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Abstract: 

  In this paper, we define the concepts of intuitionistic fuzzy modular space and cartesian product in 

intuitionistic fuzzy modular space. Also, some properties of them are considered. 

 

𝐊𝐞𝐲𝐰𝐨𝐫𝐝𝐬 :  modular space, cartesian product, fuzzy modular space, intuitionistic fuzzy modular 

space. 

𝟏. 𝐈𝐧𝐭𝐫𝐨𝐝𝐮𝐜𝐭𝐢𝐨𝐧: 

The concept of fuzzy sets was introduced by Zadeh [8]in1965 and study the it properties .1986, 

Atanassov [1] defined the notion of intuitionistic fuzzy set. The concept of modular space was 

introduced by Nakano [4] in 1950. Soon after, Musielak and Orlicz [3] redefined and generalized  

the notion of modular space in 1959. The concept of fuzzy modular space was introduced by Young 

Shen and Wei Chen [7] in 2013.The definition of cartesian product of two fuzzy modular spaces was  

introduced by Noor F. Al-Mayahi and Al-ham S. Nief [5 ]in 2019 and prove some results related with 

it .In this paper, we define the concepts of intuitionistic fuzzy modular space and cartesian product 

in intuitionistic fuzzy modular space . Also, some properties will be considered. 

____________________________________________________________________________________ 

𝟐. 𝐏𝐫𝐞𝐥𝐢𝐦𝐢𝐧𝐚𝐫𝐢𝐞𝐬:  

Definition (𝟐. 𝟏)[𝟖] ∶ 

Let 𝑋 be a non-empty set and Let  𝐼 = [0,1] be the closed interval  of real numbers . A fuzzy set 𝜇 in 𝑋 

(or a fuzzy subset form  𝑋 ) is a function from 𝑋  to 𝐼=[0,1]. 

Іf  𝜇 is a fuzzy set in 𝑋 then 𝜇 is described  as characteristic function  

which connects every 𝑥 ∈ 𝑋 to real number 𝜇(𝑥) in the interval 𝐼. 𝜇(𝑥) is  

the grade of membership function to 𝑥 in 𝜇.  𝜇  can be described  

completely as:                                   

𝜇 ={〈𝑥, 𝜇(𝑥)〉: 𝑥 ∈ 𝑋, 0 ≤ 𝜇(𝑥) ≤ 1}𝑜𝑟  𝜇 = {
𝜇(𝑥)

𝑥
 ∶ 𝑥𝜖𝑋} where 𝜇(𝑥) is called the membership  function 

for the fuzzy set 𝜇 .  The family of all fuzzy sets in 𝑋 is denoted by 𝐼𝑋. 

____________________________________________________________________________________ 

Definition (𝟐. 𝟐)[1]:     

Let 𝑋 be a non-empty set . An intuitionistic fuzzy set 𝐴 is given by :  

𝐴 = {〈𝑥, 𝜇𝐴(𝑥), 𝑣𝐴(𝑥)〉: 𝑥 𝜖 𝑋 },where the functions   𝜇𝐴: 𝑋 → 𝐼 and 

http://jceps.utq.edu.iq/
http://jceps.utq.edu.iq/
mailto:jceps@eps.utq.edu.iq
mailto:jceps@eps.utq.edu.iq
http://doi.org/10.32792/utq.jceps.09.02.01
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


Journal of Education for Pure Science- University of Thi-Qar 
Vol.10, No.2 (June, 2020) 

Website: jceps.utq.edu.iq                                                                                                      Email: jceps@eps.utq.edu.iq 

  104 

 𝑣𝐴: 𝑋 → 𝐼 denote the degree of membership and the degree of non- 

membership to the set 𝐴 respectively, and 0 ≤ 𝜇𝐴(𝑥) + 𝑣𝐴(𝑥) ≤ 1, for each 𝑥 ∈ 𝑋.The set of all 

intuitionistic fuzzy sets in  𝑋 denoted by  𝐼𝐹𝑆(𝑋).  

___________________________________________________________________________________ 

Definition (𝟐. 𝟑)[4]: 

Let 𝑋 be a vector space over a field 𝐹. 

(1) A function  𝜌: 𝑋 → [0,∞] is called modular if  

(𝑎) 𝜌(𝑥) = 0 if and only if 𝑥 = 0; 

(𝑏) 𝜌(𝛼𝑥) = 𝜌(𝑥) for 𝛼 ∈ 𝐹 with |𝛼| = 1, for all 𝑥 ∈ 𝑋; 

(𝑐) 𝜌(𝛼𝑥 + 𝛽𝑦) ≤ 𝜌(𝑥) + 𝜌(𝑦) iff 𝛼, 𝛽 ≥ 0 whenever 𝛼 + 𝛽 = 1,                    

for all 𝑥, 𝑦 ∈ 𝑋. If (𝑐) is replaced  by 

      (𝑐′)  𝜌(𝛼𝑥 + 𝛽𝑦) ≤ 𝛼𝜌(𝑥) + 𝛽𝜌(𝑦) iff 𝛼, 𝛽 ≥ 0, 𝛼 + 𝛽 = 1 for all                   𝑥, 𝑦 ∈ 𝑋, then the 

modular 𝜌 is called convex modular . 

(2) A modular 𝜌 defines a corresponding modular space         , i. e. , the space 𝑋𝜌 given by  

𝑋𝜌 = {𝑥 ∈ 𝑋: 𝜌(𝛼𝑥) → 0 𝑎𝑠  𝛼 → 0}. 

 

____________________________________________________________________________________ 

Definition (𝟐. 𝟒)[6]: 

 Let ∗ be a binary operation on the set 𝐼 = [0,1], i.e ∗ ∶ [0,1] × [0,1] → 

[0,1] is a function, then ∗ is said to be t-norm (triangular-norm) on the  

set 𝐼 if ∗ satisfies the following axioms: 

(1) ∗ is commutative and associative. 

(2) 𝑎 ∗ 1 = 𝑎 for all 𝑎 ∈ [0,1]. 

(3) If 𝑏, 𝑐 ∈ 𝐼 such that 𝑏 ≤ 𝑐, then 𝑎 ∗ 𝑏 ≤ 𝑎 ∗ 𝑐 for all 𝑎 ∈ 𝐼 . 

In addition, if ∗ is continuous then ∗ is called a continuous t-norm. 

Theorem (𝟐. 𝟓)[2]: 

 Let ∗ be a continuous t-norm on the set 𝐼 = [0,1], then: 

(1) 1 ∗ 1 = 1 

(2) 0 ∗ 1 = 0 

(3) 0 ∗ 0 = 0 

(4) 𝑎 ∗ 𝑎 ≤ 𝑎, ∀𝑎 ∈ 𝐼 

(5) If 𝑎 ≤ 𝑐 and 𝑏 ≤ 𝑑 , then 𝑎 ∗ 𝑏 ≤  𝑐 ∗ 𝑑 for all 𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝐼. 

Definition(𝟐. 𝟔)[7]: 

The 3- tuple (𝑋, 𝜇,∗)is said to be a fuzzy modular space ( shortly,F-modular space) if 𝑋 is a vector space, 

∗ is a continuous t-norm and 𝜇 is a fuzzy set on 𝑋 × (0,∞) satisfying the following conditions, for all 

𝑥, 𝑦 ∈ 𝑋, 𝑡, 𝑠 > 0 and 𝛼, 𝛽 ≥ 0 with 𝛼 + 𝛽 = 1: 

(𝑭𝑴. 𝟏) 𝜇(𝑥, 𝑡) > 0,  

(𝑭𝑴. 𝟐) 𝜇(𝑥, 𝑡) = 1 for all 𝑡 > 0 if and only if 𝑥 = 0, 

(𝑭𝑴. 𝟑) 𝜇(𝑥, 𝑡) = 𝜇(−𝑥, 𝑡), 

(𝑭𝑴. 𝟒) 𝜇(𝛼𝑥 + 𝛽𝑦, 𝑡 + 𝑠) ≥  𝜇(𝑥, 𝑡) ∗ 𝜇(𝑦, 𝑠) , 

(𝑭𝑴. 𝟓) 𝜇(𝑥, . ): (0,∞) → (0,1] is continuous. 

Generally ,if (𝑋, 𝜇,∗) is fuzzy modular space,we say that (𝜇,∗)  is a fuzzy modular on 𝑋. 
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Definition(𝟐. 𝟕)[𝟔]:  

 Let ◊ be a binary operation on the set 𝐼 = [0,1], then ◊ is said to be   

t-conorm  (triangular-conorm) on the set 𝐼 if ◊ satisfies the following  

axioms: 

(1) ◊ is commutative and associative, 

(2) 𝑎 ◊ 0 = 𝑎 for all 𝑎 ∈ [0,1], 

(3)  If 𝑏, 𝑐 ∈ 𝐼 such that 𝑏 ≤ 𝑐,𝑡ℎ𝑒𝑛 𝑎 ◊ 𝑏 ≤ 𝑎 ◊ 𝑐 for all 𝑎 ∈ 𝐼. 

In addition, If ◊ is continuous then ◊ is called a continuous t-conorm. 

Theorem (𝟐. 𝟖)[2]: 

 Let ◊ be a continuous t-conorm on the set 𝐼 = [0,1], then : 

(1) 0 ◊ 0 = 0 

(2) 1 ◊ 0 = 1 

(3) 1 ◊ 1 = 1 

(4) 𝑎 ◊ 𝑎 ≥ 𝑎, ∀𝑎 ∈ 𝐼 

(5) If 𝑎 ≤  𝑐 and 𝑏 ≤ 𝑑, then 𝑎 ◊ 𝑏 ≤ 𝑐 ◊ 𝑑 for all 𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝐼 

__________________________________________________________________________________________________________________ 

𝟑.𝐌𝐚𝐢𝐧 𝐑𝐞𝐬𝐮𝐥𝐭𝐬:  

Definition (𝟑. 𝟏): 

The 5-tuple (𝑋, 𝜇, 𝑣,∗,◊) is said to be an intuitionistic fuzzy modular  

space (shortly,IF-modular space ) if 𝑋 is a vector space,∗ is a continuous  

t-norm,◊ is a continuous t-conorm and 𝜇, 𝑣 are fuzzy sets on 𝑋 × (0,∞)  

satisfying the following conditions: for all 𝑥, 𝑦 ∈ 𝑋, 𝑡, 𝑠 > 0 and 𝛼, 𝛽 ≥ 0  

with 𝛼 + 𝛽 = 1,   

(𝐼𝐹𝑀. 1) 𝜇(𝑥, 𝑡) + 𝑣(𝑥, 𝑡) ≤ 1,  

(𝐼𝐹𝑀. 2) 𝜇(𝑥, 𝑡) > 0,  

(𝐼𝐹𝑀. 3) 𝜇(𝑥, 𝑡) = 1 if and only if 𝑥 = 0, 

(𝐼𝐹𝑀. 4) 𝜇(𝑥, 𝑡) = 𝜇(−𝑥, 𝑡),  

(𝐼𝐹𝑀. 5) 𝜇(𝛼𝑥 + 𝛽𝑦, 𝑡 + 𝑠) ≥ 𝜇(𝑥, 𝑡) ∗ 𝜇(𝑦, 𝑠),  

(𝐼𝐹𝑀. 6)  𝜇(𝑥, . ): (0,∞) → (0,1] is continuous, 

(𝐼𝐹𝑀. 7) 𝑣(𝑥, 𝑡) < 1,    

(𝐼𝐹𝑀. 8) 𝑣(𝑥, 𝑡) = 0 if and only if 𝑥 = 0, 

(𝐼𝐹𝑀. 9) 𝑣(𝑥, 𝑡) = 𝑣(−𝑥, 𝑡),  

(𝐼𝐹𝑀. 10) 𝑣(𝛼𝑥 + 𝛽𝑦, 𝑡 + 𝑠) ≤ 𝑣(𝑥, 𝑡) ◊ 𝑣(𝑦, 𝑠),  

(𝐼𝐹𝑀. 11) 𝑣(𝑥, . ): (0,∞) → (0,1] is continuous. 

 

Definition(𝟑. 𝟐): 

Let (𝑋, 𝜇, 𝑣,∗,◊) be an intuitionistic fuzzy modular space,Then 

1)  A sequence {𝑥𝑛} in 𝑋 is said to be convergent to 𝑥 ∈ 𝑋, if for                         every    𝜖 ∈ (0,1) and 

𝑡 > 0, there exists 𝑛0 ∈ 𝑍
+ such that                                       

    𝜇(𝑥𝑛 − 𝑥, 𝑡) > 1 − 𝜖  and 𝑣(𝑥𝑛 − 𝑥, 𝑡) < 𝜖 for all 𝑛 ≥ 𝑛0. (or       

equivalently lim
𝑛→∞

𝜇(𝑥𝑛 − 𝑥, 𝑡) = 1 and lim
𝑛→∞

𝑣(𝑥𝑛 − 𝑥, 𝑡) = 0). 
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 2) A sequence {𝑥𝑛} in 𝑋 is said to be Cauchy if for every 𝜖 ∈ (0,1) and    

     𝑡 > 0,there exists 𝑛0 ∈ 𝑍
+ such that 𝜇(𝑥𝑛 − 𝑥𝑚, 𝑡) > 1 − 𝜖 and     

    𝑣(𝑥𝑛 − 𝑥𝑚, 𝑡) < 𝜖 for all 𝑛,𝑚 ≥ 𝑛0. ( or equivalently     

       lim
𝑛,𝑚→∞

𝜇(𝑥𝑛 − 𝑥𝑚, 𝑡) = 1 and lim
𝑛,𝑚→∞

𝑣(𝑥𝑛 − 𝑥𝑚, 𝑡) = 0). 

 3) An intuitionistic fuzzy modular space (𝑋, 𝜇, 𝑣,∗,◊) is said to be     

     Complete if every Cauchy sequence is convergent. 

___________________________________________________________________________________ 

Definition(𝟑. 𝟑): 

 Let (𝑋, 𝜇, 𝑣,∗,◊) be an intuitionistic fuzzy modular space. The open 

ball 𝐵(𝑥, 𝑟, 𝑡) and the closed ball 𝐵[𝑥, 𝑟, 𝑡] with center 𝑥 ∈𝑋 and 

radius 0 < 𝑟 < 1, 𝑡 > 0 are defined as follows: 

𝐵(𝑥, 𝑟,𝑡) = {𝑦 ∈ 𝑋: 𝜇(𝑥 − 𝑦, 𝑡) > 1 − 𝑟 and 𝑣(𝑥 − 𝑦, 𝑡) < 𝑟}, 

𝐵[𝑥, 𝑟, 𝑡] = {𝑦 ∈ 𝑋: 𝜇(𝑥 − 𝑦, 𝑡) ≥ 1 − 𝑟 and 𝑣(𝑥 − 𝑦, 𝑡) ≤ 𝑟}. 

__________________________________________________________________________________ 

Definition(𝟑. 𝟒): 

Let (𝑋, 𝜇1, 𝑣1,∗,◊) and (𝑌, 𝜇2, 𝑣2,∗,◊) be two intuitionistic fuzzy modular  

spaces. the cartesian product of (𝑋, 𝜇1, 𝑣1,∗,◊) and (𝑌, 𝜇2, 𝑣2,∗,◊)  is the  

product space (𝑋 × 𝑌, 𝜇, 𝑣,∗,◊)  where  𝑋 × 𝑌 is the cartesian product 

of the sets 𝑋 and 𝑌 and 𝜇, 𝑣 are  functions 

𝜇, 𝑣: (𝑋 × 𝑌 × (0,∞)) → [0,1] is given by: 

𝜇((𝑤, 𝑧), 𝑡) = 𝜇1(𝑤, 𝑡) ∗ 𝜇2(𝑧, 𝑡) , 

𝑣((𝑤, 𝑧), 𝑡) = 𝑣1(𝑤, 𝑡) ◊ 𝑣2(𝑧, 𝑡) for all (𝑤, 𝑧) ∈ 𝑋 × 𝑌 and 𝑡, > 0. 

__________________________________________________________________________________ 

Theorem(𝟑. 𝟓): 

Let (𝑋, 𝜇1, 𝑣1,∗,◊) and (𝑌, 𝜇2, 𝑣2,∗,◊) be two intuitionistic fuzzy modular  

Spaces .Then (𝑋 × 𝑌, 𝜇, 𝑣,∗,◊) is an intuitionistic fuzzy modular space. 

Proof: 

Let (𝑤, 𝑧) ∈ 𝑋 × 𝑌,we have  

1) since 𝜇1(𝑤, 𝑡) > 0   , 𝜇2(𝑧, 𝑡) > 0 ∀𝑡 > 0,then 

𝜇((𝑤, 𝑧), 𝑡) = 𝜇1 (𝑤, 𝑡) ∗  𝜇2(𝑧, 𝑡) > 0 and 

since 𝑣1(𝑤, 𝑡) < 1 , 𝑣2(𝑧, 𝑡) < 1 ∀𝑡 > 0,then 

𝑣((𝑤, 𝑧), 𝑡) = 𝑣1 (𝑤, 𝑡) ◊  𝑣2(𝑧, 𝑡) < 1.    

2) 𝜇1(𝑤, 𝑡) = 1 ⇔ 𝑤 = 0, also 𝜇2(𝑧, 𝑡) = 1 ⇔ 𝑧 = 0. Then  

𝜇1(𝑤, 𝑡) ∗ 𝜇2(𝑧, 𝑡) = 1 ⇔ (𝑤, 𝑧) = 0 .Hence 𝜇((𝑤, 𝑧), 𝑡) = 1 ⇔ 

(𝑤, 𝑧) = 0 ∀𝑡 > 0 and 𝑣1(𝑤, 𝑡) = 0 ⇔ 𝑤 = 0, also 𝑣2(𝑧, 𝑡) = 0 ⇔ 𝑧 = 0. 

Then 𝑣1(𝑤, 𝑡) ◊ 𝑣2(𝑧, 𝑡) = 0 ⇔ (𝑤, 𝑧) = 0 . Hence  𝑣((𝑤, 𝑧), 𝑡) = 0 ⇔ (𝑤, 𝑧) = 0 ∀𝑡 > 0 .  

3) since 𝜇1(𝑤, 𝑡) = 𝜇1(−𝑤, 𝑡), 𝑣1(𝑤, 𝑡) = 𝑣1(−𝑤, 𝑡) ∀𝑡 > 0 and  

    𝜇2(𝑧, 𝑡) = 𝜇2(−𝑧, 𝑡), 𝑣2(𝑧, 𝑡) = 𝑣2(−𝑧, 𝑡) ∀𝑡 > 0, then 

𝜇((𝑤, 𝑧), 𝑡) = 𝜇1 (𝑤, 𝑡) ∗ 𝜇2 (𝑧, 𝑡) = 𝜇1(−𝑤, 𝑡) ∗ 𝜇2(−𝑧, 𝑡)  

                              = 𝜇(−(𝑤, 𝑧), 𝑡)   

and 

𝑣((𝑤, 𝑧), 𝑡) = 𝑣1 (𝑤, 𝑡) ◊ 𝑣2 (𝑧, 𝑡) = 𝑣1(−𝑤, 𝑡) ◊ 𝑣2(−𝑧, 𝑡)    
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                                = 𝑣(−(𝑤, 𝑧), 𝑡). 

 4) 𝜇(𝛼(𝑤1, 𝑧1) + 𝛽(𝑤2, 𝑧2), 𝑡) ≥ 𝜇((α𝑤1 + 𝛽𝑤2, 𝛼𝑧1 + 𝛽𝑧2), 𝑡) 

      ≥ 𝜇1(𝛼𝑤1 + 𝛽𝑤2, 𝑡) ∗ 𝜇2(𝛼𝑧1 + 𝛽𝑧2, 𝑡) 

      ≥ 𝜇1(𝑤1, 𝑡) ∗ 𝜇1(𝑤2, 𝑡) ∗ 𝜇2(𝑧1, 𝑡) ∗ 𝜇2(𝑧2, 𝑡) 

      ≥ 𝜇1(𝑤1, 𝑡) ∗ 𝜇2(𝑧1, 𝑡) ∗ 𝜇1(𝑤2, 𝑡) ∗ 𝜇2(𝑧2, 𝑡) 

      ≥ 𝜇((𝑤1, 𝑧1), 𝑡) ∗ 𝜇((𝑤2, 𝑧2), 𝑡) and 

 𝑣(𝛼(𝑤1, 𝑧1) + 𝛽(𝑤2, 𝑧2), 𝑡) ≤ 𝑣((𝛼𝑤1 + 𝛽𝑤2, 𝛼𝑧1 + 𝛽𝑧2), 𝑡) 

     ≤ 𝑣1(𝛼𝑤1 + 𝛽𝑤2, 𝑡) ◊ 𝑣2(𝛼𝑧1 + 𝛽𝑧2, 𝑡) 

      ≤ 𝑣1(𝑤1, 𝑡) ◊ 𝑣1(𝑤2, 𝑡) ◊ 𝑣2(𝑧1, 𝑡) ◊ 𝑣2(𝑧2, 𝑡) 

       ≤ 𝑣1(𝑤1, 𝑡) ◊ 𝑣2(𝑧1, 𝑡) ◊ 𝑣1(𝑤2, 𝑡) ◊ 𝑣2(𝑧2, 𝑡) 

       ≤ 𝑣((𝑤1, 𝑧1), 𝑡) ◊ 𝑣((𝑤2, 𝑧2), 𝑡) 

5) since 𝜇1(𝑤, 𝑡): (0,∞) → (0,1] is continuous , 𝜇2(𝑧, 𝑡): (0,∞) → (0,1] 

is continuous and since 𝑣1(𝑤, 𝑡): (0,∞) → (0,1]  is continuous , 

𝑣2(𝑧, 𝑡): (0,∞) → (0,1] is continuous then  

𝜇((𝑤, 𝑧), 𝑡): (0,∞) → (0,1] is continuous and  

𝑣((𝑤, 𝑧), 𝑡): (0,∞) → (0,1] is continuous.  

____________________________________________________________________________________ 

Theorem(𝟑. 𝟔) : 

Let {𝑤𝑛} be a sequence in  intuitionistic fuzzy modular space   

(𝑋, 𝜇1, 𝑣1,∗,◊) which converges to 𝑤 in 𝑋 and {𝑧𝑛} is a sequence in the  

intuitionistic  fuzzy modular space (𝑌, 𝜇2, 𝑣2,∗,◊) which converges to 𝑧 in  

𝑌. Then {(𝑤𝑛, 𝑧𝑛)}   is a sequence in intuitionistic fuzzy modular  

space(𝑋 × 𝑌, 𝜇, 𝑣,∗,◊) converges to (𝑤, 𝑧) in 𝑋 × 𝑌. 

Proof: 

To prove that sequence {(𝑤𝑛, 𝑧𝑛)} in 𝑋 × 𝑌 converges to (𝑤, 𝑧)  

we show that lim
𝑛→∞

𝜇((𝑤𝑛, 𝑧𝑛) − (𝑤, 𝑧), 𝑡) = 1 and  

lim
𝑛→∞

𝑣((𝑤𝑛, 𝑧𝑛) − (𝑤, 𝑧), 𝑡) = 0  

by theorem(3.5) (𝑋 × 𝑌, 𝜇, 𝑣,∗,◊) is an intuitionistic fuzzy modular space   

since {𝑤𝑛} be a sequence in (𝑋, 𝜇1, 𝑣1,∗,◊) convergence to 𝑤 

then lim
𝑛→∞

𝜇1(𝑤𝑛 − 𝑤, 𝑡) = 1 and lim
𝑛→∞

𝑣1(𝑤𝑛 − 𝑤, 𝑡) = 0 

since {𝑧𝑛} be a sequence in (𝑌, 𝜇2, 𝑣2,∗,◊) convergence to 𝑧 

then lim
𝑛→∞

𝜇2(𝑧𝑛 − 𝑧, 𝑡) = 1 and lim
𝑛→∞

𝑣2(𝑧𝑛 − 𝑧 , 𝑡) = 0 

then that lim
𝑛→∞

𝜇((𝑤𝑛, 𝑧𝑛) − (𝑤, 𝑧), 𝑡) = lim
𝑛→∞

𝜇1(𝑤𝑛 − 𝑤, 𝑡) 

∗ lim
𝑛→∞

𝜇2(𝑧𝑛 − 𝑧, 𝑡) = 1 ∗ 1 = 1 and 

 lim
𝑛→∞

𝑣((𝑤𝑛, 𝑧𝑛) − (𝑤, 𝑧), 𝑡) = lim
𝑛→∞

𝑣1(𝑤𝑛 − 𝑤, 𝑡) ◊ lim
𝑛→∞

𝑣2(𝑧𝑛 − 𝑧, 𝑡) = 0 ◊ 0 = 0. 

Hence {(𝑤𝑛, 𝑧𝑛)} converges to (𝑤, 𝑧). 

 

Theorem(𝟑. 𝟕) : 

Let {𝑤𝑛} be a Cauchy sequence in  intuitionistic fuzzy modular space   

(𝑋, 𝜇1, 𝑣1,∗,◊) and  {𝑧𝑛} is a Cauchy sequence in  intuitionistic  
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fuzzy modular space (𝑌, 𝜇2, 𝑣2,∗,◊) then {(𝑤𝑛, 𝑧𝑛)} is a Cauchy sequence 

 in  intuitionistic fuzzy modular space (𝑋 × 𝑌, 𝜇, 𝑣,∗,◊). 

Proof: 

By theorem (3.5)  (𝑋 × 𝑌, 𝜇, 𝑣,∗,◊) is  intuitionistic fuzzy modular space   

since {𝑤𝑛} be a Cauchy sequence in  intuitionistic fuzzy modular space   

(𝑋, 𝜇1, 𝑣1,∗,◊)  

then lim
𝑛,𝑚→∞

𝜇1(𝑤𝑛 − 𝑤𝑚, 𝑡) = 1 and lim
𝑛,𝑚→∞

𝑣1(𝑤𝑛 − 𝑤𝑚, 𝑡) = 0 

since {𝑧𝑛} be a Cauchy sequence in  intuitionistic fuzzy modular space   

(𝑌, 𝜇2, 𝑣2,∗,◊)  

then lim
𝑛,𝑚→∞

𝜇2(𝑧𝑛 − 𝑧𝑚, 𝑡) = 1 and lim
𝑛,𝑚→∞

𝑣2(𝑧𝑛 − 𝑧𝑚, 𝑡) = 0 

then lim
𝑛,𝑚→∞

𝜇((𝑤𝑛, 𝑧𝑛) − (𝑤𝑚, 𝑧𝑚), 𝑡) = lim
𝑛,𝑚→∞

𝜇1(𝑤𝑛 − 𝑤𝑚, 𝑡) 

∗ lim
𝑛,𝑚→∞

𝜇2(𝑧𝑛 − 𝑧𝑚, 𝑡) = 1 ∗ 1 = 1 and 

lim
𝑛,𝑚→∞

𝑣((𝑤𝑛, 𝑧𝑛) − (𝑤𝑚, 𝑧𝑚), 𝑡) = lim
𝑛,𝑚→∞

𝑣1(𝑤𝑛 − 𝑤𝑚, 𝑡)   

   ◊ lim
𝑛,𝑚→∞

𝑣2(𝑧𝑛 − 𝑧𝑚, 𝑡) = 0 ◊ 0 = 0 . 

Hence {(𝑤𝑛, 𝑧𝑛)} is  a Cauchy sequence in (𝑋 × 𝑌, 𝜇, 𝑣,∗,◊). 

____________________________________________________________________________________ 

 Theorem(𝟑. 𝟖): 

If (𝑋 × 𝑌, 𝜇, 𝑣,∗,◊) is an intuitionistic fuzzy modular space, then?  

(𝑋, 𝜇1, 𝑣1,∗,◊) and (𝑌, 𝜇2, 𝑣2,∗,◊) are intuitionistic fuzzy modular spaces 

by defining 

𝜇1(𝑤, 𝑡) = 𝜇((𝑤, 0), 𝑡), 𝑣1(𝑤, 𝑡) = 𝑣((𝑤, 0), 𝑡) and  

𝜇2(𝑧, 𝑡) = 𝜇((0, 𝑧), 𝑡), 𝑣2(𝑧, 𝑡) = 𝑣((0, 𝑧), 𝑡) for all 𝑤 ∈ 𝑋, 𝑧 ∈ 𝑌 and 𝑡 > 0. 

Proof: 

1) 𝜇1(𝑤, 𝑡) = 𝜇((𝑤, 0), 𝑡) > 0, 𝑣1(𝑤, 𝑡) = 𝑣((𝑤, 0), 𝑡) < 1 ∀𝑤 ∈ 𝑋  

2) For all 𝑡 > 0,1 = 𝜇1(𝑤, 𝑡) = 𝜇((𝑤, 0), 𝑡) ⇔ 𝑤 = 0 and 

     0 = 𝑣1(𝑤, 𝑡) = 𝑣((𝑤, 0), 𝑡) ⇔ 𝑤 = 0. 

3) For all 𝑡 > 0, 𝜇1(𝑤, 𝑡) = 𝜇1(−𝑤, 𝑡) = 𝜇(−(𝑤, 0), 𝑡) and 

     𝑣1(𝑤, 𝑡) = 𝑣1(−𝑤, 𝑡) = 𝑣(−(𝑤, 0), 𝑡) . 

4) 𝜇1(𝛼𝑤 + 𝛽𝑤1, 𝑡) = 𝜇((𝛼𝑤 + 𝛽𝑤1, 0), 𝑡)  

≥ 𝜇((𝑤, 0), 𝑡) ∗ 𝜇((𝑤1, 0), 𝑡) ≥ 𝜇1(𝑤, 𝑡) ∗ 𝜇1(𝑤1, 𝑡) and 

 𝑣1(𝛼𝑤 + 𝛽𝑤1, 𝑡) = 𝑣((𝛼𝑤 + 𝛽𝑤1, 0), 𝑡) 

≤ 𝑣((𝑤, 0), 𝑡) ◊ 𝑣((𝑤1, 0), 𝑡) ≤ 𝑣1(𝑤, 𝑡) ◊ 𝑣1(𝑤1, 𝑡) . 

5) 𝜇1(𝑤, . ) = 𝜇((𝑤, 0), . ) and 𝑣1(𝑤, . ) = 𝑣((𝑤, 0), . ) are continuous from  

(0,∞) to (0,1] for all 𝑤 ∈ 𝑋.Then (𝑋, 𝜇1, 𝑣1,∗,◊) is intuitionistic fuzzy  

modular space Similarly we can prove that (𝑌, 𝜇2, 𝑣2,∗,◊). 

___________________________________________________________________________________ 

Theorem(𝟑. 𝟗): 

Let (𝑋, 𝜇1, 𝑣1,∗,◊) and (𝑌, 𝜇2, 𝑣2,∗,◊) be two intuitionistic fuzzy modular  

spaces, then the product  (𝑋 × 𝑌, 𝜇, 𝑣,∗,◊) is complete intuitionistic  

fuzzy modular space if and only if (𝑋, 𝜇1, 𝑣1,∗,◊) and (𝑌, 𝜇2, 𝑣2,∗,◊) are 
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complete intuitionistic fuzzy modular spaces. 

Proof: 

Suppose that (𝑋 × 𝑌, 𝜇, 𝑣,∗,◊) is complete intuitionistic  fuzzy  modular  

space 

Since (𝑋, 𝜇1, 𝑣1,∗,◊) and (𝑌, 𝜇2, 𝑣2,∗,◊) are intuitionistic fuzzy modular spaces  

By theorem (3.8) 

Let {𝑤𝑛} be a Cauchy sequence in (𝑋, 𝜇1, 𝑣1,∗,◊) 

Then {(𝑤𝑛, 0)} be a Cauchy sequence in 𝑋 × 𝑌  

Since  𝑋 × 𝑌 is complete intuitionistic fuzzy modular space  

Then there is (𝑤, 0) in 𝑋 × 𝑌 such that {(𝑤𝑛, 0)} convergent to (𝑤, 0)  

Now , lim
𝑛→∞

𝜇1(𝑤𝑛 − 𝑤, 𝑡) = lim
𝑛→∞

𝜇((𝑤𝑛 − 𝑤, 0), 𝑡) = 1 and  

lim
𝑛→∞

𝑣1(𝑤𝑛 −𝑤, 𝑡) = lim
𝑛→∞

𝑣((𝑤𝑛 − 𝑤, 0), 𝑡) = 0  

Then (𝑋, 𝜇1, 𝑣1,∗,◊) is complete intuitionistic fuzzy modular space  

Similarly we can prove that (𝑌, 𝜇2, 𝑣2,∗,◊)  is complete intuitionistic  

fuzzy modular space. 

Conversely, suppose that  (𝑋, 𝜇1, 𝑣1,∗,◊) and (𝑌, 𝜇2, 𝑣2,∗,◊) are 

 complete intuitionistic fuzzy modular spaces  

Let {(𝑤𝑛, 𝑧𝑛)} be a Cauchy sequence in 𝑋 × 𝑌 

since (𝑋, 𝜇1, 𝑣1,∗,◊) and (𝑌, 𝜇2, 𝑣2,∗,◊) are complete intuitionistic fuzzy  

modular spaces  

then ∃ 𝑤 in 𝑋 and 𝑧 in 𝑌 such that {𝑤𝑛} convergent to 𝑤 and {𝑧𝑛}  

convergent to 𝑧 . 

So lim
𝑛,→∞

𝜇1(𝑤𝑛 − 𝑤, 𝑡) = 1, lim
𝑛→∞

𝑣1(𝑤𝑛 − 𝑤, 𝑡) = 0 and  

lim
𝑛→∞

𝜇2(𝑧𝑛 − 𝑧, 𝑡) = 1, lim
𝑛→∞

𝑣2(𝑧𝑛 − 𝑧, 𝑡) = 0 then  

lim
𝑛→∞

𝜇((𝑤𝑛, 𝑧𝑛) − (𝑤, 𝑧), 𝑡) = lim
𝑛→∞

𝜇1(𝑤𝑛 − 𝑤, 𝑡) ∗ lim
𝑛→∞

𝜇2(𝑧𝑛 − 𝑧, 𝑡) 

 = 1 ∗ 1 = 1 and 

lim
𝑛→∞

𝑣((𝑤𝑛, 𝑧𝑛) − (𝑤, 𝑧), 𝑡) = lim
𝑛→∞

𝑣1(𝑤𝑛 − 𝑤, 𝑡) ◊ lim
𝑛→∞

𝑣2(𝑧𝑛 − 𝑧, 𝑡) 

= 0 ◊ 0 = 0  

Hence {(𝑤𝑛, 𝑧𝑛)} convergent to (𝑤, 𝑧) in 𝑋 × 𝑌. 

Hence  (𝑋 × 𝑌, 𝜇, 𝑣,∗,◊) is complete intuitionistic  

fuzzy modular space. 

____________________________________________________________________________________ 
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