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Abstract:
In this paper, we define the concepts of intuitionistic fuzzy modular space and cartesian product in
intuitionistic fuzzy modular space. Also, some properties of them are considered.
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1.Introduction:

The concept of fuzzy sets was introduced by Zadeh [8]in1965 and study the it properties .1986,
Atanassov [1] defined the notion of intuitionistic fuzzy set. The concept of modular space was
introduced by Nakano [4] in 1950. Soon after, Musielak and Orlicz [3] redefined and generalized
the notion of modular space in 1959. The concept of fuzzy modular space was introduced by Young
Shen and Wei Chen [7] in 2013.The definition of cartesian product of two fuzzy modular spaces was
introduced by Noor F. Al-Mayahi and Al-ham S. Nief [5 ]in 2019 and prove some results related with
it .In this paper, we define the concepts of intuitionistic fuzzy modular space and cartesian product
in intuitionistic fuzzy modular space . Also, some properties will be considered.

2.Preliminaries:

Definition (2.1)[8] :

Let X be a non-empty set and Let I = [0,1] be the closed interval of real numbers . A fuzzy set y in X
(or a fuzzy subset form X ) is a function from X to I=[0,1].

If uisafuzzy setin X then yu is described as characteristic function

which connects every x € X to real number y(x) in the interval I. u(x) is

the grade of membership function to x in u. u can be described

completely as:

w={eu(x)):x €X,0 < u(x) <1ljor pu= {% : xeX} where u(x) is called the membership function
for the fuzzy set u . The family of all fuzzy sets in X is denoted by 1%,

Definition (2.2)[1]:
Let X be a non-empty set . An intuitionistic fuzzy set A is given by :
A = {{x, uy(x),v4(x)): x € X },where the functions p,: X — I and

103


http://jceps.utq.edu.iq/
http://jceps.utq.edu.iq/
mailto:jceps@eps.utq.edu.iq
mailto:jceps@eps.utq.edu.iq
http://doi.org/10.32792/utq.jceps.09.02.01
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

Journal of Education for Pure Science- University of Thi-Qar
Vol.10, No.2 (June, 2020)

Website: jceps.utq.edu.iq Email: jceps@eps.utq.edu.iq

v,4: X = I denote the degree of membership and the degree of non-
membership to the set A respectively, and 0 < u,(x) + v4(x) < 1, for each x € X.The set of all
intuitionistic fuzzy sets in X denoted by [FS(X).

Definition (2. 3)[4]:
Let X be a vector space over a field F.
(1) A function p: X — [0, oo] is called modular if
(a) p(x) = 0ifand only if x = 0;
(b) p(ax) = p(x) for a € F with |a| = 1, forall x € X;
(c) plax + By) < p(x) + p(y) iffa, B = 0 whenevera + f =1,
forall x,y € X. If (¢) is replaced by

(c") plax+ By) < ap(x) + Bp(y) iffa,f =0,a + B = 1 forall x,y € X, then the
modular p is called convex modular .
(2) A modular p defines a corresponding modular space ,1.e., the space X, given by

X, ={x€X:plax) > 0as a - 0}.

Definition (2.4)[6]:

Let * be a binary operation on the set I =[0,1], i.e = : [0,1] x [0,1] -

[0,1] is a function, then = is said to be t-norm (triangular-norm) on the

set I if = satisfies the following axioms:

(1) = is commutative and associative.

(2)ax1=aforall a €[0,1].

(3)Ifb,c€lsuchthatb <c,thenaxb<axcforalla€el.

In addition, if = is continuous then = is called a continuous t-norm.

Theorem (2.5)[2]:

Let * be a continuous t-norm on the set I = [0,1], then:

(HD1x1=1

(2)0+1=0

(3)0%x0=0

4)a*xa<a,Vael

(5)Ifa<candb<d,thenaxb < cxdforalla,b,c,d €l

Definition(2.6)[7]:

The 3- tuple (X, u,*)is said to be a fuzzy modular space ( shortly,F-modular space) if X is a vector space,
* IS a continuous t-norm and w is a fuzzy set on X x (0, o) satisfying the following conditions, for all
x,yeEX,t,s>0anda,f = 0witha+p =1:

(FM.1) u(x,t) >0,

(FM.2) u(x,t) =1forallt > 0ifand only if x = 0,

(FM.3) u(x,t) = p(—x,1t),

(FM.4) p(ax + By, t +5) = u(x, t) * u(y,s) ,

(FM.5) u(x,.):(0,00) — (0,1] is continuous.

Generally ,if (X, u,*) is fuzzy modular space,we say that (u,*) is a fuzzy modular on X.
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Definition(2.7)[6]:

Let 0 be a binary operation on the set I = [0,1], then ¢ is said to be
t-conorm (triangular-conorm) on the set I if ¢ satisfies the following
axioms:

(1) ¢ is commutative and associative,

(2)a¢0=aqaforalla €[0,1],

(3) If b,celsuchthatb < cthena¢b<adcforalla€el.

In addition, If 0 is continuous then ¢ is called a continuous t-conorm.
Theorem (2.8)[2]:

Let ¢ be a continuous t-conorm on the set = [0,1], then :
(1)000=0
(2)100=1
3)101=1
4)ada=a,Vael

(5)Ifa< candb<d,thenad¢b<c{dforalla, b,c,d€el

3. Main Results:

Definition (3.1):

The 5-tuple (X, i, v,%,0) is said to be an intuitionistic fuzzy modular
space (shortly,IF-modular space ) if X is a vector space,* is a continuous
t-norm,¢ is a continuous t-conorm and y, v are fuzzy sets on X X (0, )
satisfying the following conditions: forall x,y € X,t,s > 0and a, = 0
witha + f =1,

(IFM.1) u(x, t) + v(x, t) <1,

(IFM.2) u(x,t) >0,

(IFM.3) u(x,t) = 1ifand only if x = 0,

(IFM.4) p(x, t) = p(—x,t),

(IFM.5) u(ax + By, t +s) = u(x, t) * u(y,s),

(IFM.6) u(x,.):(0,0) — (0,1] is continuous,

(IFM.7) v(x,t) <1,

(IFM.8) v(x,t) = Oifand only if x = 0,

(IFM.9) v(x,t) = v(—x,t),

(IFM.10) v(ax + By, t +5) < v(x,t) 0 v(y,s),

(IFM.11) v(x,.): (0,00) — (0,1] is continuous.

Definition(3.2):
Let (X, u, v,%,0) be an intuitionistic fuzzy modular space, Then
1) Asequence {x,}in X is said to be convergent to x € X, if for every € € (0,1) and
t > 0, there exists n, € Z* such that
ulx, —x,t) >1—¢€ and v(x, — x,t) < e forall n = n,. (or
equivalently 7{13}10 u(x, —x,t) =1and 1{15{)10 v(x, —x,t) = 0).
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2) A sequence {x,} in X is said to be Cauchy if for every € € (0,1) and
t > 0,there exists n, € Z* such that u(x,, — x,,,t) > 1 — € and
v(xXy — Xm, t) < € for all n,m = ny. (or equivalently

limu(x, — x,,t) =1and lim v(x, — x,,,t) = 0).
n,m-oo n,m-oo

3) An intuitionistic fuzzy modular space (X, u, v,*,0) is said to be
Complete if every Cauchy sequence is convergent.

Definition(3. 3):

Let (X, u, v,%,0) be an intuitionistic fuzzy modular space. The open
ball B(x,r,t) and the closed ball B[x,r, t] with center x €X and
radius 0 < r < 1,t > 0 are defined as follows:
B(x,rt)={yeXiu(x—y,t) >1—randv(x —y,t) <r},
Blx,rt]={yeXiux—y,t) =21 —randv(x —y,t) <r}

Definition(3.4):

Let (X, uq, v1,%,9) and (Y, uy, v5,%,0) be two intuitionistic fuzzy modular
spaces. the cartesian product of (X, uq, v1,%,0) and (Y, uy, v,,%,9) is the
product space (X X Y, u,v,%,0) where X X Y is the cartesian product

of the sets X and Y and u, v are functions

u,v: (X XY % (0,0)) = [0,1] is given by:

u((w,2),t) = u(w, t) * (2, ) ,

v(w,2),t) = vi(w,t) 0 v,(zt) forall (w,z) € X x Y and t,> 0.

Theorem(3.5):
Let (X, uq, v1,%,9) and (Y, u,, v,,%,0) be two intuitionistic fuzzy modular
Spaces .Then (X X Y, u, v,x,0) is an intuitionistic fuzzy modular space.
Proof:
Let (w,z) € X X Y,we have
1) since u;(w,t) >0 , uy(z,t) > 0Vt > 0,then
,u((w, Z),t) =u; (w,t) * u,(z,t) > 0and
since v;(w,t) < 1,v,(z,t) <1Vt > 0,then
v((w, Z),t) =v, (W, t) ¢ vy(zt) <1.
2)uw,t) =1 w=0,also u,(z,t) =1 < z=0.Then
U w,t) *u,(z,t) =1 (w,z) = 0 .Hence ,u((w,z),t) =le
(w,z)=0vt>0andv,(w,t) =0 w=0,also v,(z,t) =0 < z=0.
Then vy (w,t) ¢ v,(2,t) =0 & (w,z) = 0.Hence v((w,2),t) =0 (w,z2) =0Vt > 0.
3) since yy(w, t) = u (—w, t),v;(w, t) = v1(—w,t) vVt > 0 and

Uy (z,t) = u,(—2z,t),v,(z,t) = v,(—2z,t) vVt > 0, then
u(w,2),t) =y W, t) * iy (z,8) = py (—w, t) * pp(—2,t)

= u(—(w,2),t)

and
v((w, z), t) =v, W, t) 0v, (z,t) = vi(—w, t) O vy(—2,t)
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=v(—(w,2),t).
4) p(a(wy,z1) + B(wy, 23),t) = u((awy + fw,, azy + fz,),t)
> py(awy + fwy, t) * pp(azy + Bz, t)
> py (wy, t) * g (Wo, t) * iy (24, t) * iz (2, t)
> py (W, t) * pp (21, 1) * py (Wo, t) * iz (25, t)
> pu((wy,21), t) * u((wy, 2,),t) and
v(a(wy, z1) + f(Wy, 22),t) < v((aw, + Bwy, azy + 2;),t)
< vi(awy + fwy, t) O vy(azy + B2y, 1)
Svi(wy, t) O v (wy, t) O vy(2,t) O v5(2,,t)
S v (W, t) 0 vy(zq,t) 0 vi(Wy, t) O V(25,t)
< v((wy,21),t) 0 v((wy, 2,),t)
5) since u, (w, t): (0,00) — (0,1] is continuous , u,(z,t): (0,0) — (0,1]
is continuous and since v, (w, t): (0, ) — (0,1] is continuous,
v,(z,t): (0,0) — (0,1] is continuous then
u((w, 2),t): (0,00) - (0,1] is continuous and
v((w, 2),t): (0,%) — (0,1] is continuous.

Theorem(3.6) :

Let {w,} be a sequence in intuitionistic fuzzy modular space

(X, uq, v1,%,0) which converges to w in X and {z,} is a sequence in the
intuitionistic fuzzy modular space (Y, u,, v2,*,0¢) which converges to z in
Y. Then {(wy,, z,)} isa sequence in intuitionistic fuzzy modular
space(X X Y, u,v,x,0) convergesto (w,z) in X X Y.

Proof:

To prove that sequence {(wy, z,)} in X X Y converges to (w, z)

we show that lim u(Wp, z,) — (w,2),t) = 1and

lim v((wn,zn) — (w, Z),t) =0
n—-oo
by theorem(3.5) (X X Y, i, v,%,0) is an intuitionistic fuzzy modular space
since {w, } be a sequence in (X, u4, v4,*,0) convergence to w
then lim y; (w,, —w,t) = 1and lim v;(w, —w,t) =0
n—-oo n—-oo

since {z,} be a sequence in (Y, u,, v,,*,0) convergence to z

then 7!Li_r){)lo,uz(zn —z,t) =1and Al_r;{)lo vy(z, —z,t) =0

then that Tlll_{{)lo u((wn, zy) — (w, 2), t) = 7111_{{;10 Uy (wy, — w, t)

*Tlli_rguz(zn—z,t) =1+1=1and

7il_r){)lo v((wn,zn) —(w,2), t) = %1_{{)10 vi(wy, —w, t) 0 Al_rélo vy(z, —2z,t) =000 =0.

Hence {(wy, z,)} converges to (w, z).

Theorem(3.7) :
Let {w,,} be a Cauchy sequence in intuitionistic fuzzy modular space
(X, uq1,v1,%,0) and {z,} is a Cauchy sequence in intuitionistic
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fuzzy modular space (Y, iy, v5,%,0) then {(w,, z,,)} is a Cauchy sequence
in intuitionistic fuzzy modular space (X X Y, u, v,%,9).
Proof:
By theorem (3.5) (X XY, u, v,*,0) is intuitionistic fuzzy modular space
since {w,,} be a Cauchy sequence in intuitionistic fuzzy modular space
(X, U1, v1,%,0)
then lim u,(w,, —w,,,t) =1and lim v,(w, —w,,t) =0

n,m—-oo n,m—oo

since {z,,} be a Cauchy sequence in intuitionistic fuzzy modular space
(Y, MZ' 172,*,0)
then lim u,(z, —z,t) =1land lim v,(z,—z,t) =0
n,m—oo n,m—oo
then lim u((wn, Zn) — Wi, Z), t) = lim py(w, —wy,t)
n,m—-oo n,m—-oo

* lim p,(z, —zp,t) =1x1=1and

n,m-oo

lim v((Wn; Zn) — Wpn, Zim), t) = lim vy(wp —wy,, t)
n,m-oo n,m-oo

0 lim vy,(z,—2,,t)=000=0.
n,m—oo

Hence {(w,, z,,)} is a Cauchy sequence in (X XY, i, v,%,0).

Theorem(3. 8):
If (X XY,u v,x90)is an intuitionistic fuzzy modular space, then?
(X, uq, v1,%,0) and (Y, uy, v2,%,0) are intuitionistic fuzzy modular spaces
by defining
i (w, t) = u((w, 0),t),v1(w, t) = v((w,0),t) and
po(z,t) = u((0,2),t),v,(z,t) = v((0,2),¢) forallw € X,z € Y and ¢ > 0.
Proof:
D pu,(w,t) = ,u((w, 0), t) > 0,v,(w, t) = v((w, O),t) <1VweXx
2)Forallt > 0,1 = u;(w, t) = ,u((w, 0), t) < w=0and
0=v,(w,t) =v(w,0),t) &w=0.
3)Forallt > 0,u;(w, t) = uy(—w, t) = u(—(w,0),t) and
viw, t) = vi(—w,t) = v(—(w,0),t) .
4) wy (aw + Bws, t) = p((aw + Bwy, 0),t)
> pu((w,0),t) * u((wy,0),t) = py (W, t) * y (wy, t) and
vi(aw + Bwy, t) = v((aw + fwy, 0), t)
< v((w,0),t) 0 v((wy,0),t) < v,(w,t) 0 vy (wy,t).
5 u (w,.) = u((w,0),.) and vy (w,.) = v((w, 0),.) are continuous from
(0,0) to (0,1] for all w € X.Then (X, uq, v1,*,9) is intuitionistic fuzzy
modular space Similarly we can prove that (Y, u,, v,,%,9).

Theorem(3.9):

Let (X, uq, v1,%,0) and (Y, py, v,,%,0) be two intuitionistic fuzzy modular
spaces, then the product (X X Y, u, v,%,9) is complete intuitionistic
fuzzy modular space if and only if (X, uy, v1,%,0) and (Y, u,, v,,%,0) are
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complete intuitionistic fuzzy modular spaces.

Proof:

Suppose that (X X Y, u, v,,9) is complete intuitionistic fuzzy modular
space

Since (X, puq,v1,%,0) and (Y, uy, v5,%,0) are intuitionistic fuzzy modular spaces
By theorem (3.8)

Let {w, } be a Cauchy sequence in (X, uq, v1,%,0)

Then {(w,, 0)} be a Cauchy sequence in X X Y

Since X x Y is complete intuitionistic fuzzy modular space

Then there is (w, 0) in X X Y such that {(w,, 0)} convergent to (w, 0)
Now , 1111_{{)10 w(wy, —w,t) = Al_r)glo ,u((wn -w,0), t) = 1and

lim v, (w,, —w, £) = lim v((w, —w,0),t) =0

Then (X, uq, v1,%,9) is complete intuitionistic fuzzy modular space
Similarly we can prove that (Y, u,, v,,*,9) is complete intuitionistic
fuzzy modular space.

Conversely, suppose that (X, uq, v1,%,0) and (Y, uy, v,,%,0) are
complete intuitionistic fuzzy modular spaces

Let {(wy, z,)} be a Cauchy sequence in X X Y

since (X, uq, v1,%,9) and (Y, u,, v,,%,0) are complete intuitionistic fuzzy
modular spaces

then 3w in X and z in Y such that {w,,} convergent to w and {z,,}
convergent to z .

So Ji_r)‘goﬂl(wn —w,t) = 1,711_1)130 v;(w, —w,t) = 0and

lim u,(z, —z,t) =1, lim v,(z, — z,t) = 0 then
n—->00 n—->0o

lim ,u((wn,zn) - (w,2), t) = lim pu;(wy, —w, t) * lim p,(z, — z,t)
n—oo n—oo n—oo

=1*x1=1and

lim v((wn, zy) — (w, 2), t) = lim v;(w,, —w, t) ¢ lim v,(z, — z,t)
n—->oo n—->oo n—-oo

=000=0

Hence {(w,, z,)} convergent to (w,z) in X X Y.
Hence (X XY, u,v,x0) is complete intuitionistic
fuzzy modular space.
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