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Abstract: 

          In this paper, we introduce two operator roles for the 𝑞-exponential operator 𝐸(𝑏𝜃), we represent the 

bivariate Carlitz polynomial 𝑔𝑛 (𝑥, 𝑦; 𝑞)  by the  operator 𝐸(𝑏𝜃)  to derive the generating function, 

symmetry property, Mehler’s formula, Rogers formula, linearization formula,  the inverse linearization 

formula, another Rogers-type formula. Also we give an extended generating function, extended Mehler’s 

formula  extended Rogers formula, and another extended identities for the bivariate Carlitz polynomial by 

using the roles of the 𝑞-exponential operator 𝐸(𝑏𝜃). Finally, we test the convergence conditions of all 

identities given in this paper and their effect numerically.    

 

Keywords:  The 𝑞 -exponential operator, generating function, symmetry property, Mehler’s formula, 

Rogers formula, linearization formula,  extended generating function,  

____________________________________________________________________________________ 

1. Introduction and Notation: 

         Using of operators approach to some basic hypergeometric series given in the work of  Goldman and 

Rota [20,21], Andrews [4] and Roman [22]. In 1998 Chen and Liu [13] developed a method of deriving 

hypergeometric identities by parameter augmentation, this method has more realizations as in [1, 2, 3, 8, 

12,14, 15, 16, 17, 23, 24, 26, 27].  

         In this paper, we derive some new identities of the polynomials 𝑔𝑛 (𝑥, 𝑦; 𝑞) and give an operator proof 

for these identities. Let us review some common notation and terminology for basic hypergeometric series 

in [18]. Throughout this paper, we assume that 0 < 𝑞 < 1, the 𝑞 −shifted factorial is defined for any real 

or complex variable 𝑎  by: 

(𝑎; 𝑞)0 = 1,     (𝑎; 𝑞)∞ =∏(1 − 𝑎𝑞𝑘)

∞

𝑘=0

,          (𝑎; 𝑞)𝑛 =∏(1 − 𝑎𝑞𝑘)

𝑛−1

𝑘=0

,     𝑛 ∈ 𝑍+.  

The following notation refers to the multiple  𝑞 −shifted factorials: 

    (𝑎1, 𝑎2, … , 𝑎𝑚; 𝑞)𝑛 = (𝑎1; 𝑞)𝑛 (𝑎2; 𝑞)𝑛  … (𝑎𝑚; 𝑞)𝑛 , 

    (𝑎1, 𝑎2, … , 𝑎𝑚; 𝑞)∞ = (𝑎1; 𝑞)∞ (𝑎2; 𝑞)∞  … (𝑎𝑚; 𝑞)∞ . 

The 𝑞 −binomial coefficients, or the Gaussian polynomials, are given by: 
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[
𝑛
𝑘
] = {

(𝑞; 𝑞)𝑛
(𝑞; 𝑞)𝑘(𝑞; 𝑞)𝑛−𝑘

         0 ≤ 𝑘 ≤ 𝑛

0                                    𝑘 > 𝑛

 

The basic hypergeometric series r+1ϕr are defined by: 

r+1ϕr  (
𝑎1, 𝑎2, … , 𝑎𝑟+1
𝑏1, 𝑏2, … , 𝑏𝑟

; 𝑞, 𝑥) = ∑
(𝑎1,𝑎2,…,𝑎𝑟+1;𝑞)𝑛

(𝑞,𝑏1,𝑏2,…,𝑏𝑟;𝑞)𝑛

∞
𝑛=0  𝑥𝑛, 

where 𝑎𝑖 , 𝑏𝑗  , 𝑞 and 𝑥 may be real or complex [25]. 

The Cauchy identity is defined as: 

∑
(𝑎; 𝑞)𝑘
(𝑞; 𝑞)𝑘

∞

𝑘=0

 𝑥𝑘 =
(𝑎𝑥; 𝑞)∞
(𝑥; 𝑞)∞

 ,     |𝑥| < 1.                                                                            … (1.1) 

Putting 𝑎 = 0,  (1.1) becomes Euler’s identity: 

∑
𝑥𝑘

(𝑞; 𝑞)𝑘

∞

𝑘=0

 =
1

(𝑥; 𝑞)∞
 ,     |𝑥| < 1,                                                                                     … (1.2) 

and its inverse relation: 

∑
(−1)𝑘𝑞(

𝑘
2)𝑥𝑘

(𝑞; 𝑞)𝑘

∞

𝑘=0

 = (𝑥; 𝑞)∞  ,                                                                                             … (1.3) 

The 𝑞 −difference operator 𝐷𝑞 and the 𝑞 −shift operator 𝜂 are given by: 

 

𝐷𝑞{𝑓(𝑎)} =
𝑓(𝑎) − 𝑓(𝑎𝑞)

𝑎
     𝑎𝑛𝑑     𝜂{𝑓(𝑎)} = 𝑓(𝑎𝑞). 

    

     In 1998, Chen and Liu [13] constructed the operator 𝜃 = 𝜂−1𝐷𝑞 .  

with the Leibniz formula for 𝜃: 

𝜃𝑛{𝑓(𝑎)𝑔(𝑎)} = ∑[
𝑛
𝑘
] 𝜃𝑘{𝑓(𝑎)}

𝑛

𝑘=0

𝜃𝑛−𝑘{𝑔(𝑎𝑞−𝑘)}.   

 

Where: 

𝜃𝑘{𝑥𝑛} =
(𝑞; 𝑞)𝑛
(𝑞; 𝑞)𝑛−𝑘

 𝑞−𝑛𝑘+(
𝑘
2)+𝑘 𝑥𝑛−𝑘  .                                                                         … (1.4) 

Also, they introduced the following exponential operator: 

𝐸(𝑏𝜃) = ∑
(𝑏𝜃)𝑘𝑞(

𝑘
2)

(𝑞; 𝑞)𝑘

∞

𝑘=0

 ,                                                                                                   … (1.5) 

and gave the following operator identities [13], where they assume that the operator acts on parameter  𝑎 : 

Proposition 1.1.  

𝐸(𝑏𝜃){(𝑎𝑡; 𝑞)∞}

= (𝑎𝑡, 𝑏𝑡; 𝑞)∞                                                                                                                            … (1.6) 

𝐸(𝑏𝜃){(𝑎𝑠, 𝑎𝑡; 𝑞)∞}

=
(𝑎𝑠, 𝑎𝑡, 𝑏𝑠, 𝑏𝑡; 𝑞)∞
(𝑎𝑏𝑠𝑡 𝑞⁄ ; 𝑞)∞

                                                                                                        … (1.7) 

  𝑤ℎ𝑒𝑟𝑒 |𝑎𝑏𝑠𝑡 𝑞⁄ | < 1.         
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In 2005, Zhang and Wang [26] proved the following operator identity: 

Proposition 1.2. 

𝐸(𝑏𝜃) {
(𝑎𝑡, 𝑎𝑠, 𝑎𝑤; 𝑞)∞
(𝑎𝑣; 𝑞)∞

}

=
(𝑎𝑡, 𝑎𝑠, 𝑎𝑤, 𝑏𝑠, 𝑏𝑤; 𝑞)∞
(𝑎𝑣, 𝑎𝑏𝑠𝑤 𝑞⁄ ; 𝑞)∞

 
3
𝜙

2
(
𝑡/𝑣,  𝑞 𝑎𝑠 ⁄ , 𝑞 𝑎𝑤⁄

𝑞/𝑎𝑣,   𝑞2 𝑎𝑏𝑠𝑤⁄
; 𝑞, 𝑞),                    … (1.8) 

𝑤ℎ𝑒𝑟𝑒 max {|𝑎𝑣|, |𝑎𝑏𝑠𝑤 𝑞⁄ |} < 1. 

Also in 2006, Zhang and Liu [27] derived two operator identities as: 

Proposition 1.3. 

𝐸(𝑏𝜃){𝑎𝑛(𝑎𝑠; 𝑞)∞}

= 𝑎𝑛(𝑎𝑠, 𝑏𝑠; 𝑞)∞ 2
𝜙

1
(
𝑞−𝑛, 𝑞 𝑎𝑠⁄

0
; 𝑞, 𝑏𝑠),                                                         … (1.9)   

𝑤ℎ𝑒𝑟𝑒 |𝑏𝑠| < 1.                                                                                

𝐸(𝑏𝜃){𝑎𝑛(𝑎𝑠, 𝑎𝑡; 𝑞)∞}

= 𝑎𝑛
(𝑎𝑠, 𝑎𝑡, 𝑏𝑠, 𝑏𝑡; 𝑞)∞
(𝑎𝑏𝑠𝑡 𝑞⁄ )∞

 
3
𝜙

2
(
𝑞−𝑛, 𝑞 𝑎𝑠 ⁄ , 𝑞 𝑎𝑡⁄

0, 𝑞2 𝑎𝑏𝑠𝑡⁄
; 𝑞, 𝑞),                             … (1.10) 

𝑤ℎ𝑒𝑟𝑒 |𝑎𝑏𝑠𝑡 𝑞⁄ | < 1. 

        

              In this paper, we introduce two operator roles for the 𝑞-exponential operator 𝐸(𝑏𝜃) and represent 

the bivariate Carlitz polynomial 𝑔𝑛 (𝑥, 𝑦; 𝑞) by this operator to derive their basic and extended identities, 

where in Section 2, we introduce two operator roles for the 𝑞-exponential operator and derive the generating 

function, symmetry property, Mehler’s formula, Rogers formula, linearization formula, the inverse 

linearization formula and another Rogers-type formula for 𝑔𝑛 (𝑥, 𝑦; 𝑞) polynomial. In Section 3, we give 

five extended identities such that: extended generating function, extended Mehler’s formula and extended 

Rogers formula. Then, in Section 4, we test numerically the convergence conditions and their effects for 

all given formulas. 

 

2. New Operator Roles and the Basic Identities for  𝒈𝒏 (𝒙, 𝒃; 𝒒). 

           In this section, we introduce two operator roles for the 𝑞-exponential operator  and derive the 

generating function, symmetry property, Mehler’s formula, Rogers formula, linearization formula, the 

inverse linearization formula and another Rogers-type formula for 𝑔𝑛 (𝑥, 𝑦; 𝑞) polynomial. 

Theorem 2.1: We have: 

𝐸(𝑏𝜃) {
(𝑎𝑡, 𝑎𝑤; 𝑞)∞
(𝑎𝑣; 𝑞)∞

}

=
(𝑎𝑡, 𝑎𝑤, 𝑏𝑤; 𝑞)∞

(𝑎𝑣; 𝑞)∞
 

2
𝜙

1
(
𝑡/𝑣,  𝑞 𝑎𝑤 ⁄

𝑞/𝑎𝑣
; 𝑞, 𝑞𝑏𝑤),                                                 … (2.1) 

𝑤ℎ𝑒𝑟𝑒 max { |𝑎𝑣|, |𝑞𝑏𝑤|} < 1. 

Proof: From identity (1.8) 

𝐸(𝑏𝜃) {
(𝑎𝑡, 𝑎𝑠, 𝑎𝑤; 𝑞)∞
(𝑎𝑣; 𝑞)∞

} =
(𝑎𝑡, 𝑎𝑠, 𝑎𝑤, 𝑏𝑠, 𝑏𝑤; 𝑞)∞
(𝑎𝑣, 𝑎𝑏𝑠𝑤 𝑞⁄ ; 𝑞)∞

 3𝜙 2
(
𝑡/𝑣,  𝑞 𝑎𝑠 ⁄ , 𝑞 𝑎𝑤⁄

𝑞/𝑎𝑣,   𝑞2 𝑎𝑏𝑠𝑤⁄
; 𝑞, 𝑞) 
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=
(𝑎𝑡, 𝑎𝑠, 𝑎𝑤, 𝑏𝑠, 𝑏𝑤; 𝑞)∞
(𝑎𝑣, 𝑎𝑏𝑠𝑤 𝑞⁄ ; 𝑞)∞

 ∑
(𝑡/𝑣, 𝑞/𝑎𝑠, 𝑞/𝑎𝑤; 𝑞)𝑛 𝑞

𝑛

(𝑞/𝑎𝑣,   𝑞2 𝑎𝑏𝑠𝑤, 𝑞⁄ ; 𝑞)𝑛

∞

𝑛=0

                             … (2.2)   

Since:  

(𝑞/𝑎𝑠; 𝑞)𝑛
(𝑞2/𝑎𝑏𝑠𝑤; 𝑞)𝑛

=
(1 − 𝑞/𝑎𝑠)(1 − 𝑞2/𝑎𝑠)… (1 − 𝑞𝑛/𝑎𝑠)

(1 − 𝑞2/𝑎𝑏𝑠𝑤)(1 − 𝑞3/𝑎𝑏𝑠𝑤)… (1 − 𝑞𝑛+1/𝑎𝑏𝑠𝑤)
 

                             =   
1/(𝑎𝑠)𝑛

1/(𝑎𝑏𝑠𝑤)𝑛
  

(𝑎𝑠 − 𝑞)(𝑎𝑠 − 𝑞2)… (𝑎𝑠 − 𝑞𝑛)

(𝑎𝑏𝑠𝑤 − 𝑞2)(𝑎𝑏𝑠𝑤 − 𝑞3)… (𝑎𝑏𝑠𝑤 − 𝑞𝑛+1)
 

                             

=   
(𝑏𝑤)𝑛   (𝑎𝑠 − 𝑞)(𝑎𝑠 − 𝑞2)… (𝑎𝑠 − 𝑞𝑛)

(𝑎𝑏𝑠𝑤 − 𝑞2)(𝑎𝑏𝑠𝑤 − 𝑞3)… (𝑎𝑏𝑠𝑤 − 𝑞𝑛+1)
                                                               … (2.3) 

Substitute (2.3) in (2.2), we get: 

𝐸(𝑏𝜃) {
(𝑎𝑡, 𝑎𝑠, 𝑎𝑤; 𝑞)∞
(𝑎𝑣; 𝑞)∞

}

=
(𝑎𝑡, 𝑎𝑠, 𝑎𝑤, 𝑏𝑠, 𝑏𝑤; 𝑞)∞
(𝑎𝑣, 𝑎𝑏𝑠𝑤 𝑞⁄ ; 𝑞)∞

 ∑
(𝑡/𝑣, 𝑞/𝑎𝑤; 𝑞)𝑛
(𝑞, 𝑞/𝑎𝑣, ; 𝑞)𝑛

∞

𝑛=0

   (𝑎𝑠 − 𝑞)(𝑎𝑠 − 𝑞2)… (𝑎𝑠 − 𝑞𝑛) (𝑞𝑏𝑤)𝑛

(𝑎𝑏𝑠𝑤 − 𝑞2)(𝑎𝑏𝑠𝑤 − 𝑞3)… (𝑎𝑏𝑠𝑤 − 𝑞𝑛+1)
  

Set  𝑠 = 0 , then: 

𝐸(𝑏𝜃) {
(𝑎𝑡, 𝑎𝑤; 𝑞)∞
(𝑎𝑣; 𝑞)∞

} =
(𝑎𝑡, 𝑎𝑤, 𝑏𝑤; 𝑞)∞

(𝑎𝑣; 𝑞)∞
 ∑

(𝑡/𝑣, 𝑞/𝑎𝑤; 𝑞)𝑛
(𝑞, 𝑞/𝑎𝑣; 𝑞)𝑛

 

∞

𝑛=0

(−1)𝑛 𝑞
(
𝑛
2
)

(−1)𝑛 𝑞
(
𝑛
2
)
  (𝑞𝑏𝑤)𝑛 

                                          =
(𝑎𝑡, 𝑎𝑤, 𝑏𝑤; 𝑞)∞

(𝑎𝑣; 𝑞)∞
 ∑

(𝑡/𝑣, 𝑞/𝑎𝑤; 𝑞)𝑛
(𝑞, 𝑞/𝑎𝑣; 𝑞)𝑛

 

∞

𝑛=0

 (𝑞𝑏𝑤)𝑛 

                                          =
(𝑎𝑡, 𝑎𝑤, 𝑏𝑤; 𝑞)∞

(𝑎𝑣; 𝑞)∞
 

2
𝜙

1
(
𝑡/𝑣,  𝑞 𝑎𝑤 ⁄

𝑞/𝑎𝑣
; 𝑞, 𝑞𝑏𝑤). 

    □ 

Theorem 2.2: We have: 

𝐸(𝑏𝜃) {
(𝑎𝑤; 𝑞)∞
(𝑎𝑣; 𝑞)∞

}

=
(𝑎𝑤, 𝑏𝑤; 𝑞)∞
(𝑎𝑣; 𝑞)∞

 
2
𝜙

1
(
0 ,   𝑞 𝑎𝑤 ⁄

𝑞/𝑎𝑣
; 𝑞, 𝑞𝑏𝑤),                                                                … (2.4) 

𝑤ℎ𝑒𝑟𝑒 max { |𝑎𝑣|, |𝑞𝑏𝑤|} < 1. 

 

Proof: By setting  𝑡 = 0  in Theorem (2.1). 

                                                                           □ 

Definition 2.3 The bivariate Carlitz polynomials is defined in [9] as follows:    

𝑔𝑛 (𝑥, 𝑦; 𝑞) = ∑[
𝑛
𝑘
] 𝑞𝑘(𝑘−𝑛)𝑥𝑘  𝑦𝑛−𝑘.                                                                                      

𝑛

𝑘=0

 

Which can be represented by the 𝑞-exponential operator based on the definition of the operator (1.5) and 

identity (1.4) as follows:  

 

Theorem 2.4  Suppose that the operator 𝐸(𝑏𝜃) acts on the variable 𝑥, then we have: 
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𝐸(𝑦𝜃){𝑥𝑛} = 𝑔𝑛 (𝑥, 𝑦; 𝑞)                                                                                                    … (2.5) 

Proof:  

𝐸(𝑦𝜃){𝑥𝑛} = ∑
𝑦𝑘𝑞(

𝑘
2)

(𝑞; 𝑞)𝑘
 

∞

𝑘=0

𝜃𝑘{𝑥𝑛} =  ∑
𝑦𝑘𝑞(

𝑘
2)

(𝑞; 𝑞)𝑘
 

∞

𝑘=0

 
(𝑞; 𝑞)𝑛
(𝑞; 𝑞)𝑛−𝑘

 𝑞−𝑛𝑘+(
𝑘
2)+𝑘 𝑥𝑛−𝑘  

=∑[
𝑛
𝑘
] 

𝑛

𝑘=0

 𝑞(
𝑘
2)−𝑛𝑘+(

𝑘
2)+𝑘 𝑥𝑛−𝑘 𝑦𝑘 

=∑[
𝑛
𝑘
] 

𝑛

𝑘=0

 𝑞𝑘(𝑘−𝑛) 𝑥𝑛−𝑘 𝑦𝑘 . 

Which is equal the required identity after setting  𝑘 → 𝑛 − 𝑘 . 

□ 

According to Theorem (2.4) we derive the generating function for the bivariate Carlitz polynomials by 

using identity  (1.6) of 𝑞-exponential operator to give the same results of  [9], as follows: 

 

Theorem 2.5 (The Generating Function for 𝒈𝒏 (𝒙, 𝒚; 𝒒)) We have: 

∑𝑔𝑛 (𝑥, 𝑦; 𝑞)
(−1)𝑛𝑡𝑛𝑞(

𝑛
2)

(𝑞; 𝑞)𝑛
= (𝑦𝑡, 𝑥𝑡; 𝑞)∞

∞

𝑛=0

.                                                                    … (2.6) 

       𝑤ℎ𝑒𝑟𝑒 |𝑦𝑡| < 1.  

Proof:  

∑𝑔𝑛 (𝑥, 𝑦; 𝑞)
(−1)𝑛𝑡𝑛𝑞(

𝑛
2)

(𝑞; 𝑞)𝑛

∞

𝑛=0

 

=∑𝐸(𝑦𝜃){𝑥𝑛} 
(−1)𝑛𝑡𝑛𝑞(

𝑛
2)

(𝑞; 𝑞)𝑛

∞

𝑛=0

      

= 𝐸(𝑦𝜃) { ∑  
(−1)𝑛(𝑥𝑡)𝑛𝑞(

𝑛
2)

(𝑞; 𝑞)𝑛

∞

𝑛=0

 } 

= 𝐸(𝑦𝜃){(𝑥𝑡; 𝑞)∞}                  

= (𝑦𝑡, 𝑥𝑡; 𝑞)∞.                                         

□ 

           It is clear, the polynomials 𝑔𝑛 (𝑥, 𝑦; 𝑞) is symmetric with 𝑥  and  𝑦  when we set  𝑘 → 𝑛 − 𝑘  in 

definition 2.3, also we can prove this symmetry property by using the generating function (2.6) as follows: 

 

Theorem 2.6 ( Symmetry Property for 𝒈𝒏 (𝒙, 𝒚; 𝒒)) We have: 

𝑔𝑛 (𝑥, 𝑦; 𝑞)

= 𝑔𝑛 (𝑦, 𝑥; 𝑞).                                                                                                                                      … (2.7) 

Proof: Since 

∑𝑔𝑛 (𝑥, 𝑦; 𝑞)
(−1)𝑛𝑡𝑛𝑞(

𝑛
2)

(𝑞; 𝑞)𝑛
= (𝑦𝑡, 𝑥𝑡; 𝑞)∞ = (𝑥𝑡, 𝑦𝑡; 𝑞)∞

∞

𝑛=0

 

=∑
(−1)𝑛𝑞(

𝑛
2)(𝑥𝑡)𝑛

(𝑞; 𝑞)𝑛

∞

𝑛=0

  ∑
(−1)𝑘𝑞(

𝑘
2)(𝑦𝑡)𝑘

(𝑞; 𝑞)𝑘

∞

𝑘=0
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Set  𝑛 → 𝑛 − 𝑘 , get: 

= ∑
(−1)𝑛−𝑘𝑞(

𝑛−𝑘
2 )(𝑥𝑡)𝑛−𝑘

(𝑞; 𝑞)𝑛−𝑘

∞

𝑛=𝑘

  ∑
(−1)𝑘𝑞(

𝑘
2)(𝑦𝑡)𝑘

(𝑞; 𝑞)𝑘

∞

𝑘=0

 

=∑∑
(−1)𝑛𝑞(

𝑛−𝑘
2 )+(

𝑘
2) 𝑥𝑛−𝑘 𝑦𝑘

(𝑞; 𝑞)𝑛−𝑘 (𝑞; 𝑞)𝑘

𝑛

𝑘=0

∞

𝑛=0

 𝑡𝑛. 

By comparing the coefficients of   𝑡𝑛  in both sides, get: 

𝑔𝑛 (𝑥, 𝑦; 𝑞) = ∑[
𝑛
𝑘
] 𝑞𝑘(𝑘−𝑛)𝑥𝑛−𝑘 𝑦𝑘 =

𝑛

𝑘=0

𝑔𝑛 (𝑦, 𝑥; 𝑞). 

□ 

          Now we derive Mehler’s formula by using identity (1.7) of the 𝑞-exponential operator, where we can 

represent the polynomials 𝑔𝑛 (𝑥, 𝑦; 𝑞) by this operator as 𝐸𝑥(𝑦𝜃){𝑥
𝑛} or the polynomials 𝑔𝑛(𝑧, 𝑤; 𝑞) as 

𝐸𝑧(𝑤𝜃){𝑧
𝑛} or using the two representations together to get the same following result. Notice that Mehler's 

formula was given in another way in [9]. 

Theorem 2.7 (Mehler's Formula for 𝒈𝒏 (𝒙, 𝒚; 𝒒)) We have: 

∑𝑔𝑛 (𝑥, 𝑦; 𝑞) 𝑔𝑛 (𝑧, 𝑤; 𝑞)
(−1)𝑛𝑡𝑛𝑞(

𝑛
2)

(𝑞; 𝑞)𝑛

∞

𝑛=0

=
(𝑥𝑤𝑡, 𝑥𝑧𝑡, 𝑦𝑤𝑡, 𝑦𝑧𝑡; 𝑞)∞
(𝑥𝑦𝑤𝑧𝑡2 𝑞⁄ ; 𝑞)∞

 ,                                                       … (2.8) 

𝑤ℎ𝑒𝑟𝑒 |𝑥𝑦𝑤𝑧𝑡2 𝑞⁄ | < 1.  

Proof:  

∑𝑔𝑛 (𝑥, 𝑦; 𝑞) 𝑔𝑛 (𝑧, 𝑤; 𝑞)
(−1)𝑛𝑡𝑛𝑞(

𝑛
2)

(𝑞; 𝑞)𝑛

∞

𝑛=0

 

=∑𝐸𝑥(𝑦𝜃){𝑥
𝑛} 𝑔𝑛 (𝑧, 𝑤; 𝑞)

(−1)𝑛𝑡𝑛𝑞(
𝑛
2)

(𝑞; 𝑞)𝑛
        

∞

𝑛=0

 

= 𝐸𝑥(𝑦𝜃) { ∑  𝑔𝑛 (𝑧, 𝑤; 𝑞) 
(−1)𝑛(𝑥𝑡)𝑛𝑞(

𝑛
2)

(𝑞; 𝑞)𝑛

∞

𝑛=0

 } 

= 𝐸𝑥(𝑦𝜃){(𝑥𝑤𝑡, 𝑥𝑧𝑡; 𝑞)∞}                                    

=
(𝑥𝑤𝑡, 𝑥𝑧𝑡, 𝑦𝑤𝑡, 𝑦𝑧𝑡; 𝑞)∞
(𝑥𝑦𝑤𝑧𝑡2 𝑞⁄ ; 𝑞)∞

.                            

□ 

       Here, we introduce two forms of the Roger’s formula depending on identity (1.7) of the 𝑞-exponential 

operator 𝐸(𝑏𝜃) . 

Theorem 2.8 (The Rogers Formula for 𝒈𝒏 (𝒙, 𝒚; 𝒒)) We have: 

∑∑ 𝑔𝑛+𝑚 (𝑥, 𝑦; 𝑞)
(−1)𝑛𝑡𝑛

(𝑞; 𝑞)𝑛
 

∞

𝑚=0

∞

𝑛=0

(−1)𝑚𝑠𝑚

(𝑞; 𝑞)𝑚
 𝑞(

𝑛
2)+(

𝑚
2 )

=
(𝑦𝑡, 𝑦𝑠, 𝑥𝑡, 𝑥𝑠; 𝑞)∞
(𝑥𝑦𝑡𝑠 𝑞; 𝑞)⁄

∞

 ,                                              … (2.9)  

𝑤ℎ𝑒𝑟𝑒 |𝑥𝑦𝑡𝑠 𝑞⁄ | < 1.  
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Proof:  

∑∑ 𝑔𝑛+𝑚 (𝑥, 𝑦; 𝑞)
(−1)𝑛𝑡𝑛

(𝑞; 𝑞)𝑛
 

∞

𝑚=0

∞

𝑛=0

(−1)𝑚𝑠𝑚

(𝑞; 𝑞)𝑚
 𝑞(

𝑛
2)+(

𝑚
2 ) 

=∑∑ 𝐸(𝑦𝜃){𝑥𝑛+𝑚} 
(−1)𝑛𝑡𝑛

(𝑞; 𝑞)𝑛
 

∞

𝑚=0

∞

𝑛=0

(−1)𝑚𝑠𝑚

(𝑞; 𝑞)𝑚
 𝑞(

𝑛
2)+(

𝑚
2 )     

= 𝐸(𝑦𝜃) {∑  
(−1)𝑛(𝑥𝑡)𝑛𝑞(

𝑛
2)

(𝑞; 𝑞)𝑛
 

∞

𝑛=0

∑
(−1)𝑚(𝑥𝑠)𝑚

(𝑞; 𝑞)𝑚
 𝑞(

𝑚
2 )

∞

𝑚=0

} 

= 𝐸(𝑦𝜃){(𝑥𝑡, 𝑥𝑠; 𝑞)∞}                                                                   

=
(𝑦𝑡, 𝑦𝑠, 𝑥𝑡, 𝑥𝑠; 𝑞)∞
(𝑥𝑦𝑡𝑠 𝑞; 𝑞)⁄

∞

 .                                                                      

         

 In the R.H.S. of (2.9), the terms (𝑦𝑡, 𝑥𝑡; 𝑞)∞ and (𝑦𝑠, 𝑥𝑠; 𝑞)∞ can be written as  product of generating 

functions for the polynomials 𝑔𝑛(𝑥, 𝑦; 𝑞) and 𝑔𝑚(𝑥, 𝑦; 𝑞) to get the following identity: 

(𝑦𝑡, 𝑦𝑠, 𝑥𝑡, 𝑥𝑠; 𝑞)∞
(𝑥𝑦𝑡𝑠 𝑞; 𝑞)⁄

∞

 

=
1

(𝑥𝑦𝑡𝑠 𝑞; 𝑞)⁄
∞

 ∑𝑔𝑛 (𝑥, 𝑦; 𝑞)
(−1)𝑛𝑡𝑛𝑞(

𝑛
2)

(𝑞; 𝑞)𝑛

∞

𝑛=0

∑𝑔𝑚 (𝑥, 𝑦; 𝑞)
(−1)𝑚𝑠𝑚𝑞(

𝑚
2 )

(𝑞; 𝑞)𝑚

∞

𝑛=0

  

=
1

(𝑥𝑦𝑡𝑠 𝑞; 𝑞)⁄
∞

 ∑ ∑ 𝑔𝑛 (𝑥, 𝑦; 𝑞)𝑔𝑚 (𝑥, 𝑦; 𝑞)
(−1)𝑛𝑡𝑛

(𝑞; 𝑞)𝑛

∞

𝑚=0

∞

𝑛=0

(−1)𝑚𝑠𝑚

(𝑞; 𝑞)𝑚
𝑞(

𝑛
2)+(

𝑚
2 ) 

Therefore, we get another Roger’s formula as: 

∑∑ 𝑔𝑛+𝑚 (𝑥, 𝑦; 𝑞)
(−1)𝑛𝑡𝑛

(𝑞; 𝑞)𝑛
 

∞

𝑚=0

∞

𝑛=0

(−1)𝑚𝑠𝑚

(𝑞; 𝑞)𝑚
 𝑞(

𝑛
2)+(

𝑚
2 ) 

=
1

(𝑥𝑦𝑡𝑠 𝑞; 𝑞)⁄
∞

 ∑ ∑ 𝑔𝑛 (𝑥, 𝑦; 𝑞) 𝑔𝑚 (𝑥, 𝑦; 𝑞)
(−1)𝑛𝑡𝑛

(𝑞; 𝑞)𝑛

∞

𝑚=0

∞

𝑛=0

(−1)𝑚𝑠𝑚

(𝑞; 𝑞)𝑚
𝑞(

𝑛
2)+(

𝑚
2 )                                         … (2.10) 

□           

        Now we derive the linearization formula as an applications of the Roger’s formula (2.10) as follows: 

Corollary 2.8.1  For 𝑛,𝑚 ∈ 𝑁, we have: 

𝑔𝑛 (𝑥, 𝑦; 𝑞)𝑔𝑚 (𝑥, 𝑦; 𝑞) 

                       

= ∑ [
𝑛
𝑘
] [
𝑚
𝑘
] (𝑞; 𝑞)𝑘(−𝑥𝑦)

𝑘𝑞𝑘(3𝑘−2𝑚−2𝑛−1) 2⁄ 𝑔𝑛+𝑚−2𝑘 (𝑥, 𝑦; 𝑞).                             … (2.11)

min {𝑛,𝑚}

𝑘=0

 

Proof:   From (2.10) we have: 

(𝑥𝑦𝑡𝑠 𝑞; 𝑞)⁄
∞
∑∑ 𝑔𝑛+𝑚 (𝑥, 𝑦; 𝑞)

(−1)𝑛𝑡𝑛

(𝑞; 𝑞)𝑛

∞

𝑚=0

∞

𝑛=0

(−1)𝑚𝑠𝑚

(𝑞; 𝑞)𝑚
𝑞(

𝑛
2)+(

𝑚
2 ) 

=∑∑ 𝑔𝑛 (𝑥, 𝑦; 𝑞) 𝑔𝑚 (𝑥, 𝑦; 𝑞)
(−1)𝑛𝑡𝑛

(𝑞; 𝑞)𝑛

∞

𝑚=0

∞

𝑛=0

(−1)𝑚𝑠𝑚

(𝑞; 𝑞)𝑚
𝑞(

𝑛
2)+(

𝑚
2 ). 

Verify the L.H.S. by using Euler’s identity (1.3): 
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∑
(−𝑥𝑦𝑡𝑠 𝑞⁄ )𝑘 𝑞(

𝑘
2)

(𝑞; 𝑞)𝑘

∞

𝑘=0

 ∑ ∑ 𝑔𝑛+𝑚 (𝑥, 𝑦; 𝑞)
(−1)𝑛𝑡𝑛

(𝑞; 𝑞)𝑛

∞

𝑚=0

∞

𝑛=0

(−1)𝑚𝑠𝑚

(𝑞; 𝑞)𝑚
𝑞(

𝑛
2)+(

𝑚
2 ) 

∑∑∑
(−𝑥𝑦 𝑞⁄ )𝑘 𝑞(

𝑘
2)

(𝑞; 𝑞)𝑘

∞

𝑘=0

∞

𝑚=0

∞

𝑛=0

𝑔𝑛+𝑚 (𝑥, 𝑦; 𝑞)
(−1)𝑛𝑡𝑛+𝑘

(𝑞; 𝑞)𝑛

(−1)𝑚𝑠𝑚+𝑘

(𝑞; 𝑞)𝑚
𝑞(

𝑛
2)+(

𝑚
2 ). 

Set  𝑛 → 𝑛 − 𝑘 ,𝑚 → 𝑚 − 𝑘, the L.H.S. equals: 

∑∑∑
(−𝑥𝑦 𝑞⁄ )𝑘 𝑞(

𝑘
2)

(𝑞; 𝑞)𝑘

∞

𝑘=0

∞

𝑚=𝑘

∞

𝑛=𝑘

 𝑔𝑛+𝑚−2𝑘 (𝑥, 𝑦; 𝑞)
(−1)𝑛−𝑘𝑡𝑛

(𝑞; 𝑞)𝑛−𝑘

(−1)𝑚−𝑘𝑠𝑚

(𝑞; 𝑞)𝑚−𝑘
𝑞(

𝑛−𝑘
2 )+(𝑚−𝑘2 )

 

∑∑ ∑
(−𝑥𝑦 𝑞⁄ )𝑘 𝑞(

𝑘
2)

(𝑞; 𝑞)𝑘

min {𝑛,𝑚}

𝑘=0

∞

𝑚=𝑜

∞

𝑛=0

 𝑔𝑛+𝑚−2𝑘 (𝑥, 𝑦; 𝑞)
(−1)𝑛𝑡𝑛

(𝑞; 𝑞)𝑛−𝑘

(−1)𝑚𝑠𝑚

(𝑞; 𝑞)𝑚−𝑘
𝑞(

𝑛−𝑘
2 )+(𝑚−𝑘2 ). 

By comparing the coefficients of  𝑡𝑛𝑠𝑚  with the R.H.S. get: 

𝑔𝑛 (𝑥, 𝑦; 𝑞) 𝑔𝑚 (𝑥, 𝑦; 𝑞)

(𝑞; 𝑞)𝑛(𝑞; 𝑞)𝑚
𝑞(

𝑛
2)+(

𝑚
2 ) = ∑

(−𝑥𝑦 𝑞⁄ )𝑘 

(𝑞; 𝑞)𝑘
 𝑔𝑛+𝑚−2𝑘 (𝑥, 𝑦; 𝑞)

𝑞(
𝑛−𝑘
2 )+(

𝑚−𝑘
2 )+(𝑘2)

(𝑞; 𝑞)𝑛−𝑘 (𝑞; 𝑞)𝑚−𝑘
 .

min {𝑛,𝑚}

𝑘=0

 

Then: 

𝑔𝑛 (𝑥, 𝑦; 𝑞)𝑔𝑚 (𝑥, 𝑦; 𝑞) = 

∑  
(𝑞; 𝑞)𝑛(𝑞; 𝑞)𝑚

(𝑞; 𝑞)𝑘(𝑞; 𝑞)𝑛−𝑘(𝑞; 𝑞)𝑚−𝑘
 (−𝑥𝑦)𝑘  𝑔𝑛+𝑚−2𝑘 (𝑥, 𝑦; 𝑞) 𝑞

(𝑛−𝑘2 )+(𝑚−𝑘2 )+(𝑘2)−(
𝑛
2)−(

𝑚
2 )−𝑘   

min {𝑛,𝑚}

𝑘=0

 

= ∑ [
𝑛
𝑘
] [
𝑚
𝑘
] (𝑞; 𝑞)𝑘 (−𝑥𝑦)

𝑘 𝑔𝑛+𝑚−2𝑘 (𝑥, 𝑦; 𝑞)𝑞
(𝑛−𝑘2 )+(

𝑚−𝑘
2 )+(𝑘2)−(

𝑛
2)−(

𝑚
2 )−𝑘 .  

min {𝑛,𝑚}

𝑘=0

 

= ∑ [
𝑛
𝑘
] [
𝑚
𝑘
] (𝑞; 𝑞)𝑘 (−𝑥𝑦)

𝑘𝑞𝑘(3𝑘−2𝑚−2𝑛−1) 2⁄  𝑔𝑛+𝑚−2𝑘 (𝑥, 𝑦; 𝑞).  

min {𝑛,𝑚}

𝑘=0

 

                                            □ 

        Here we give the second application of the Roger’s formula, it is the inverse relation of  the 

linearization formula for 𝑔𝑛 (𝑥, 𝑦; 𝑞) polynomial. 

Corollary 2.8.2  For 𝑛,𝑚 ∈ 𝑁, we have: 

𝑔𝑛+𝑚 (𝑥, 𝑦; 𝑞)

= ∑ [
𝑛
𝑘
] [
𝑚
𝑘
] (𝑞; 𝑞)𝑘 (𝑥𝑦)

𝑘𝑞𝑘(𝑘−𝑚−𝑛) 𝑔𝑛−𝑘 (𝑥, 𝑦; 𝑞) 𝑔𝑚−𝑘 (𝑥, 𝑦; 𝑞)                   … (2.12) 

min {𝑛,𝑚}

𝑘=0

 

𝑤ℎ𝑒𝑟𝑒 |𝑥𝑦𝑡𝑠 𝑞⁄ | < 1. 

Proof: In (2.10), expand 1 (𝑥𝑦𝑡𝑠 𝑞⁄ ; 𝑞)∞⁄  by the Euler’s identity (1.2), the R.H.S. can be rewritten as: 

∑
(𝑥𝑦𝑡𝑠 𝑞⁄ )𝑘 

(𝑞; 𝑞)𝑘

∞

𝑘=0

 ∑ ∑ 𝑔𝑛 (𝑥, 𝑦; 𝑞)𝑔𝑚 (𝑥, 𝑦; 𝑞)
(−1)𝑛𝑡𝑛

(𝑞; 𝑞)𝑛

∞

𝑚=0

∞

𝑛=0

(−1)𝑚𝑠𝑚

(𝑞; 𝑞)𝑚
 𝑞(

𝑛
2)+(

𝑚
2 ) 

=∑∑∑
(𝑥𝑦 𝑞⁄ )𝑘 

(𝑞; 𝑞)𝑘
 𝑔𝑛 (𝑥, 𝑦; 𝑞)𝑔𝑚 (𝑥, 𝑦; 𝑞)

(−1)𝑛𝑡𝑛+𝑘

(𝑞; 𝑞)𝑛

∞

𝑘=0

∞

𝑚=0

(−1)𝑚𝑠𝑚+𝑘

(𝑞; 𝑞)𝑚
 𝑞(

𝑛
2)+(

𝑚
2 )

∞

𝑛=0

 . 

 

Set  𝑛 → 𝑛 − 𝑘 , 𝑚 → 𝑚 − 𝑘, the R.H.S. equals: 
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∑∑∑
(𝑥𝑦 𝑞⁄ )𝑘 

(𝑞; 𝑞)𝑘
 𝑔𝑛−𝑘 (𝑥, 𝑦; 𝑞) 𝑔𝑚−𝑘 (𝑥, 𝑦; 𝑞)

(−1)𝑛−𝑘𝑡𝑛

(𝑞; 𝑞)𝑛−𝑘

∞

𝑘=0

∞

𝑚=𝑘

(−1)𝑚−𝑘𝑠𝑚

(𝑞; 𝑞)𝑚−𝑘
 𝑞(

𝑛−𝑘
2 )+(𝑚−𝑘2 )

∞

𝑛=𝑘

  

=∑∑ ∑
(𝑥𝑦 𝑞⁄ )𝑘 

(𝑞; 𝑞)𝑘
 𝑔𝑛−𝑘 (𝑥, 𝑦; 𝑞) 𝑔𝑚−𝑘 (𝑥, 𝑦; 𝑞)

(−1)𝑛𝑡𝑛

(𝑞; 𝑞)𝑛−𝑘

min {𝑛,𝑚}

𝑘=0

∞

𝑚=0

(−1)𝑚𝑠𝑚

(𝑞; 𝑞)𝑚−𝑘
 𝑞(

𝑛−𝑘
2 )+(𝑚−𝑘2 )

∞

𝑛=0

 

 

By comparing the coefficients of 𝑡𝑛𝑠𝑚 with the L.H.S. of (3.2), get: 

𝑔𝑛+𝑚(𝑥, 𝑦; 𝑞)

(𝑞; 𝑞)𝑛(𝑞; 𝑞)𝑚
𝑞(

𝑛
2)+(

𝑚
2 ) = ∑ (𝑥𝑦 𝑞⁄ )𝑘

min {𝑛,𝑚}

𝑘=0

𝑔𝑛−𝑘 (𝑥, 𝑦; 𝑞) 𝑔𝑚−𝑘 (𝑥, 𝑦; 𝑞)
𝑞(

𝑛−𝑘
2 )+(𝑚−𝑘2 )

(𝑞; 𝑞)𝑛−𝑘 (𝑞; 𝑞)𝑚−𝑘(𝑞; 𝑞)𝑘
.  

Therefore: 

𝑔𝑛+𝑚(𝑥, 𝑦; 𝑞) = 

∑  
(𝑞; 𝑞)𝑛(𝑞; 𝑞)𝑚

(𝑞; 𝑞)𝑘(𝑞; 𝑞)𝑛−𝑘(𝑞; 𝑞)𝑚−𝑘
 (𝑥𝑦)𝑘 𝑔𝑛−𝑘 (𝑥, 𝑦; 𝑞) 𝑔𝑚−𝑘 (𝑥, 𝑦; 𝑞) 𝑞

(𝑛−𝑘2 )+(
𝑚−𝑘
2 )−(𝑛2)−(

𝑚
2 )−𝑘   

min {𝑛,𝑚}

𝑘=0

 

Hence 

𝑔𝑛+𝑚 (𝑥, 𝑦; 𝑞) = ∑ [
𝑛
𝑘
] [
𝑚
𝑘
] (𝑞; 𝑞)𝑘 (𝑥𝑦)

𝑘𝑞𝑘(𝑘−𝑚−𝑛) 𝑔𝑛−𝑘 (𝑥, 𝑦; 𝑞) 𝑔𝑚−𝑘 (𝑥, 𝑦; 𝑞).

min {𝑛,𝑚}

𝑘=0

 

 □ 

        In the following theorem we deriving the Rogers-type formula for the bivariate Carlitz polynomials 

by using identity (2.4) of the 𝑞-exponential operator 𝐸(𝑏𝜃) .  

 

Theorem 2.9 (The Rogers-Type Formula for 𝒈𝒏 (𝒙, 𝒚; 𝒒)) We have: 

∑∑ 𝑔𝑛+𝑚 (𝑥, 𝑦; 𝑞)
𝑡𝑛

(𝑞; 𝑞)𝑛
 

∞

𝑚=0

∞

𝑛=0

(−1)𝑛 𝑞(
𝑛
2) 𝑠𝑚

(𝑞; 𝑞)𝑚
=
(𝑥𝑡, 𝑦𝑡; 𝑞)∞
(𝑥𝑠; 𝑞)∞

2
𝜙

1
(
0 ,   𝑞 𝑥𝑡 ⁄

𝑞/𝑥𝑠
; 𝑞, 𝑞𝑦𝑡) , (2.13) 

𝑤ℎ𝑒𝑟𝑒 max { |𝑥𝑠|, |𝑞𝑦𝑡| } < 1.  

Proof:  

∑∑ 𝑔𝑛+𝑚 (𝑥, 𝑦; 𝑞)
𝑡𝑛

(𝑞; 𝑞)𝑛
 

∞

𝑚=0

∞

𝑛=0

𝑠𝑚

(𝑞; 𝑞)𝑚
 (−1)𝑛 𝑞(

𝑛
2) 

=∑∑ 𝐸(𝑦𝜃){𝑥𝑛+𝑚} 
𝑡𝑛

(𝑞; 𝑞)𝑛
 

∞

𝑚=0

∞

𝑛=0

𝑠𝑚

(𝑞; 𝑞)𝑚
 (−1)𝑛 𝑞(

𝑛
2)   

= 𝐸(𝑦𝜃) {∑  
(−1)𝑛(𝑥𝑡)𝑛𝑞(

𝑛
2)

(𝑞; 𝑞)𝑛
 

∞

𝑛=0

∑
(𝑥𝑠)𝑚

(𝑞; 𝑞)𝑚
 

∞

𝑚=0

} 

= 𝐸(𝑦𝜃) {
(𝑥𝑡; 𝑞)∞
(𝑥𝑠; 𝑞)∞

}                                                                   

The proof will be completed after substituting  𝑤 → 𝑡, 𝑣 → 𝑠, 𝑏 → 𝑦   and  𝑎 → 𝑥  in identity (2.4). 
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3. An Extended Identities for  𝒈𝒏 (𝒙, 𝒚; 𝒒)  Polynomials: 

           In this section, we introduce some extended identities: an extended generating function which is 

deriving by using the identity (1.9) of the 𝑞-exponential operator involving a 2ϕ1 sum, an extended Mehler's 

formula which is deriving by using the identity (1.10) of the 𝑞-exponential operator involving a 3ϕ2 sum, 

an extended Rogers formula which is deriving by using the identity (1.10) of the 𝑞-exponential operator 

involving a 3ϕ2 sum and another two extended identities for the bivariate Carlitz polynomials. 

 

           Firstly, an extended generating function identity is deriving by using the identity (1.9) of the 𝑞-

exponential operator as follows: 

 

Theorem 3.1 (Extended Generating Function for 𝒈𝒏 (𝒙, 𝒚; 𝒒)) We have: 

∑𝑔𝑛+𝑘 (𝑥, 𝑦; 𝑞)
(−1)𝑛𝑡𝑛𝑞(

𝑛
2)

(𝑞; 𝑞)𝑛

∞

𝑛=0

=𝑥𝑘  (𝑦𝑡, 𝑥𝑡; 𝑞)∞ 2
𝜙

1
(𝑞
−𝑘  , 𝑞 𝑥𝑡⁄

0
 ; 𝑞, 𝑦𝑡),                                        … (3.1) 

𝑤ℎ𝑒𝑟𝑒 |𝑦𝑡| < 1. 

Proof:  

∑𝑔𝑛+𝑘 (𝑥, 𝑦; 𝑞)
(−1)𝑛𝑡𝑛𝑞(

𝑛
2)

(𝑞; 𝑞)𝑛

∞

𝑛=0

 

=∑𝐸(𝑦𝜃){𝑥𝑛+𝑘} 
(−1)𝑛𝑡𝑛𝑞(

𝑛
2)

(𝑞; 𝑞)𝑛

∞

𝑛=0

 

= 𝐸(𝑦𝜃) { 𝑥𝑘  ∑  
(−1)𝑛(𝑥𝑡)𝑛𝑞(

𝑛
2)

(𝑞; 𝑞)𝑛

∞

𝑛=0

 } 

= 𝐸(𝑦𝜃){ 𝑥𝑘 (𝑥𝑡; 𝑞)∞}  

= 𝑥𝑘  (𝑦𝑡, 𝑥𝑡; 𝑞)∞ 2
𝜙

1
(𝑞
−𝑘  , 𝑞 𝑥𝑡⁄

0
 ; 𝑞, 𝑦𝑡). 

□ 

     Secondly, we give an extended Mehler's formula by using the identity (1.10) of the 𝑞-exponential 

operator. 

 

Theorem 3.2 (Extended Mehler's Formula for 𝒈𝒏 (𝒙, 𝒚; 𝒒)) We have: 

∑𝑔𝑛+𝑘 (𝑥, 𝑦; 𝑞) 𝑔𝑛 (𝑧, 𝑤; 𝑞)
(−1)𝑛𝑡𝑛𝑞(

𝑛
2)

(𝑞; 𝑞)𝑛

∞

𝑛=0

 

                

=
𝑥𝑘(𝑥𝑤𝑡, 𝑥𝑧𝑡, 𝑦𝑤𝑡, 𝑦𝑧𝑡; 𝑞)∞

(𝑥𝑦𝑤𝑧𝑡2 𝑞; 𝑞)⁄
∞

 3𝜙 2
(
𝑞−𝑘  , 𝑞 𝑥𝑤𝑡  ,⁄ 𝑞 𝑥𝑧𝑡⁄

𝑞2 𝑥𝑦𝑤𝑧𝑡2  ,⁄ 0
  ; 𝑞, 𝑞),                                       … (3.2) 

𝑤ℎ𝑒𝑟𝑒 |𝑥𝑦𝑧𝑤𝑡2 𝑞⁄ | < 1. 

Proof:  

∑𝑔𝑛+𝑘 (𝑥, 𝑦; 𝑞) 𝑔𝑛 (𝑧, 𝑤; 𝑞)
(−1)𝑛𝑡𝑛𝑞(

𝑛
2)

(𝑞; 𝑞)𝑛

∞

𝑛=0
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=∑𝐸𝑥(𝑦𝜃){𝑥
𝑛+𝑘} 𝑔𝑛 (𝑧, 𝑤; 𝑞)

(−1)𝑛𝑡𝑛𝑞(
𝑛
2)

(𝑞; 𝑞)𝑛

∞

𝑛=0

 

= 𝐸𝑥(𝑦𝜃) { 𝑥
𝑘  ∑ 𝑔𝑛 (𝑧, 𝑤; 𝑞) 

(−1)𝑛(𝑥𝑡)𝑛𝑞(
𝑛
2)

(𝑞; 𝑞)𝑛

∞

𝑛=0

 } 

= 𝐸𝑥(𝑦𝜃){𝑥
𝑘(𝑥𝑤𝑡, 𝑥𝑧𝑡; 𝑞)∞}                                

=
𝑥𝑘(𝑥𝑤𝑡, 𝑥𝑧𝑡, 𝑦𝑤𝑡, 𝑦𝑧𝑡; 𝑞)∞

(𝑥𝑦𝑤𝑧𝑡2 𝑞; 𝑞)⁄
∞

 
3
𝜙

2
(
𝑞−𝑘  , 𝑞 𝑥𝑤𝑡  ,⁄ 𝑞 𝑥𝑧𝑡⁄

𝑞2 𝑥𝑦𝑤𝑧𝑡2  ,⁄ 0
  ; 𝑞, 𝑞) . 

□ 

             Thirdly, we derive an extended Rogers formula by using the identity (1.10) of the 𝑞-exponential 

operator. 

Theorem 3.3 (Extended Rogers Formula for 𝒈𝒏 (𝒙, 𝒚; 𝒒)) We have: 

∑∑ 𝑔𝑛+𝑚+𝑘 (𝑥, 𝑦; 𝑞)
𝑡𝑛

(𝑞; 𝑞)𝑛
 

∞

𝑚=0

∞

𝑛=0

𝑠𝑚

(𝑞; 𝑞)𝑚
 (−1)𝑛+𝑚 𝑞(

𝑛
2)+(

𝑚
2 )   

                 

=
𝑥𝑘(𝑦𝑡, 𝑦𝑠, 𝑥𝑡, 𝑥𝑠; 𝑞)∞

(𝑥𝑦𝑡𝑠 𝑞; 𝑞)⁄
∞

 
3
𝜙

2
(
𝑞−𝑘  , 𝑞 𝑥𝑡  ,⁄ 𝑞 𝑥𝑠⁄

𝑞2 𝑥𝑦𝑡𝑠  ,⁄ 0
  ; 𝑞, 𝑞),                                                   … (3.3) 

  𝑤ℎ𝑒𝑟𝑒 |𝑥𝑦𝑡𝑠 𝑞⁄ | < 1. 

Proof:  

∑∑ 𝑔𝑛+𝑚+𝑘 (𝑥, 𝑦; 𝑞)
𝑡𝑛

(𝑞; 𝑞)𝑛
 

∞

𝑚=0

∞

𝑛=0

𝑠𝑚

(𝑞; 𝑞)𝑚
 (−1)𝑛+𝑚 𝑞(

𝑛
2)+(

𝑚
2 ) 

∑∑ 𝐸(𝑦𝜃){𝑥𝑛+𝑚+𝑘} 
(−1)𝑛𝑡𝑛𝑞(

𝑛
2)

(𝑞; 𝑞)𝑛
 

∞

𝑚=0

∞

𝑛=0

(−1)𝑚𝑠𝑚𝑞(
𝑚
2 )

(𝑞; 𝑞)𝑚
  

= 𝐸(𝑦𝜃) {𝑥𝑘∑
(−1)𝑛(𝑥𝑡)𝑛𝑞(

𝑛
2)

(𝑞; 𝑞)𝑛

∞

𝑛=0

∑  

∞

𝑚=0

(−1)𝑚(𝑥𝑠)𝑚

(𝑞; 𝑞)𝑚
 𝑞(

𝑚
2 )} 

= 𝐸(𝑦𝜃){ 𝑥𝑘(𝑥𝑡, 𝑥𝑠; 𝑞)∞} 

=
𝑥𝑘(𝑦𝑡, 𝑦𝑠, 𝑥𝑡, 𝑥𝑠; 𝑞)∞

(𝑥𝑦𝑡𝑠 𝑞; 𝑞)⁄
∞

 
3
𝜙

2
(
𝑞−𝑘  , 𝑞 𝑥𝑡  ,⁄ 𝑞 𝑥𝑠⁄

𝑞2 𝑥𝑦𝑡𝑠  ,⁄ 0
  ; 𝑞, 𝑞). 

 □     

           Now we give the following extended identity with triple summations for the bivariate Carlitz 

polynomials by using Theorem 2.1. 

Theorem 3.4   We have: 

∑∑∑𝑔𝑛+𝑚+𝑘 (𝑥, 𝑦; 𝑞)
(−1)𝑛 𝑞(

𝑛
2)𝑡𝑛

(𝑞; 𝑞)𝑛
 

∞

𝑘=0

∞

𝑚=0

(−1)𝑚 𝑞(
𝑚
2 )𝑠𝑚

(𝑞; 𝑞)𝑚
 
𝑣𝑘

(𝑞; 𝑞)𝑘
 

∞

𝑛=𝑜

  

                   

=
(𝑥𝑡, 𝑥𝑠, 𝑦𝑠; 𝑞)∞
(𝑥𝑣; 𝑞)∞

 
2
𝜙

1
(
𝑡/𝑣,  𝑞 𝑥𝑠 ⁄

𝑞/𝑥𝑣
; 𝑞, 𝑞𝑦𝑠),                                                                            … (3.4) 

𝑤ℎ𝑒𝑟𝑒max{ |𝑥𝑣|, |𝑞𝑦𝑠| } < 1.  

Proof:  
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∑∑∑𝑔𝑛+𝑚+𝑘 (𝑥, 𝑦; 𝑞)
(−1)𝑛 𝑞(

𝑛
2)𝑡𝑛

(𝑞; 𝑞)𝑛
 

∞

𝑘=0

∞

𝑚=0

(−1)𝑚 𝑞(
𝑚
2 )𝑠𝑚

(𝑞; 𝑞)𝑚
 
𝑣𝑘

(𝑞; 𝑞)𝑘
 

∞

𝑛=𝑜

 

= ∑ ∑∑𝐸(𝑦𝜃){𝑥𝑛+𝑚+𝑘}
(−1)𝑛 𝑞(

𝑛
2)𝑡𝑛

(𝑞; 𝑞)𝑛
 

∞

𝑘=0

∞

𝑚=0

(−1)𝑚 𝑞(
𝑚
2 )𝑠𝑚

(𝑞; 𝑞)𝑚
 
𝑣𝑘

(𝑞; 𝑞)𝑘
 

∞

𝑛=𝑜

 

= 𝐸(𝑦𝜃) {  ∑
(−1)𝑛 𝑞(

𝑛
2)(𝑥𝑡)𝑛

(𝑞; 𝑞)𝑛

∞

𝑛=0

 ∑
(−1)𝑚 𝑞(

𝑚
2 )(𝑥𝑠)𝑚

(𝑞; 𝑞)𝑚

∞

𝑚=0

 ∑
(𝑥𝑣)𝑘

(𝑞; 𝑞)𝑘
  

∞

𝑘=0

} 

= 𝐸(𝑦𝜃) {
(𝑥𝑡, 𝑥𝑠; 𝑞)∞
(𝑥𝑣; 𝑞)∞

}. 

The required identity will be followed when we setting  𝑎 → 𝑥, 𝑤 → 𝑠  and  𝑏 → 𝑦  in identity (2.1).                                                                                                          

□ 

 

         Here, we derive the following extended identity with four summations for the bivariate Carlitz 

polynomial by using identity (1.8) of the  𝑞-exponential operator. 

Theorem 3.5 We have: 

∑∑∑∑𝑔𝑛+𝑚+𝑘+𝑙 (𝑥, 𝑦; 𝑞)
(−1)𝑛 𝑞(

𝑛
2)𝑡𝑛

(𝑞; 𝑞)𝑛
 

∞

𝑙=0

∞

𝑘=0

(−1)𝑚 𝑞(
𝑚
2 )𝑠𝑚

(𝑞; 𝑞)𝑚
 
(−1)𝑘 𝑞(

𝑘
2) 𝑤𝑘

(𝑞; 𝑞)𝑘
 
𝑣𝑙

(𝑞; 𝑞)𝑙
 

∞

𝑚=𝑜

∞

𝑛=0

 

              

=
(𝑥𝑡, 𝑥𝑠, 𝑥𝑤, 𝑦𝑠, 𝑦𝑤; 𝑞)∞
(𝑥𝑣, 𝑥𝑦𝑠𝑤 𝑞⁄ ; 𝑞)∞

 
3
𝜙

2
(
𝑡/𝑣,  𝑞 𝑥𝑠 ⁄ , 𝑞 𝑥𝑤⁄

𝑞/𝑥𝑣,   𝑞2 𝑥𝑦𝑠𝑤⁄
; 𝑞, 𝑞),                                                         … (3.5) 

𝑤ℎ𝑒𝑟𝑒 max { |𝑥𝑣|, |𝑥𝑦𝑠𝑤 𝑞⁄ | } < 1. 

Proof: 

∑∑∑∑𝑔𝑛+𝑚+𝑘+𝑙 (𝑥, 𝑦; 𝑞)
(−1)𝑛 𝑞(

𝑛
2)𝑡𝑛

(𝑞; 𝑞)𝑛
 

∞

𝑙=0

∞

𝑘=0

(−1)𝑚 𝑞(
𝑚
2 )𝑠𝑚

(𝑞; 𝑞)𝑚
 
(−1)𝑘 𝑞(

𝑘
2)𝑤𝑘

(𝑞; 𝑞)𝑘
 
𝑣𝑙

(𝑞; 𝑞)𝑙
 

∞

𝑚=𝑜

∞

𝑛=0

 

∑∑∑∑𝐸(𝑦𝜃){𝑥𝑛+𝑚+𝑘+𝑙}
(−1)𝑛 𝑞(

𝑛
2)𝑡𝑛

(𝑞; 𝑞)𝑛
 

∞

𝑙=0

∞

𝑘=0

(−1)𝑚 𝑞(
𝑚
2 )𝑠𝑚

(𝑞; 𝑞)𝑚
 
(−1)𝑘 𝑞(

𝑘
2)𝑤𝑘

(𝑞; 𝑞)𝑘
 
𝑣𝑙

(𝑞; 𝑞)𝑙
 

∞

𝑚=𝑜

∞

𝑛=0

 

= 𝐸(𝑦𝜃) {  ∑
(−1)𝑛 𝑞(

𝑛
2)(𝑥𝑡)𝑛

(𝑞; 𝑞)𝑛

∞

𝑛=0

 ∑
(−1)𝑚 𝑞(

𝑚
2 )(𝑥𝑠)𝑚

(𝑞; 𝑞)𝑚

∞

𝑚=0

∑
(−1)𝑘 𝑞(

𝑘
2)(𝑥𝑤)𝑘

(𝑞; 𝑞)𝑘

∞

𝑘=0

 ∑
(𝑥𝑣)𝑙

(𝑞; 𝑞)𝑙
  

∞

𝑙=0

} 

= 𝐸(𝑦𝜃) {
(𝑥𝑡, 𝑥𝑠, 𝑥𝑤; 𝑞)∞
(𝑥𝑣; 𝑞)∞

} 

=
(𝑥𝑡,𝑥𝑠,𝑥𝑤,𝑦𝑠,𝑦𝑤;𝑞)∞

(𝑥𝑣,𝑥𝑦𝑠𝑤 𝑞⁄ ;𝑞)∞
 3𝜙 2

(
𝑡/𝑣,  𝑞 𝑥𝑠 ⁄ , 𝑞 𝑥𝑤⁄

𝑞/𝑥𝑣,   𝑞2 𝑥𝑦𝑠𝑤⁄
; 𝑞, 𝑞). □ 

 

4. Numerical Applications: 

        In this section,  we shall explain the convergence condition of the operator results (2.3) and (2.4), 

also for the generating function (2.6), Mehler's formula (2.8), Rogers formula (2.9), Rogers–type formula 

(2.13), Theorem (3.4) and Theorem (3.5) for the bivariate Carlitz polynomial 𝑔𝑛 (𝑥, 𝑦; 𝑞)  by testing 

convergence intervals of those formulas, where we take different values for  𝑥, 𝑦, 𝑧 , 𝑤, 𝑡, 𝑠  and  0 < 𝑞 <

1 , we notice that the formulas are converge when their convergence condition less than one and undefined 
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or infinity when the condition is greater than one. The values tables and figures below shows the numerical 

results .( The symbol NaN mean that the result is not a number). 

 Notice that there is a similarity in the convergence condition between generating function and    it's 

extended identity, also between Mehler's formula and it's extended identity, so that between Rogers formula 

and it's extended identity.  We use the numerical approximations of infinite values by using (𝑎 ; 𝑞)∞ =

lim
𝑛⟶∞

(𝑎 ; 𝑞)𝑛. 

  

 

     

  Table 1: Theorem (2.1) of operator 𝑬(𝒃𝜽) and the generating function formula (2.6)  

 

|𝒚𝒕| 

The 

generating 

function 

Max 

{  

|𝒂𝒗| , |𝒒𝒃𝒘|} 

Theorem 

2.1 ×

𝟏𝟎−𝟔 

a=b=w=v 

x=y 

0.0100 0.9779 0.0100 0.0001 0.1 

0.0400 0.9033 0.0400 0.0045 0.2 

0.0900 0.7660 0.0900 0.0370 0.3 

0.1600 0.5672 0.1600 0.1297 0.4 

0.2500 0.3336 0.2500 0.2460 0.5 

0.3600 0.1280 0.3600 0.2430 0.6 

0.4900 0.0199 0.4900 0.0863 0.7 

0.6400 0.0003 0.6400 0.0028 0.8 

0.8100 0.0000 0.8100 0.0000 0.9 

1.0000 NaN 1.0000 NaN 1 

1.2100 ∞  1.3310 NaN 1.1 

1.4400 ∞  1.7280 NaN 1.2 

1.6900 ∞  2.1970 NaN 1.3 

1.9600 ∞  2.7440 NaN 1.4 

2.2500 ∞  3.3750 NaN 1.5 

2.5600 ∞  4.0960 NaN 1.6 

2.8900 ∞  4.9130 NaN 1.7 

3.2400 ∞  5.8320 NaN 1.8 

3.6100 ∞  6.8590 NaN 1.9 

4.0000 ∞  8.0000 NaN 2 
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Figure 1: Rate of convergence for Theorem (2.1) 

 

 
Figure 2: Rate of convergence for the generating function 
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Table 2 : Mehler's formula (2.8), Rogers formula (2.9) and Rogers–type (2.13). 

 

0 0.5 1 1.5 2
0

0.5

1
 The Mehler Formula

x axis

v
a
lu

e
s
 o

f 
M

e
h
le

r

0 0.5 1 1.5 2
0

20

40
 Rate of convergnce

x axis

|x
y
w

z
t2

/q
|
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0

0.5

1
 The Rogers Formula 

x axis

v
a
lu

e
s
 o

f 
R

o
g
e
rs

0 0.5 1 1.5 2
0

5

10
 Rate of convergnce 

x axis

|x
y
ts

/q
|

0 0.5 1 1.5 2
-0.01

0

0.01
 The Rogers-Type Formula

x axisv
a
lu

e
s
 o

f 
R

o
g
e
rs

-T
y
p
e

0 0.5 1 1.5 2
0

5

10
 Rate of convergnce

x axis

m
a
x
|x

s
|,
|y

t|

Max 

{  

|𝒙𝒔| , |𝒒𝒚𝒕|} 

Rogers-type 

formula 
|𝒙𝒚𝒕𝒔/𝒒| 

Rogers 

formula 

|𝒙𝒚𝒘𝒛𝒕𝟐

/𝒒| 

Mehler's 

formula 
x=y=w=z 

0.0100 -0.0090 0.0010 0.9574 0.0000 0.9956 0.1 

0.0400 -0.0038 0.0080 0.8242 0.0003 0.9610 0.2 

0.0900 -0.0020 0.0270 0.6101 0.0024 0.8586 0.3 

0.1600 -0.0011 0.0640 0.3588 0.0102 0.6573 0.4 

0.2500 -0.0006 0.1250 0.1445 0.0313 0.3746 0.5 

0.3600 -0.0002 0.2160 2930.0  0.0778 0.1192 0.6 

0.4900 -0.0001 0.3430 0.0014 0.1681 0.0106 0.7 

0.6400 -0.000 0.5120 0.0000 0.3277 0.0000 0.8 

0.8100 0.000 0.7290 0.0000 0.5905 0.0000 0.9 

1.0000 NaN 1.0000 NaN 1.0000 NaN 1 

1.3310 NaN 1.3310 NaN 1.6105 NaN 1.1 

1.7280 NaN 1.7280 NaN 2.4883 NaN 1.2 

2.1970 NaN 2.1970 NaN 3.7129 NaN 1.3 

2.7440 NaN 2.7440 NaN 5.3782 NaN 1.4 

3.3750 NaN 3.3750 NaN 7.5938 NaN 1.5 

4.0960 NaN 4.0960 NaN 10.4858 NaN 1.6 

4.9130 NaN 4.9130 NaN 14.1986 NaN 1.7 

5.8320 NaN 5.8320 NaN 18.8957 NaN 1.8 

06.859  NaN 6.8590 NaN 24.7610 NaN 1.9 

8.0000 NaN 8.0000 NaN 32.0000 NaN 2 
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Figure 3 : Rate of convergence for Mehler's, Rogers and Rogers–type formulas 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 3: Theorem (3.4) and Theorem (3.5) 

 

 

 

 

 

 

 

 

 

Figure 4 : Rate of convergence for Theorem (3.4) and Theorem (3.5 
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