ((1 - ZD'n)(ann - ann) + ZD'n(Hnyn - Hnyn)'j(xrwl - fn+1)>
= (1 - wn)((anrHl - ann+1)'j(xn+1 - J?n+1))
+(1 - wn)(Qann — H"xp41),J (ns1 — Xn1))
+(1 - @,) (H" %44 ~ H"%), j(Xn41 — Xny1))
+(1 - wn) (Hnyn - Hnyn:j(xn+1 - J?n+1))
< (1 - zD-n){hn ”xn+1 - 2n+1” - ﬂ”xn+1 - 5511+1”}
+(1 - wn) ”ann - ann+1””xn+1 - fn+1”
+(1 - wn) ”Hn 32n+1 - anfn””xn+1 - J?n+1”
+wn ”Hnyn - Hnyn””xn+1 - fn+1”

Hence
~ ~ pllxpt1=Fntll
X1 — Znsall < (A= @) Ay X041 = Xl — (1 — @) T
1xn+1 xn+£”
+(1 - wn) ”ann - ann+1” + (1 - zD-n)”Hn)erI - ann”
to, ”Hnyn - Hnyn” (11)

From conditions (1) and (5) , we get
”Hnyn - an’n”: ”Hnyn - Hnj;n” + ”Hn yn - Hnyn”
<L “yn - yn” +Y (12)
From conditions (4), (10) and (1), then
|IYn - f’n” < ”(1 - ZD-n)(xn - in) + wn( ann - ann )”
< (1= @) 1Xn = Znll + @y, [|Hxp — H" Xy |
< (1 - wn) ”xn : fn” + oy ”ann - ann”
+ @, |H" %, — H"%,||
< (1 - ZD-n) ”xn - fn” + o, L ” Xn — fn”-l'wny (13)
Putting (13) into (12) , then
”Hn.Vn - Hnyn” < (1 - wn) L”xn - Jz'nll'l' (% Lzllxn - xn”
+Lw, Y +Y
Hence
zD-n”Hnyn - Hnyn” <A -y L |lx, —x,ll + ZD'nz L? |, — Xl
+L @2 Y + @Y
<{w, 1 —-w,) L+ @,% L?} |lx, — %, + L ©,,%Y + @, Y (14)
By using conditions (1) and (5), we get
|H" %41 — H"%,||= ||H™ %41 — H%, + H™ %, — H'%, ||
< IH™ Epyq — H'Epll + [|[H™ %y — H'%, |
<L ” in+1 - i'n” +Y (15)
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” J?n+1 - in” = ”fn+1 — Xnt1 t Xppg — xn”

< N Xnsr — Xpaall + 41 — Zall (16)
Putting (16) into (15), then
(1 - ZD'n)”Hn fn+1 - ann” < (1 - wn) L ”3~Cn+1 - xn+1”

+(1 - wn) L ”xn+1 - fn” + (1 - wn) Y (17)
Putting conditions (14) and (17) in condition (11), we get
||xn+1 - J?11+1|| < {(1 - ZD'n)hn-l'(l - wn) L} ”xn+1 - fn+1”
+Hw, (1 — @,) L+ @, % L*} ||x, — Xl + L @, 2Y + Y

— (A=)t Inl g oy ||H™ x, — H™ Xl
[IXn4+1—Xn+all

+(1 — @) by [xp1 — Zall
Using the same of the proof in conditions (8) and (9) in the theorem (1), then
limp oo llXn41 — Tpll = 0and  limy, o0 [[H™ X — H™ X 44l = 0
”xn+1 - J’En+1” < {(1 - ZD'n)hn'l'(]- - wn) L } ”xn+1 - fn+1”
+H@, (1 — @)L +@,2L% Y |lxn — Zpll + L@, 2Y + Y
{1-hy+ @ by — L+ @, L} |xp4q — Xyl <
{(w, (1 —®,) L+ @,% L*}|x, — %,|| + Lw,2Y + Y

~ @y, (1-@y) L+ @, 2 L2 ~ Lo’ Y+Y
%41 = Tnaall < 1y +@p hy—L+ @ol ll2tn = Znll + 1—fip+@p hin— L+ @yl
_ —L+h - 2y+y
<1-— wy, (@ L—wpL —L+hy ) ”xn _xn” n Lony* Y+

1-hp+w@y, Aip—L+ ©wyl 1-hAp+wy, ip— L+ @yl
Sincew, » 0,h, — 0 as n - oo, then 3 n, € N such that
(@, L+w, L-L+h,)< (1—-k),k€(0,1)
”xn+1 - fn+1|| <1- ZD-n(l - K) ”xn - fn” + Lwnzy +Y
<1-w,(1—-x)|x, — %, + Lw,Y + 2w, Y

LY +2Y
< 1= @(1 =10 llxn = Fll +w(1 =) T2
Denote that
N=llxn — Zull » d, = @, (1 — k) € (0,1)
_ (LYr+2Y)
(1K)

It follows from lemma (2.8) that

: - . LY+2Y
0 <limy,_,e sup ||lx, — %,|| <lim,_ . sup (r+2r)

(1-x)

From theorem(1) we have that limx, = p, thus, using this fact together with the assumption
n—-oo

lim%,, = p , we obtain

n—->oo
< {@r+21)

(1-x)

lp—pll < , Y>0and x € (0,1)

4. Conclusions

The convergence result for modified § — Iteration has been proved when applied to the
mapping which that H: G — G is quasi asymptotically pseudocontractive in a real Banach space .
Also the data Dependence result of modified § — Iteration has been established when
applied to the mapping which that H: G — G is quasi asymptotically pseudocontractlve and the
mapping H: G — G is an approximate operator of H satisfying ||Hx —Hx||< Y, Vx € G and
for Y >0 .
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